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Summary 
In this thesis a review of previous research, theory and testing related to arching action or 
compressive membrane action (CMA) is critically discussed, with emphasis on aspects related to 
bridge decks. It is noted that all theory and most tests consider the ultimate limit state only; there 
is limited information on serviceability issues.  There are over a thousand tests in which CMA may 
be present, but not all of the tests are useful. As part of this research a database of tests was 
collected and classified. An analysis of the test data was carried out and compared with theoretical 
results. The data was firstly presented in ways seen previously, but with significantly increased 
data. Subsequently the data was refined and presented to outline new insights. 
Non-linear finite element analyses (NL-FEA) of partially restrained concrete slab strips under 
static loads were carried out to investigate behaviour. The NL-FEA method was used to fill in 
some of the gaps identified in the test database. The predictive capability and limitations of the 
method was outlined by simulating further slabs. The NL-FEA models were validated against 
published test results.  
The observations from theoretical approaches, the test database and NL-FEA were brought 
together towards the development of a new 3-phase analysis of CMA that considers both the 
serviceability and ultimate limit states. A validation of the method against the test data and 
verification with NL-FEA was carried out.  Most existing theory, tests and NL-FEA concentrate on 
local effects. The interaction of local and global effects was investigated using the 3-phase 
method.  
The existing knowledge and the additional findings are brought together for a tentative Annex to 
the Eurocode, to allow a safe and systematic use of compressive membrane action. 
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Preface 
In the early 1980’s I worked at Howard Humphreys & Partners, Consulting Engineers, the Director 
of the structures department was Gordon Little. Little was an experienced engineer who had 
worked on the design of the 150m span cantilever bridge over the Medway (Kerensky and Little, 
1964), at the time the longest concrete span in the UK. He was also the co-author of the Morice 
and Little curves (1954), a simplified method for analysis of bridge decks in the days before the 
use of computers was commonplace.  In a discussion with Gordon Little about the results of a 
computer-based grillage analysis of a skewed bridge, he was scathing of some of the results, 
outlining that real structures actually behave with more in-plane effects. At that time, it was not 
possible for me to investigate this further. However, since then I have avoided, where possible, 
using elastic charts such as Pusher curves (1964) which seem at the same time to be both 
complex to use and overly conservative 
 
In the 1990’s I worked with Robert Benaim, Benaim had clear views on design (Benaim, 2008 
and Benaim, 2013). He was one of the first to use thin precast concrete arches rather than heavy 
portal type structures. When designing concrete roof slabs, floor slabs or bridge decks they were 
invariably haunched, partly to cater for the increased bending near supports, but mainly to create 
a more arched shaped structure. His reasoning being that if an arch could be drawn within the 
concrete and the resulting thrust carried, little additional reinforcement was needed (although 
nominal amounts were always used for robustness). Robert Benaim also introduced me to the 
work of Guyon (1974) and Menn (1990), both used arch methods or strut and tie methods 
(Schlaich and Schafer, 1991). 
 
At about the same time there was a heightened interest in arching action in various places around 
the world. The Canadian rules (OMTC, 1979) for slabs on precast beams were the first to 
specifically take compressive membrane action (CMA) into account. The work of Long and Rankin 
(1989) in Belfast was also being extensively discussed in the UK at this time. I attended a seminar 
on the subject and discussed issues with various people (Bakht, Jaeger and Mufti, 1998). The 
theoretical basis for CMA was complex and relatively academic. It could not be analysed 
conventionally using standard linear-elastic analysis methods available in a design office. On this 
problem I did some early research of my own and developed a way of analysing the structure 
using a combination of conventional bending analysis and a modified Rankin and Long (1997) 
type arch geometry to allow compressive membrane action to be considered.  The method was 
published (Collings, 2002) and the paper awarded the Telford Prize. Advice by the Concrete 
Society (Taylor, Rankin and Cleland, 2002) and the Highway Agency’s advice, BD 81/02 on the 
use of compressive membrane action in bridge decks (UKHA, 2002) was also first published at 
about this time. 
 
Over the last few decades my perception is there has been less interest in and research on 
arching action. In practice arching action is generally used only in assessments of existing 
structures. In the design of new structures arching action is rarely used and slabs are often 
significantly over reinforced. My perception is that both slab thickness and reinforcement content 
have been increasing. I am keen to test these perceptions against data, I have kept small 
databases on bridges since writing my book on Steel-concrete composite bridges (Collings, 
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2005). A snapshot of 17 small to medium span concrete highway bridges from 1900 to the present 
and 14 composite girder highway bridges from 1950 to the present is given in Figure 1 and tends 
to confirm the perception. 
 
 
Figure 1 Span to thickness ratios of highway bridge deck slabs from 1900 to present day. 
 
The increased concrete and reinforcement come at a cost, but, importantly to me, also increases 
the carbon footprint of a bridge, a subject which I am also interested in (Collings, 2005). I believe 
CMA can help with this problem (Collings, 2017). Part of the increased slab thickness is due to 
increases in reinforcement cover requirements for durability. However, part is also due to a loss 
of knowledge across generations (Collings, 2008). Turner and Maillart (early pioneers of 
reinforced concrete) visualised slabs with a mixture of arching, flexure and shear in a way difficult 
for a modern computer-oriented engineer to comprehend. 
 
The reasons for the lack of use of arching action are threefold. Firstly, the codes and standards 
(UKHA, 2002; AASHTO, 2007; HE, 2017) are restrictive in terms of the geometry in which arching 
can be considered. Secondly the current generation of Eurocodes (BSI, 2002a; BSI, 2004a) do 
not consider CMA. Thirdly the favoured methods of analysis used in design offices are usually 
simplified linear elastic-models where only shear, bending and torsion effects are considered, 
often assuming un-cracked section properties (Hambly, 1976).  From the research presented in 
this thesis it is hoped that; there will be a new generation of engineers knowledgeable about CMA; 
less restrictive limits on arching action will be justified and that simpler methods of analysis for 
arching action will be developed compatible with modern computerised methods and design 
codes. 
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Abstract 
It is over a century ago that testing of reinforced concrete slabs by the pioneers of this form of 
construction such as Lord, Turner and Maillart showed that restrained slabs could carry significant 
loads.  Since that time the interest in and knowledge of the internal arching, or compressive 
membrane action, that enhances the strength of reinforced concrete, has waxed and waned. The 
current generation of Eurocodes do not mention or specifically consider compressive membrane 
action. In this thesis a review of the key 20th century research, theory and testing is critically 
discussed, with particular emphasis on aspects related to bridge decks. The limitations and 
validity of the tests, particularly the use of small-scale tests, are noted. Current theories, which 
can be over complex, are also reviewed. It is also noted that all theory and most tests consider 
the ultimate limit state only; there is limited information on serviceability issues of compressive 
membrane action.  The more recent advances in compressive membrane action and punching 
shear in the 21st century is also outlined. The two main codes of practice that specifically allow 
the use of compressive membrane action, the American AASHTO (2007) standard and the UK 
CD360 Standard (HE, 2017) are compared. The limitations of these codes are outlined 
Whilst there are over a thousand tests in which compressive membrane action may be present 
have been carried out over the last 100 years not all of the tests are useful towards assessing the 
contribution of compressive membrane action.  As part of this research project a database of test 
data for structures in which compressive membrane action have influenced load capacity was 
collected and analysed rigorously.  Based on recent work on interpretation of databases for code 
drafting, a simple set of criteria for evaluating the usefulness and consistency of the test data is 
proposed.  An analysis of test data was carried out and compared with theoretical results and 
current AASHTO, CD360 and Eurocode requirements. The data was firstly presented graphically 
in ways seen previously in the literature; however, the number of data points is significantly 
increased from previous publications. Subsequently the data was refined and presented as part 
of a multi-dimensional interaction limit, to outline new insights.   
In the Eurocodes non-linear methods of analysis are accepted, finite element analysis is one way 
to carry out the non-linear analysis. Non-linear finite element analyses of partially restrained 
concrete slab strips under static loads were carried out to investigate behaviour in both bending 
and compressive membrane action. One of the drawbacks of non-linear finite element analyses 
is the number of parameters involved in obtaining a solution, and how to systematically define 
them. The material parameters of the Damaged Plasticity model within the ABAQUS program 
were defined systematically. A number of differing assumptions were made for the material 
parameters, and the effects of the variations assessed. The finite element method was used to fill 
in some of the gaps identified in the test database for unreinforced (plain) and reinforced concrete 
slab strips. The NL-FEA was then used to compare slab strips and one-way spanning slabs. The 
predictive capability and limitations of the calibrated model was outlined by simulating further 
slabs with different material properties and restraints under static line loads. The finite element 
models were validated against published test results shown to be of good quality by the database 
analysis. It was shown that the strains and rotations from the analysis can also be used to estimate 
shear capacity using the critical shear crack theory (Muttoni, 2008).  
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The observations from the existing theoretical approaches (McDowell, et al., 1956; Christiansen, 
1963; Park, 1964; Eyre, 1997; and Rankin and Long, 1997), the test database and finite element 
analyses were brought together towards the development of a novel 3-phase analysis that 
considers both the serviceability and ultimate limit states. The method considers an initial un-
cracked phase; a cracked phase and a final reinforcement yielding phase. The first phase is a 
conventional elastic analysis. For the second phase, at the serviceability limit state, the use of an 
arching geometry method or a new effective strain method is proposed. A validation of the 
methods against the test data and verification with non-linear finite element analyses were carried 
out. For phase-3 some improvements or refinements to the Rankin and Long (1997) strut method 
as a strut and tie analysis based on the results of the non-linear finite element analyses and 
consideration of shear and rotational limits not defined by existing theories is proposed. The 
applicability of the proposed 3-phase method demonstrated for the analysis of slab strips, 1-way 
slabs and more complex beam and slab bridges.  
The majority of existing theory, tests and finite element analysis concentrate on local effects. In 
bridge structures both local and global effects need to be considered. The interaction of local and 
global effects was investigated using the 3-phase method, confirming their importance. The 
existing knowledge and additional findings about compressive membrane action from this thesis 
are brought together to consider the requirements for a tentative Annex to the Eurocodes, to allow 
a safe and systematic use of compressive membrane action. 
 
 
Keywords 
Bridges, Concrete Structures, Slabs & Plates, Membrane Action. 
  
vii 
 
Notation 
Lower case 
a shear span. 
ah haunch length. 
ax wheel spacing. 
b width. 
be effective width. 
bo shear perimeter. 
c depth in compression, cover to reinforcement. 
d depth from compression surface to centre of tensile reinforcement. 
d1 half slab depth (McDowell, et al., 1956). 
dagg aggregate size. 
dn size factor (see kdg) 
e eccentricity of stress from dilation angle, load eccentricity. 
fc concrete compressive strength (cylinder strength). 
fc' effective concrete compressive strength. 
fck characteristic concrete strength. 
fcm cylinder strength. 
fct concrete tensile strength. 
fcu concrete compressive strength (cube strength). 
fn mathematical function. 
h the depth of the slab. 
hmin minimum thickness requirement. 
k non dimensional coefficient as defined in text, size factor. 
k1 k2 first and second ring stiffness.  
kb flexural reduction factor 
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kbcl buckling reduction factor. 
kc arching reduction factor. 
kdg aggregate size factor. 
ke eccentricity coefficient. 
kg global moment reduction factor. 
ki stiffness of ring i. 
kv shear coefficient. 
kw wheel reduction factor. 
ky flexure reduction coefficient. 
kR’ strain/restraint factor. 
kϕ rotation coefficient. 
kρ reinforcement factor. 
kη ductility coefficient. 
le element size. 
lp hinge length. 
ls max length of slip between reinforcement and concrete. 
n, no normalised axial compression (N/NC). 
nh number of plastic hinges. 
p principle stress. 
p, po normalised load (P/βPC). 
py normalised load (P/Py). 
q hydrostatic stress, uniform load. 
r, ru lever arm (McDowell, et al., 1956). 
ra distance from load to slab edge. 
rb distance from load to slab support. 
s wheel size (width). 
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sr max maximum crack spacing. 
u normalised deflection. 
v shear stress. 
w crack width. 
wc crack width from FEA. 
wt crack width at 0.33fct. 
wo slab deflection (Eyre). 
x neutral axis depth 
x1 x2 various neutral axis depths. 
y’ height above soffit to centre of thrust (McDowell, et al.,1956). 
 
Upper case 
A area, test classification. 
As area of reinforcement. 
As min minimum area of reinforcement (one face). 
Ast minimum area of reinforcement (total). 
B width, test classification. 
C test classification. 
D test classification. 
Ec elastic modulus for concrete. 
Ec’ equivalent modulus for concrete 
Ecd design elastic modulus for concrete 
Ecm mean elastic modulus for concrete 
Ed design effects. 
Es elastic modulus for steel reinforcement. 
EIcr uncracked stiffness. 
EIy fully cracked stiffness. 
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FC compressive force. 
FT tensile force. 
FUC ultimate compressive force. 
FUT ultimate tensile force. 
GF concrete (tensile) fracture energy.  
Gσ concrete damage plasticity function. 
I Second moment of area. 
K Support stiffness. 
KB beam or slab stiffness. 
KS support stiffness. 
Kon0 test classification (Reineck, et al., 2003). 
L span. 
L’ increased span (2Lr) 
Lc effective span (see Figure 1.1) 
Le half span (Mc Dowell, 1956), effective buckling length. 
Lr equivalent half span (Rankin and Long, 1997). 
Mc maximum arching moment. 
MCR  the cracking moment of the slab or beam. 
MF free moment. 
Mg global moment. 
Mr moment of resistance. 
Mu arching moment of resistance. 
MUB flexural moment capacity. 
MUN arching moment capacity 
My yield moment of the slab or beam. 
N horizontal arching force. 
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NB buckling force. 
Nc the maximum arching force (b h fc). 
NT arching force from test. 
Nu ultimate resistance. 
P load on the slab. 
PA the load capacity due to arching action. 
PB the bending load capacity of the slab.  
Pc Maximum arching capacity (Nc h/L) 
P max the maximum vertical applied load (Christiansen, 1963). 
Pp predicted load 
PT the test load on the slab.  
PVU the ultimate shear load capacity of the slab.  
PVP the punching shear load capacity of the slab.  
PFEA load capacity from FEA 
PCSCT load capacity from CSCT 
Py the ultimate flexure load capacity. 
P1  capacity of haunched slab at mid-span. 
P2 capacity of haunched slab at support. 
Q total uniform load (q L). 
R strain parameter. 
R’ modified strain parameter. 
Rd design resistance. 
S in-plane stiffness of the slab. 
T tensile force. 
VCSCT shear capacity from CSCT. 
VMC2010  shear capacity based on FIB model code MC2010. 
xii 
 
Z section modulus. 
 
Other 
α ratio μo/zo (Eyre, 2000), modular ratio. 
αcc compression reduction factor. 
α1 depth parameter. 
α2 haunch proportion. 
β moment factor, ratio 0.5 xo/zo (Eyre, 2000), Eurocode load coefficient. 
β4 debonding factor. 
β5 duration factor. 
β10 area modification factor. 
β11 stiffness ratio. 
γ reinforcement ratio (Eyre). 
γc Eurocode 2 partial safety factor for concrete. 
γs Eurocode 2 partial safety factor for reinforcement. 
δ the deflection of the slab or beam. 
Δ elongation. 
εc concrete strain. 
εcm mean concrete stiffening strain.  
εo strain at centreline of slab or beam. 
εoc modified centreline strain.  
εod dilation strain.  
εs strain in reinforcement. 
εsm mean reinforcement strain.  
εx strain at 0.6d. 
εu ultimate strain. 
xiii 
 
εu1 ultimate concrete strain. 
εu3 ultimate concrete strain. 
εy reinforcement yield strain. 
ζ Eurocode 2 cracking parameter. 
σ, σc concrete stress. 
σcd max maximum concrete design stress. 
σct concrete tensile stress. 
σcr stress in reinforcement at first cracking. 
σto uniaxial tensile stress. 
σRd reduced stress in strut. 
η distance coefficient. 
η1 brittleness coefficient 
η2 plasticity coefficient 
η3 strain coefficient 
θ inclination angle of an effective strut, support rotation. 
λ shear span ratio. 
λlim Eurocode 2 slenderness parameter. 
μ, μo h/2 -x or h/2 - xo 
ξ Eurocode 2 stress parameter. 
ρ reinforcement ratio. 
ρlim limiting reinforcement ratio. 
ρmax maximum reinforcement ratio. 
ρe effective reinforcement ratio. 
ρeff reinforcement ratio based on tension stiffening area. 
ϕ rotation.  
ψ concrete dilation angle. 
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Abbreviations 
Abbreviations are defined where they are first used within the text, however, some often used 
abbreviations are also defined below: 
AGM Arch Geometry Method 
CMA  Compressive membrane action 
CSCT Critical Shear Crack Theory 
ESM Effective Strain Method 
FEA Finite Element Analysis  
GAA  Geometric Arching Action 
MCFT Modified Compression Field Theory 
RC Reinforced Concrete 
SLS Serviceability Limit State 
TMA Tensile membrane action 
ULS Ultimate Limit State 
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1. Introduction 
1.1 Problem Statement 
It is known that Arching action or Compressive membrane action (CMA) in concrete slab like 
structures (Figure 1.1) is derived from the restraint to expansion of strains caused by cracking of 
the concrete (Braestrup,1980; Park and Gamble, 2000; Taylor, et al., 2002). CMA enhances the 
collapse load compared with those derived using only bending and shear (Rankin and Long, 
1997). Arching action from the shaping (haunching) of the slab will also enhance the collapse 
load (Bakht and Mufti, 1998).  Empirical methods of allowing for the enhancement of arching 
action have been made since the development of reinforced concrete in the early 20th century. 
Towards the end of the 20th century theoretical descriptions of CMA and flexure at ultimate 
collapse loads were developed, but the interaction of CMA and punching shear was less 
developed as was CMA-flexure at serviceability. In the early 21st century empirical methods of 
allowing for CMA have been incorporated into some design codes in a limited way (UKHA, 2002; 
AASHTO, 2007; HE, 2017).  
 
Figure 1.1.  Arching Action (as CMA) for a monolithic bridge deck. 
 
It is conjectured that CMA and Arching Action in concrete slab like structures will improve the 
serviceability behaviour (reduced deflections and smaller crack widths for example) compared 
with those derived using only bending and shear. There is less data on serviceability (Taylor, et 
al., 2007) as most research to date has been on understanding the Ultimate Limit State (ULS) 
collapse mechanisms. All current theories for CMA are for the ULS and do not predict CMA 
behaviour at working or service loads. It is important for the economic and efficient design of new 
structures, and the reliable assessment of safety of existing structures, that the behaviour of 
restrained or part restrained concrete structures be fully understood at both service and ultimate 
loads. Procedures for the use of CMA need to be better developed, defined, understood and 
regulated for practical use. 
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In this research the behaviour of beam strips and 1-way and 2-way spanning bridge deck slabs 
with various types of load and degrees of restraint are considered. The results of various 
previously published tests are reviewed, categorised and grouped in a database so that the 
accuracy suitability and quality of the data and results is known. The database is varied, covering 
conventional punching tests on isolated slabs and more realistic layouts where the interaction of 
local and global effects influence behaviour. The test data is analysed, the key parameters 
confirmed, results are compared with current theories for flexure, CMA and shear. The test data 
is also compared with current code requirements, such that these can be confirmed and extended 
as appropriate. The test data is also used to validate the theories and analysis methods developed 
as part of this research. The methods developed are geared towards computer friendly methods 
that can be incorporated into modern linear grillage or Finite Eelement type bridge deck analysis. 
1.2 Aims of the Research 
The natural arching action within structures due their geometry or external restraint has been 
used for millennia; with modern, mainly linear elastic computerised methods (grillage and FEA) 
this natural arching capacity is almost always neglected. Methods of taking arching action and 
compressive membrane action into account have been developed over the last 60 years; 
however, the methods are usually complex, have a high degree of uncertainty, are only applicable 
at the ultimate limit state (ULS), or are not compatible with modern computerised analysis 
methods. This project aims to give designers the tools to more readily visualise and use arching 
and compressive membrane action in a simple and reliable way, at serviceability and ultimate 
limit states in the design of bridges using modern computerised methods: “to unlock the potential 
of membrane action” (Jones and Morrison, 2005). 
1.3 Objectives of the Research 
 
Towards achieving the aims a number of objectives are identified: 
 
A. To carry out a comprehensive literature review, gather relevant references, consider 
theories and collect test data relevant to Compressive Membrane Action (CMA) in bridge 
deck slabs; 
B. To develop a set of criteria for the test database to improve accuracy and understand the 
data scatter; 
C. To analyse the database, use it to confirm existing theories and draw new insights of 
behaviour; 
D. To explore the use of Finite Element Analysis (FEA) with CMA, outline important 
parameters, improve on previous FEA results, verify methods against relevant tests from 
the database; 
E. To validate the Arch Geometry Method (AGM) developed previously (Collings, 2002), to 
improve it and verify the method against FEA and tests; 
F. To develop an Effective Strain Method (ESM) for the analysis of CMA, clearly define the 
method, validate it and verify it against FEA and tests;  
G. To compare Effective Strain Method and Arch Geometry Methods; 
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H. To review current codes using CMA, use the test database to validate key aspects and to 
develop a tentative Annex suitable for use with current Eurocodes; 
I. To publicise the research, publish articles and papers, present aspects of the research at 
conferences and technical meetings. 
 
1.4 Structure of the Thesis 
This thesis presents how the aims and objectives of the research have been achieved. The thesis 
is laid out in the following order: 
 
Chapter 1 -- Introduction 
Chapter 1, this chapter, introduces the problem, the research, its aims and objectives and the 
structure of the dissertation. 
 
Chapter 2 – Literature Review 
A literature review is presented of arching action generally and Compressive Membrane Action 
(CMA) specifically. The review covers the full history of CMA from the empirical knowledge of the 
early reinforced concrete pioneers in the 1900’s, the loss of knowledge with the elastic formulation 
of analysis and design in the 1920’s and 1930’s without arching action. The testing of structures 
in the 1950’s that led to the rediscovery of CMA and development of theories and the further tests 
from the 1960’s to the 1980’s. The key theoretical aspects of CMA are outlined in this chapter, 
the interaction of shear and punching with CMA is reviewed.  The implications of the theories are 
reviewed, and gaps and limitations discussed. The more recent applications of Finite Element 
Analysis (FEA) to CMA is also outlined. The broad thrust of the many tests is outlined, the 
limitations and gaps in the tests are discussed. The broad limits of CMA from the literature to date 
are summarised. A section of the review looks at the way CMA has been incorporated into codes 
and standards. Finally, a summary and conclusions section give highlights of the key areas of the 
review which justifies the further development in this thesis. 
 
Chapter 3 -- Test Database 
The tests of part restrained slabs that have been carried out over the last 100 years or more are 
gathered together in a database. The data available and its usefulness are assessed; the method 
developed to assess and classify the data is presented. The reduced, classified data set is 
analysed and a series of graphs and tables summarising the test data are presented. The results 
of the tests are grouped together, and the data presented in a number of ways to confirm theories 
or highlight gaps in current knowledge. The limits to CMA are confirmed or revised based on the 
test data.  A summary and conclusions section highlight the key areas of the tests relevant for 
further discussion in subsequent chapters of this thesis. 
 
Chapter 4 -- Non-Linear Finite Element Analysis 
Finite Element analysis (FEA) is a useful tool to fill in the gaps in the test database to better 
understand CMA. The first section of this chapter outlines the non-linear FEA (NL-FEA) methods 
used and the validation with test data. The behaviour of unreinforced and reinforced concrete slab 
strips is explored using NL-FEA. Issues such as plain (unreinforced) concrete, reinforcement 
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content, degree of restraint, haunches are explored. The results are presented and compared 
with current theories and tests, in particular the likely failure mechanisms are highlighted. NL-FEA 
models of one-way bridge like structures are also developed, again referring back to past tests 
and theories where relevant. The data on loads, strains, deformations available from FEA are 
discussed. A summary section highlights the key areas of NL-FEA relevant to this dissertation, 
particularly the ability to investigate the onset and development of CMA at serviceability and not 
just at the ultimate limit state. 
 
Chapter 5 -- 3-Phase Models for CMA 
In Chapter 5 the 3-phase modelling of CMA is introduced, a method developed to allow 
investigation of CMA at both ultimate and service loads. Two 3-phase methods are outlined. The 
Arch Geometry Method (AGM) based on the author’s 2002 paper is developed and extended. 
The method is validated using similar examples as the NL-FEA method. Issues such as rotation, 
span to thickness ratios, and buckling instability are explored. An Effective Strain Method (ESM) 
based on the dilation from cracking is developed and validated using similar examples to the NL-
FEA and AGM. The influences on the amount of dilation are explored together with those of 
restraint. The AGM and ESM are extended to more complex bridge models with multiple loads 
and global behaviour influences on the capacity. Comparisons of ESM and AGM are made. The 
equations and limits to CMA are re-evaluated based on the FEA, AGM and ESM methods. A 
summary section outlines the 3-phase method with the key limitations to the use of CMA. 
 
Chapter 6 -- Code Provisions 
For the practical use of CMA some provision of codified rules is required. In this chapter the 
current Eurocodes are reviewed. The review covers methods (Eurocode 0), loads (Eurocode 1) 
and materials, analysis, detailing, Ultimate and Service limit states (Eurocode 2). The equations, 
analysis and tests of previous chapters are used to develop methods relevant for design using 
CMA. A tentative Annex to Eurocode 2 is proposed and reviewed against tests and current 
designs. 
 
Chapter 7 -- Summary and Conclusions 
The final chapter provides a short summary of the work carried out and how the research aims 
are achieved. It outlines the primary conclusions reached. Finally, it confirms the areas of possible 
future research noted in previous chapters. 
 
References 
An extensive list of references is provided. 
 
Appendix 
The Appendices contain copies of published, refereed papers by the author, detailed information 
on the test database and details of the phase-3 strut methods used in Chapter 5. 
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2. Literature Review   
 
2.1 Introduction 
This introductory chapter is a review of past tests, papers and theories relating to internal arching 
action or compressive membrane action (CMA) together with some thoughts on punching shear 
which is closely linked to CMA. The first section discusses the more than 100 years of data on 
these subjects. This is done with an eye on previous observations about the cyclic, generational 
aspects of knowledge (Collings, 2008). The important research and theory are reviewed in more 
detail in this chapter with the key concepts and equations stated, the limitations of the concepts 
are also noted. The third section outlines the key testing that has occurred, giving details of some 
key tests. The fourth section compares the two main codes of practice that currently allow the use 
of CMA, the American AASHTO standard (2007) and the UK CD360 standard (HE, 2017, formerly 
BD81-UKHA, 2002). The final part of this chapter is a summary section outlining the important 
issues raised by the review that are to be developed in subsequent chapters of this thesis.  
 
2.2 General 
It is over a century ago that testing of reinforced concrete slabs by pioneers of the material such 
as Lord, Turner and Maillart showed that restrained slabs could carry significant loads.  Since that 
time the interest in and knowledge of arching action or the compressive membrane action (CMA) 
that enhances the strength of concrete slab like structures has waxed and waned, see Figure 2.1.  
Perhaps this is another example of the cyclic, generational nature of knowledge (Collings, 2008); 
although in this case resulting in a conservative, overdesigned rather than unsafe paradigm.  
 
Figure 2.1. Numbers of papers and tests relevant to CMA, grouped every 5 years over the 
past century (based on the database of Chapter 3, Appendix B1 and the 
References at the end of this thesis). 
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The key 20th and 21st century research carried out to date is outlined and discussed in this chapter.  
There is much data on CMA from past tests, most from the mid-20th century. In this thesis the 
data is brought together and often for the first time plotted to show key trends.  The current 
theories for CMA are discussed.  The degree of restraint can be an important parameter, one that 
is often difficult to quantify, a summary of restraint and methods for calculation are reviewed. 
Since the development of ‘steel free’ bridge decks (Bakht and Mufti, 1998) there has been 
research into fibre reinforced concrete or the use of polymer bar reinforcement with CMA, (Taylor, 
Rankin and Cleland, 2001; Cho, Kim and Yi, 2014; Tharmarajah, et al., 2014;).  This chapter 
concentrates on reinforced concrete slabs and the effects of CMA, but the conclusions can be 
extended to fibre reinforced concrete structures. There is also research on prestressed or post 
tensioned slabs with CMA, again this research is not considered unless it has a relevance to 
reinforced concrete, but again its conclusions can be extended to post tensioned concrete in 
future research.  Research is an important requirement, but for CMA to be used to its fullest extent 
in producing more economic or more environmentally friendly structures (and both tend to require 
less materials (Collings, 2005)) some codification is necessary. A review of major US (AASHTO, 
2007), UK (UKHA, 2002) and European (BSI, 2004a; BSI, 2005b) code rules for the design of 
slabs using CMA is made, comparing their requirements.  
 
 
 
There have been a number of previous summaries of CMA, the 1971 ACI special publication (ACI, 
1971) bringing together research by Brochie and Holley (1971) and Tong and Batchelor (1971) 
amongst others. This spurred on research in North America to produce the Ontario Highway 
Bridge Code by the end of that decade (OMTC, 1979).  Braestrup (1980) summarised some of 
the shortfalls in theories of CMA.  Welsh, Hall and Gamble (1999) summarised tests and theory 
for 1-way slabs, particularly for use in hardened military structures. Park and Gamble (2000) 
summarise membrane action in a chapter in their book on reinforced concrete slabs. A more 
recent review is by Taylor, et al. (2002) where a summary of 20th century research into CMA is 
set out.  CMA and punching shear share similar concepts. Many slabs with CMA fail in punching 
shear (see Chapter 3, section 3.5).  The FIB report 12 (2000) summarises the largely empirical 
status of punching shear at the end of the 20th century, this FIB document is generally 
contemporary with the Taylor et al. (2002) review. There has been some interesting research in 
both CMA and punching shear since these summaries, and the two are converging on similar 
strut, strain and rotation related models. As part of the research project for this thesis Collings 
and Sagaseta (2016) published the most recent review of arching action, looking on a decade by 
decade basis at arching, CMA and punching shear, the review paper is cited as an informative 
reference document in CD360 the current UK advice note (HE, 2017). The paper was also cited 
by Lantsoght, et al. (2019). A copy of the full paper is reproduced in Appendix A. The review in 
this thesis takes a similar form to the paper.  
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2.3 Research & Theory 
2.3.1  Review of 20th Century Research and Theory 
This review looks chronologically at CMA research on a decade by decade basis. In the early part 
of the 20th century, during the initial development of reinforced concrete, Turner (1909) visualised 
the behaviour of his flat slab designs as a mixture of a slab in bending and a flat dome.  Maillart 
used low bending coefficients in his slab designs (Furse and Marti, 1997).  Both Turner and 
Maillart used empirical methods which were often validated by testing of the structures (Figure 
2.2), and the structures always carried significantly more load than they were designed for 
(Maillart, 1909; Turner and Eddy, 1909).  Both engineers’ designs were not limited to slabs in 
buildings.  Gasparini (2002) outlines details of three slab bridges with spans up to 8.4 m (27 feet, 
6 inches) constructed from 1910 by Turner, the arch bridges of Maillart are widely known 
(Billington, 1974).   
 
In the 1920’s Westergaard and Slater (1921) defined a flexural theory for slabs, they 
acknowledged the effects of arching action, but did not incorporate it into their theory. 
Westergaard ’s work was highly influential, and the omission of CMA is a key reason for it being 
overlooked in modern analysis methods developed from his work. Ingerslev (1923) first proposed 
the yield line method of analysis at this time.  
Figure 2.2. Early full-scale load test of a reinforced concrete slab by Maillart (1909). 
 
In Russia Gvodzev (1936) outlined an increase in slab capacity due to CMA, but his paper was 
not translated into English until 1960.  Johansen’s extension of the yield line theory was published 
in 1943, but again not translated into English and more widely used until the 1960’s (Johansen 
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1943). Some small-scale bridge model tests were carried out in America in the late 1940’s 
(Newmark, et al., 1946 and 1948), see Table B1 in Appendix B. 
In the 1950’s the destructive test on the Old Dental Hospital in Johannesburg, South Africa, 
reported by Ockleston (1955), is the most well-known.  In this test, collapse loads of 3 to 4 times 
those predicted by yield line theory were obtained.  McDowell, McKee and Sevin (1956) outlined 
a theory for strength enhancement of masonry using arching action not long after. Powell (1956) 
carried out tests on restrained slabs.  Ockleston then appreciated that the extent of strength 
enhancement in his tests was caused by CMA (Ockleston, 1958a and 1958b).  
Figure 2.3. Arching geometry as first envisaged by McDowell, et al. (1956). 
 
The McDowell, McKee and Sevin (1956) theory for CMA was based on tests of masonry panels 
and was a linear elastic perfect plastic method that assumed the panel split at mid span and 
jammed between two rigid supports (Figure 2.3). From the geometry of the system the moment 
of resistance (Mr) due to arching can be determined: 
 
Mr = Nu r           Equation 2.1 
r = 2 d1 (1 - u – 
௬ᇱ
ௗଵ
)         Equation 2.2 
 
Where u = δ/h or δ/2d1 and y’ is the distance from the bottom of the slab to the centroid of the 
horizontal force. The horizontal restraint force (Nu) is dependent on the distribution of strain (εc) 
along the contact area and related to the strain parameter (R). 
 
R = 0.25 εc (௅௘ௗଵ)
2         Equation 2.3 
Mr = 4Mu/ (fc d12) = 4 (1 + 0.5 R + 0.75 u2 - 2 u - 0.33(R/u)2)    Equation 2.4 
 
δ 
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Where Mu is the arching moment for rigid restraint at a deflection parameter of u, this was 
specified by McDowell, et al. (1956) based on a uniform applied static load, Q = qL where Mu = 
QL/8.  
The McDowell, McKee and Sevin (1956) theory for CMA was later used and developed by Rankin 
and Long (1997) and also Hon, et al. (2005) for reinforced concrete slabs. Figure 2.4 reproduces 
the McDowell, McKee and Sevin normalised thrust and variation in arching moment (Mr) showing 
the effects of various R values. Using this theory, the restraint force is elastic when R > 0.5. Also, 
u = 0.31 for R > 0.31.  A key assumption is that (uh/L)2 is small. 
Figure 2.4.  Variation in a) Thrust and b) arching moment ratio with normalised mid-span 
deflection, based on McDowell, et al, (1956).  
 
Since the 1950’s there have been a number of attempts to develop the theories for CMA in 
unreinforced and reinforced concrete. Wood (1961) considered that membrane action should be 
considered as a change in the yield criterion when yield lines form and enable a collapse 
mechanism.  Christiansen (1963) developed a theory for one-way slabs and Park (1964a), who 
was a major contributor at this time, developed the rigid plastic method using yield line patterns 
for two-way spanning slabs.  Park looked at long term effects on CMA (Park, 1964b), and the 
stiffness required to develop CMA (Park, 1965). The effects of long-term creep reduce the slab 
stiffness and increase deflections, both reducing the benefits of CMA. Christiansen also looked 
at the restraint noting that if the adjoining slab is of similar dimensions it will have a similar lateral 
restraint to the in-plane stiffness of the slab being loaded. Park extended this, Park’s equations 
were relatively long and complex, but today are readily solved using spread sheets. They made 
a number of assumptions. The equations were simplified by Park and Gamble (2000) for slabs 
with a span to depth ratio less than 18 and assuming a deflection of 0.5h (assumptions on 
deflections of 0.3h to 0.5h are common in the literature). 
 
The key assumption for the Park and other ultimate methods is that the moment of resistance of 
the slab has both flexural and arching components. 
Mr = MUB + MUN – Nu δ         Equation 2.5 
Nu Mu 
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For uniform loads on a slab strip Mr = QL/8 and for point load Mr = PL/4. Q is the total uniform 
load on the span and P the point load near the centre of the span. Where MUB is the flexural 
capacity, MUN the internal arching capacity of the slab, Nu is the internal arching force and δ the 
deflection at midspan. 
Park used an example of two slabs one with a span to depth (L/h) of 20 and another with L/h of 
40. Given the in-plane stiffness (S) defined as: 
S = 2Ec  
௛
௅
           Equation 2.6 
S = 0.1Ec when L/h = 20 and S = 0.05Ec when L/h = 40.  For the first slab the theoretical increase 
in strength is about 2.7 times the bending only strength (Figure 2.5). For the second slab the 
increase in strength is still significant at approximately 1.75 times the bending only strength. Park 
concluded that the surround stiffness did not need to be large to achieve a value near that of an 
infinitely rigid surround. Some results of the Park equations are given in Figure 2.5. Note for the 
Park curves the strain parameter (R) of McDowell, is replaced by a relative stiffness parameter 
(S/Ec) and the vertical axis normalised against the yield bending capacity of the slab.  
Figure 2.5.  Effect of lateral stiffness and span to depth ratio on CMA, from Park and Gamble 
(2000) 
 
Roberts (1969) developed Wood’s theories further, with similar conclusions to Park on surround 
stiffness. At the end of the decade Hopkins (1969), under the supervision of Park tested a 9-panel 
floor slab noting that the in-plane shear deformation of the surround panels was a significant 
factor. 
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Christiansen (1963) proposed the relative capacity due to arching, allowing the arching (PA) and 
bending (PB) components to be compared (as Equation 2.7 and Figure 2.6). This allows the 
arching and bending to be calculated separately. Many test results are normalised based on this 
relationship, usually with the load due to bending being the maximum ultimate load calculated 
using a yield line or collapse mechanism (plastic) method, i.e. PB = Py. 
 
PA = Pmax – PB          Equation 2.7 
 
 
Figure 2.6.  Load-deflection test results by Christiansen (1963) with Pmax, PA and PB added. 
 
 
Wood and Armer (1968) and Pucher (1964) developed the Westergaard (1930) purely elastic 
bending methods of analysis, popular in the UK and Europe.  It is interesting to note that in his 
tests Armer (1968) acknowledges the influence of CMA on the ultimate capacity, however, like 
Westergaard before he did not include it in the theory. Timoshenko’s influential books on elastic 
plates was also published (Timoshenko and Woinowsky-Krieger, 1959; Timoshenko and Young, 
1965). At about this time Leonhardt (1964) was also carrying out shear tests on slabs and outlining 
internal struts and arches primarily to understand shear failure (Figure 2.7) using Drucker (1961) 
ultimate method for shear capacity.  Other work in by Sawczuk (1965), Janus (1967), Kemp 
(1967), Morley (1967) and Calladine (1968) were also carried out in this decade. Liebenberg 
(1996) suggested that the formation of cracks caused some arching action prior to yielding of the 
reinforcement. Taylor and Hayes (1965) carried out tests and showed that the boundary restraint 
affected the punching shear capacity of the slabs. In a number of tests small gaps were left 
between slab and support to allow for shrinkage dilations. By the end of the 1960’s it was generally 
appreciated that CMA enhanced the capacity of the slab over that of the theoretical bending 
capacity; that the effects of shrinkage or other initial gaps affect the degree of restraint; and that 
the effects of creep offset the benefits of CMA for permanent loads.   
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Figure 2.7.  Tied arching action in a concrete beam or slab (Leonhardt 1964).  
 
In 1971 a series of papers on CMA including papers by Brochie, Holley, Tong and Batchelor and 
others, were published in a special edition of ACI journal (ACI 1971). Further tests by Batchelor 
and others (Batchelor, et al.,1976a; 1976b; 1978a) on bridge deck ultimate strength was carried 
out.  The effects of fatigue strengths of decks with CMA were also confirmed (Batchelor, Hewitt 
and Csagoly, 1978).  These tests led to the incorporation of rules for the use of CMA in bridge 
decks in Canada (OMTC 1979). A review of the previous decade’s research was presented by 
Braestrup (1980), Braestrup noted the two slightly differing methods of estimating CMA; the rigid 
plastic methods of McDowell, Park, Christiansen, etc. and the flow theory of Wood, Morley, 
Roberts, etc. For peak loads and deflections of about 0.4h both methods gave similar results, the 
differences occurring at larger deflections of 0.6h or beyond. It was also noted that the slab 
deflection was not at a constant 0.4h to 0.5h at peak load but varies with span to depth ratios. 
 
In the UK Eyre and Kemp (1983) outlined a graphical solution to CMA. Kirkpatrick, Rankin and 
Long (1984) outlined tests on a concrete bridge and the influence of CMA on serviceability level 
loads (1986).  This work led to the Northern Ireland amendment of the UK Bridge Design Code 
(DENI, 1988) utilising CMA. Guice and Rhomberg (1988) carried out tests on small scale 
restrained slabs exploring the use of CMA in hardened military structures, the in-plane arching 
force was measured on a number of these tests. They also developed a truss model for analysis 
(Guice and Rhomberg, 1989). 
 
Eyre (1997) developed the flow rule for determining the maximum relative membrane force (n), 
see Figure 2.8 and Equations 2.8 and 2.9. Through the 1990s in the UK Eyre and Kemp (1994) 
continued their research into CMA highlighting that the axial stiffness of the cracked slab with 
CMA was significantly less than the full uncracked slab stiffness.  Eyre (1997) outlined a more 
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direct method for calculating safe strengths.  Eyre (2000) in his paper on plain (unreinforced) 
concrete slabs removed the complication of the CMA bending interaction and simplified the 
analysis further.  Building on the work of McDowell, et al. (1956) Eyre developed a simple 
bounding to the limits of CMA, see Equation 2.10 to 2.12.   
Figure 2.8. Boundaries of CMA for Equations 2.10 and 2.11 for unreinforced concrete slabs 
(Eyre 2000). 
 
n = N / Nc = α1 – δm / h         Equation 2.8a 
Where α = μo/zo and β = 0.5xo/zo (see Figure 2.9) and γ = ratio of tension reinforcement at the 
support to mid-span. Nc is the compressive capacity of the slab: 
 
Nc = b h fc             Equation 2.9 
Figure 2.9. Section assumptions of Eyre (1990) flow rule. 
2.10 
2.11 
δ/h δ/h 
Equation 2.8b 
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no = N/Nc = 0.5 – 0.5 δ / h          Equation 2.10 
po = P/Pc =  (1 - δ / h )2        Equation 2.11 
Pc = Nc h/L          Equation 2.12 
This expression for Pc being derived for a slab strip at zero deflection with xo= h/2 and N= Nc/2. 
 
In Canada research also turned towards unreinforced concrete slabs or “steel free bridges” 
(Bakht, et al. 1998), to enhance the durability of bridge decks.  The ICE in UK supported a seminar 
to highlight the topic to a wider audience (Prichard, et al. 1998). Hassan, et al. (2002) noted that 
most steel free decks are more influenced by serviceability issues. Whilst they exhibit strength, 
continuous longitudinal cracks occur in most steel free bridges after first loading by vehicles. 
 
The work of Rankin and Long (1997) continued at Queens University, Belfast. Tests on restrained 
slabs using high strength concrete and various restraint stiffness were published. They outlined 
the behaviour of CMA as a strut model using an equivalent arch (Figure 2.10). The equivalent leg 
length of an arch with an initial half length (Le) and stiffness (K) is given by Equation 2.13. The 
Belfast research group made a summary guide to CMA for the UK Concrete Bridge Development 
Group (Taylor, et al., 2002) and also made a contribution to the UK codification of CMA in bridges 
in BD81 (UKHA, 2002), now CD360 (HE, 2017).  This UK standard takes a different course in the 
use of CMA from the previous Canadian, Northern Ireland and the more recent AASHTO (2007) 
standard.  BD81 and CD360 require the analysis of the global behaviour of the bridge, this aspect 
influenced by the work of Jackson (1990) is based on a test of scaled bridge models, and also on 
other researchers over the previous 25 years who had noted that rotation of the slab at supports 
had a negative effect on the amount of CMA occurring. 
 
Figure 2.10. Geometry of equivalent arch (Rankin and Long, 1997). 
 
Appendix D of this thesis outlines the Rankin and Long analysis method and provides analysis 
results for a number of the tests that are used for verification purposes in subsequent chapters. 
        Equation 2.13 
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Many researchers of CMA have also researched punching shear and its interaction with CMA; 
Tong and Batchelor (1971), Long (1975), Batchelor and Tissington (1976b), Rankin (1982), 
Vecchio and Collins (1986), Chana and Desai (1992) and Kuang and Morley (1992) among 
others.  Where CMA is present, slabs often tend to fail in punching shear rather than flexure.  In 
the USA the shear rules are generally derived from the work of Moe (1961). In the UK the work 
of Regan (1981) is more influential.  FIB report 12 (FIB, 2000) summarises the research on 
punching shear, primarily for flat slab structures, it is contemporary with the guide to CMA (Taylor, 
et al., 2002).  FIB 12 notes that there is a wide scatter of punching test results and that the variation 
in code provisions was unsatisfactory at that time.  Both the US and UK methods for determining 
the punching shear capacity of a restrained slab tend to be conservative over a wide range of 
parameters, the coefficient of variation is relatively large (Rankin and Long, 1987).  It was noticed 
that punching shear strength tends to be higher where CMA is present; the variation in increase 
is similar to that for structures with increased reinforcement.  Kirkpatrick, Rankin and Long (1984) 
proposed considering CMA as an effective increase in reinforcement, this method is the basis of 
the BD81 (UKHA, 2002) and CD360 (HE, 2017) code capacity giving the punching shear capacity 
(Pvp) of a circular wheel load of diameter (as Equation 2.14.   
 
Pvp 1.52(d)d (f’c)0.5(100ρe)0.25         Equation 2.14 
 
Where ρe is an effective reinforcement area dependent on fc, h, d and R. Where R is the strain 
parameter defined by McDowell as Equation 2.3 above, where the strain is estimated using 
Equation 2.15. Kirkpatrick, Rankin and Long (1984) also recommended R should be between 0 
and 0.26 to achieve a significant proportion of the arching moment ratio (Figure 2.11). Rankin, 
Niblock, Skates and Long (1991) noted that use of R of 0.5 was more realistic. 
 
εc = (60fc – 0.33fc2 – 400) x10-6        Equation 2.15 
 
Figure 2.11. Rankin and Long (1997) limits of R shown on a normalised arching moment to 
restraint stiffness curve.  
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The Modified Compression Field Theory (MCFT) (Vecchio and Collins, 1986) and the basis of the 
Critical Shear Crack Theory (CSCT) (Muttoni and Schwartz, 1991), where the shear capacity of 
the strut is influenced by diagonal cracking near the load (Figure 2.12), had been proposed by 
this time.  At the end of the 20th century both bending and shear capacity for simple slab systems 
were relatively well defined.  However, the status of shear and bending on restrained slabs was 
still mainly empirical.  
Figure 2.12. Influence of crack pattern in shear strength of beams using CSCT (Muttoni and 
Fernandez-Ruiz, 2008): (a) and (b) Tests EA1 (deformed bars) and EB2 (smooth 
bars) by Leonhardt and Walther (1962) cracking pattern and theoretical strut 
position; (d) and (e) Tests BP0 and BP2 by Muttoni and Thürlimann (1986) 
cracking pattern and theoretical strut position. 
 
Finite Element Analysis (FEA) of restrained slabs was started in the 1970’s, Cope and Rao (1977) 
being one of the earliest.  Fujii (1981), Lahlouh and Waldron (1992) and Abbasi, et al. (1992) used 
FEA to visualise the principal compressive stress distribution and directions of the CMA in their 
tests. Salami (1994) used FEA to compare with selected tests of restrained slabs. Welsh et al. 
(1999) carried out FEA on a series of tests to try to model the entire compressive membrane to 
tensile membrane action (TMA) load deflection curve for military structures with limited success. 
Famiyesin and Hossain (1998) noted significant differences in deflections of Tests and FEA. Most 
of the FEA investigations have been carried out more recently in the 21st century, due to the 
significant increase in computing capacity. 
Ghoneim and MacGregor (1994) noted that the capacity of some slender slabs (particularly with 
low rotational restraint) were unstable with buckling moments increasing at a greater rate than 
arching moments. Welsh (1999) noted that some tests indicated geometric instability for slabs 
with a span to depth ratio beyond 18 and a deflection more than 0.42h. Petrou, et al. (1996) 
indicates a snap through development of punching at deflections of 0.2h to 0.3h for some deck 
types. 
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2.3.2.   Recent 21st Century Research and Theory 
In the 21st century a number of researchers have continued their research into CMA and punching 
shear.  Eyre has looked more at surround stiffness (2007a) and CMA in ground slabs (2007b).  
Taylor, Rankin, and Cleland (2003) have continued testing slabs, looking at high strength concrete 
and fibre reinforced concrete, a variation on the steel free deck concept.  With todays increased 
computing power it is now much easier to model CMA.  Zheng, et al., (2009) at Queens, Belfast 
have modelled more representative real structures. FEA modelling of some of the physical tests 
carried out over the years has also been attempted (Zheng, et al., 2008; Valipour, et al., 2013; 
Shaat, et al. 2014). More recently there has been the modelling of punching shear with FEA 
(Zheng, et al., 2012; Shaat, et al., 2014; Belletti et al., 2015; Genikomsou and Polak, 2015). 
However, FEA representations still tend to overestimate the stiffness of CMA and are not yet 
relatively accurate and practical tool for design.  The use of FEA in strut and tie type models 
(Breña and Morrison, 2007) for disturbed or D-regions (Najafian and Vollum, 2013) share some 
similarities with CMA and the simpler material models developed could be useful in FEA analysis 
of CMA. Belleti, et al. (2015) modelled the deck and beams of the Corick Bridge (See figure 2.30) 
using FEA, however, the layout of the test means that the full global effects of vehicles were not 
included. Thoma and Malisia (2018) recently outlined three key drivers of CMA from the FEA as 
reinforcement stress, slab deflection and the L/h ratio. 
 
Collings (2002) proposed a method for analysis of CMA using the Rankin equivalent arch and 
bending together in the same model, using conventional proprietary software and common 
analysis methods such as grillage, etc. (Hambly, 1989). This reflecting the Gvodzev (1936) and 
McDowell, et al (1956) observation that as the positive and negative neutral axis was at different 
heights arching naturally exists.  A major problem with the standard methods of Park (1964a), 
Christiansen (1963), Eyre (1997) and Rankin and Long (1997) is that they treat the bending and 
CMA as separate effects with different models. In Collings method the bending and arching are 
combined and analysed within the same model, the amount of CMA enhancement varies with the 
relative stiffness of the effective arch and beam. The Collings (2002) method gives a lower bound 
estimate of the slab capacity as it does not assume flexural yielding. The displacements of 
unrestrained reinforced concrete structures due to cracking is an area that is important; Jackson 
(1990) noted that CMA caused additional displacements to beams and bearings in his load test 
of a bridge; Beeby and Faithibitaraf (2001) noted the adverse effects of lateral displacements 
caused by CMA on edge column moments in buildings and outlined “a proposal for change” so 
that this aspect of reinforced concretes behaviour was considered more consistently. Mathias, Li, 
Keilech and Sarkiisan (2019) recently proposed the use of the centroid strain to more accurately 
analyse frames. 
 
In tests carried out by Vecchio and Tang (1990) the dilatancy of the unrestrained slab and 
variation in strain of the restrained slabs were measured.  The strain at the centreline of the slab 
seems to be an important parameter.  In the Vecchio and Collins (1988) modified compression 
field theory (MCFT) for predicting the shear capacity of a reinforced concrete section, and their 
more recent simplified MCFT (Bentz, Vecchio and Collins, 2006), the strain at the centreline is a 
key parameter.  Beeby and Zaib (1999) outlined ways of calculating this centreline strain for 
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estimating membrane forces.  In the Muttoni and Fernandez-Ruiz, (2008) critical shear crack 
theory (CSCT) the strain at 0.6d is a key parameter for conventional 1-way shear (Equation 2.16).  
For modern slabs with current cover for durability the 0.6d axis and the 0.5h axis (centreline) are 
usually not very far apart and the strains similar in magnitude.  
 
VCSCT   =     0.33b d (fc)0.5        Equation 2.16 
              1+120 ε d/(16+dg) 
 
Muttoni (2008) also used CSCT to estimate punching shear failure, but with the capacity being 
related to the rotation (ϕ) of the slab rather than the strain (Equation 2.17): 
 
Pvp =   0.75 bo d (fc)0.5         Equation 2.17 
         1+15(ϕ d/16+dg) 
 
Both Equations 2.16 and 2.17 have been developed further for incorporation into Codes of 
Practice (Muttoni, Fernandez-Ruiz, Simoes, 2017). 
 
2.3.3 CMA at the Serviceability Limit State 
Research and theory have tended to concentrate on the ultimate capacity of structures with CMA, 
although Liebenberg (1966) suggested that CMA would occur prior to yield.  The ultimate theories 
of Park, Wood, Eyre, etc. assume plasticity and significant rotations and are not appropriate for 
investigating CMA at serviceability. Rankin and Long’s use of the McDowell, et al. arch method 
assumes it is added directly to the yield flexural capacity of the slab using Christiansen’s method 
(Equation 2.7) and so is only useful above flexural yield. Ritz (1978) proposed a model linking 
arching, bending and external post tensioning (Figure 2.13) assuming the components behaved 
elastically. Collings (2002) proposed a method similar to Ritz using the geometry of the Rankin 
strut method but without the hinges, the proportion of CMA and bending being determined by the 
relative stiffness of each. Collings proposed the method as a lower-bound ULS method; however, 
it will also give some indication of the behaviour at SLS. 
Figure 2.13. Combined arching and bending model by Ritz (1978). 
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Kirkpatrick, et al. (1986) outlined the influence of CMA on the SLS, no theoretical model was 
proposed, however, based on empirical evidence it was suggested that SLS requirements would 
be satisfied unless the deformation of supporting beams generated large global bending effects. 
A similar paper in 2007 (Taylor, et al., 2007) reviewed some additional testing and similarly 
concluded that empirical evidence showed that crack widths should be satisfactory. BD81 (UKHA, 
2002) and CD360 (HE, 2017) requires that for a simple assessment at SLS the crack widths are 
calculated ignoring local bending effects but assuming the global moment is increased. Both the 
Kirkpatrick and Taylor papers noted that the initial cracking was influenced by the concrete 
strength rather than reinforcement content, and that the slabs deflections were significantly 
influenced by any previous load history i.e. un-cracked slabs were stiffer than those previously 
cracked under load.  BD81 and CD360 also allows the use of FEA to assess the serviceability 
issues of CMA, however, the majority of FEA research with CMA has concentrated on ultimate 
behaviour and the prediction of failure loads. Many of the FEA are over stiff and under predict 
deflections at serviceability (Zheng et al. 2008). 
2.4 Summary of Testing 
Since the early tests by Lord (1911), Turner (1909) and Maillart (1909) many engineers and 
researchers have carried out and published the results of tests on many slab strips, one-way and 
two-way spanning slabs; the tests of Choi and Oh (2013) and Ziad (2016) on haunched box 
girders being among the most recent.  Many of the tests are noted in the above resume of 20th 
and 21st century CMA research and theory.  The number of tests carried out was plotted in Figure 
2.1 above and Table B.1 of Appendix B lists the primary tests for which data is available. The 
overall classification is derived in Chapter 3, Section 3.2. Class A, B and C tests have useful 
information and are analysed in Chapter 3; class D tests are not used. Overall there are 1379 
tests. The next section of this chapter outlines some of the more important tests, gives some 
indication of the range of structures tested and the types of results available. An initial assessment 
of the tests was carried out (Collings and Sagaseta, 2015), a final analysis of the test data is given 
in Chapter 3, Section 3.4 of this thesis. 
 
2.4.1. Ultimate Capacity Tests 
 
The early tests such as those by Lord (1911) Maillart (1909) and Talbot and Slater (1916) were 
full scale, but results are limited as the prime objective was to show that the slab could carry loads 
of specified values. A series of tests on small scale bridges was carried out during the 1940’s and 
1950’s at University of Illinois (Newmark, et al. 1946 and 1948 and Seiss and Viest, 1952), (Figure 
2.14). These tests show the slabs fail in punching rather than flexure and that the magnitude of 
the punching is influenced by the location of the load. The tests on restrained internal panels carry 
larger loads than the external panels. The panels near mid-span, where there is a general 
longitudinal compression in the slab, carry larger loads than those near the hogging support where 
there is a general longitudinal tensile strain on the slab. However, the scales of the tests are small, 
and the deflection measurements limited. In the UK Thomas and Short (1952) tested a series of 
deck slabs, the results are not usable in the database of Chapter 3 but show that arch shaped 
slabs carried higher loads than flat slabs. 
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Figure 2.14.  Illinois scale tests with underside of a slab showing punching after test. 
 
In the 1950’s the destructive test on the Old Dental Hospital in Johannesburg, South Africa, 
reported by Ockleston (1955), is the most well-known (Figure 2.15).  In this full-size test, collapse 
loads of 3 to 4 times those predicted by yield line theory were obtained. Load – deflection profiles 
for the slabs are documented, however, the slab behaviour was assisted to some degree by a 
concrete screed acting compositely with it. 
Figure 2.15. Full scale test on a building to be demolished (Ockleston, 1955) with load 
deflection plot for 1-way load test. 
Powell (1956), Wood (1961), Kennan (1967), Christiansen (1863), Park (1964a), Roberts (1969) 
and Taylor and Hayes (1965) carried out multiple tests on small scale slabs, typically with slab 
thicknesses of 25 to 75 mm and spans of 500 to 1500mm. These tests typically show the classic 
CMA-TMA behaviour with CMA at deflections of 0.3h to 0.5h giving capacities significantly above 
that predicted by bending theory, then the capacity falling to the bending capacity at deflections 
of about 1.0h, and then increasing capacity again as tensile membrane action (TMA) occurs at 
large deflections. Figure 2.16 shows this load-deflection curve for one of the Park (1964a) tests. 
Park and Gamble (2000) later reviewed a series of tests noting the value of δ/h and δ/L, the results 
are presented graphically in Figure 2.17, which shows increasing deflections at increased L/h 
ratios, this figure is extended further in subsequent chapters.  
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Figure 2.16. Load – deflection curve for test Park tests A1to A4 (Park and Gamble, 2000). 
Figure 2.17.  Variation of δ/h with L/h for 56 tests tabulated by Park and Gamble (2000). 
During the 1960’s and early 1970’s a number of scale tests on 9 panel slab systems were carried 
out (Gamble, Sozen and Seiss, 1961; Hopkins and Park, 1969). Figure 2.18 shows the cracking 
pattern and load deflection profile for the Hopkins test of the central panel. 
 
Figure 2.18.  Layout of slab, cracking pattern and load deflection curve for central panel test of 
9 panel slab (Hopkins and Park, 1972). 
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Guice and Romberg (1986) carried out tests on fully restrained and partly restrained slabs 
exploring the use of CMA in hardened military structures. The tests show the same CMA-TMA 
behaviour as the Park tests (Figure 2.16).  Further tests (Guice, et al., 1988) where the horizontal 
restraint was varied, and the force of the CMA was measured were carried out (Figure 2.19). 
Figure 2.19.  Typical load-deflection results of tests by Guice, et al. 1988. 
 
Fenwick and Dickson (1989) outlined the results of tests on slabs with varying degrees of restraint, 
all failed in a punching shear mode, see Figure 2.20. 
Figure 2.20.  Changing behaviour and higher loads on slabs with increasing restraint based on 
Fenwick and Dickson (1989). 
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Vecchio and Tang (1990) published the results of an instrumented test of a scale model of a one-
way spanning building slab with a high span to depth ratio (L/h = 30), see Figure 2.21.  Lahlouh 
and Waldron (1992) also outlined tests of slabs as part of a framework and noted the forces. For 
both the Vecchio & Tang and Lahlouh & Waldron tests part of the force is due to CMA and part 
due to frame action. 
 
Figure 2.21. Test rig layout for Vecchio and Tang (1990) slab strip test, with load-deflection and 
load-restraint force plots. 
 
The work of Rankin and Long (1997) continued at Queens University, Belfast.  Small scale tests 
on CMA strength enhancement in uniformly loaded and laterally restrained slabs were published 
(Rankin, et al., 1991).  More small-scale tests looking at the real strength of high-performance 
concrete bridge deck slabs were carried out by Taylor, Rankin and Cleland (2003) as Figure 2.22. 
Hon, Taplin and Al-Mahaidi (2005) made similar tests on slabs restrained by beams. Hon et al. 
made saw cuts in some slabs to test slab strips and 1-way spanning slabs using the same 
geometry and restraint. Figure 2.23 outlines the layout of the Hon et al. tests with and without 
saw-cuts. The figure also shows the load deflection results for test S2 with and without saw-cuts. 
The 1-way spanning slab being clearly stronger than the strip. Taylor, et al. (2001) also conducted 
larger scale tests on part restrained slab strips looking at arching action in high-strength concrete 
slabs, Figure 2.24. Tests on similar sized slab sections incorporating composite glass fibre bar 
reinforcement were also later tested (Tharmarajah, et al., 2014). Tests on smaller rectangular and 
T sections were also carried out using the same test rig (Ruddle, et al, 2014). 
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Figure 2.22. Test rig layout and typical load deflection plots for 1-way slab on beams (Taylor,  
et al., 2003). 
 
Figure 2.23. Test rig layout for Hon, et al. (2005) slab and strip tests and load-deflection results 
for tests S2 and S2Fa (with saw cuts). 
Figure 2.24. Test rig layout for Taylor, et al. (2001) slab strip tests with typical load-deflection 
results. 
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A number of researchers have compared theoretical and test results, Rankin and Long (1997) 
compared a number of the point load tests with the Rankin calculation method, Figure 2.25a. 
Rankin, et al. (1991) compared a number of uniform load tests, Figure 2.25b. The method tends 
to slightly underestimate the ultimate load. However, most of the tests compared were at a 
relatively small scale, this comparison is reviewed with further data in Chapter 3, Figure 3.15.  
 
Figure 2.25. Comparison of theoretical and test loads a) Point/Line loads (Rankin and Long, 
1997). b) Uniform loads (Rankin, Niblock, Skates and Long, 1991)  
 
 
 
A number of tests on full size or scale bridges have been carried out. The best instrumented tests 
were those by Jackson (1990) where a model bridge was tested with point loads and patch loads 
representing an abnormal vehicle, see Figure 2.26. The tests confirmed those of Newmark, et al. 
(1946) noted above that global stresses and deflections offset the amount of CMA generated in 
real structures under more complex loading. 
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Figure 2.26. Tests of bridge girders and slab (Jackson, 1990). 
 
A number of tests on unreinforced slabs, as part of the steel free deck project have also been 
carried out (Mufti, et al., 1993). The most recent by Cho, et al. (2013), Figure 2.27. Steel free 
decks rely on external ties usually below the deck; they also often include short haunches. 
 
 
 
Figure 2.27. Tests on steel free deck with load- deflection results (Cho, et al., 2013). 
 
Collings (2002) outlined that CMA and geometric arching action (GAA) may be present in box 
girder bridges, partly due to the haunches to the slabs in these structures, creating an arch shape.  
Choi and Oh (2013) carried out tests on a number of box sections with flat and haunched slabs 
(Figure 2.28); they report an increase in strength over conventional bending analysis of 30 to 
50%. From the test data it is not clear how much is from conventional geometric arching action 
(GAA), frame action and how much from CMA. Recently Ziad and Collings (2016) noted that much 
of the initial arching is from GAA due to the haunching and that the restraint is provided by the 
frame action of the box webs. 
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Figure 2.28. Test rig layout for Choi and Oh (2013) slab strip test with load-deflection plots. 
 
A number of researchers (Ye, et al., 2008; Yu and Tan, 2013; Dat and Hai, 2013; Punton, 2014; 
Keyvani and Sasani, 2015) have recently considered the use of CMA when considering the 
investigation of robustness and potential column loss. Figure 2.29 shows the test rig, load-
deflection and horizontal force-deflection plots for the Yu and Tan tests, the advantage of CMA is 
that at peak loads deflections are less than 100mm whereas for TMA the deflection is almost 
500mm at an equivalent load.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.29. Test setup for progressive collapse investigation by Yu and Tan (2013) with load- 
deflection results and horizontal reaction- deflection results.  
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2.4.2 Tests for Serviceability  
 
Most tests and theories relate to the ultimate limit state with failure of restrained slabs by crushing 
of concrete in CMA or punching shear, often such failures are difficult to distinguish (Jackson, 
1990).  With an increased ultimate capacity from CMA the verification of the serviceability limit 
states for cracking or deflection may govern design. Many of the ULS tests provide a full load-
deflection plot such that some information at the SLS can be determined. Kirkpatrick, Rankin and 
Long (1986) have outlined the influence of CMA on serviceability issues. Tests (Christiansen, 
1963; Fenwick and Dickson, 1989; Vecchio and Tang, 1990; Peel-Cross, et al., 2001) indicate 
that CMA tends to stiffen the slab, reducing the deflection compared with a slab where CMA is 
not restrained.  The results of tests (Jackson, 1990; Vecchio and Tang, 1990; Lahlouh and 
Waldron, 1992; Taylor, Rankin and Cleland, 2001; Taylor, Rankin and Cleland, 2003) also 
indicate crack widths are not large until yielding of the reinforcement occurs.  Serviceability tests 
by Kirkpatrick, et al. (1986) on Clinghan’s Bridge showed lightly reinforced strips complied with 
code crack width requirements under standard loads. Taylor, Rankin, Cleland and Kirkpatrick 
(2007) have more recently revisited this serviceability issue with tests on the layout of the tests 
on the Corick and Clinghan’s Bridges are shown in Figure 2.30 with load deflection test results. 
Corick Bridge. However, compared with the ultimate limit state there is relatively little test data on 
the behaviour of CMA in structures at serviceability. 
 
Figure 2.30. Test setup for Corick Bridge with load- deflection results (Taylor et al. 2007).  
 
2.4.3 Other Relevant Tests 
 
The tests outlined in Sections 2.4.1 and 2.4.2 have been those aimed specifically at CMA, some 
of the more general tests on punching shear of slabs are also relevant. Many punching tests are 
focused on the problem of a slab punching down past a column (Figure 2.31a). The problem of a 
wheel load punching through a deck slab is very similar but opposite (Figure 2.31b). FIB (2000) 
and Reineck et al. (2003) outline data for a number of punching tests. Tests on restrained slabs 
tend to show higher punching capacities than unrestrained slabs (Chana and Desai, 1992; Regan, 
1981). A number of the punching tests relevant to this study, (Kuang and Morley, 1992; and Fang, 
et al., 1994) tested slabs with restraints from beams; Reagan (1981) and Ghoneim and 
MacGregor (1994a); Mostafaei, Vecchio, Gauvreau and Semelawy (2011); Ramosa, Lúcio and 
Regan (2011) tested slabs with defined in plane forces. 
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Figure 2.31. a) Building slab punching past column. b) Wheel punching through a bridge deck. 
 
 
The punching tests relevant for the development of the effective strain method of analysis 
developed in Chapter 5 of this thesis is that of Muttoni, et al. (2008), which measured the 
longitudinal expansion, or dilation of the tested slabs. Figure 2.32 outlines the 3m by 3m test slab 
of the Muttoni et al. test P31 together with the expansion results for tests P31 and P34. 
 
 
 
Figure 2.32. Test setup for flat slab punching load- extension results (Muttoni et al. 2008).  
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2.5 Codes & Standards 
In early versions of Codes of Practice, the increased test results (due to CMA was acknowledged 
through the use of reduced bending coefficients similar to those used by Turner and Maillart 
(Gasparini, 2002; Furse and Marti, 1997).  The UK code CP114 (BSI, 1957) for instance gave a 
total design moment of QL/10 for a building slab, 20% lower than the QL/8 derived from bending 
only theories.  The first modern codes that explicitly considered CMA (OMTC, 1979; DENI, 1986) 
list a series of geometric requirements, if complied with CMA can be assumed to occur and only 
a minimum reinforcement is specified, detailed calculations are not required.  The current US 
bridge code takes this approach (AASHTO, 2007), the designer having the choice of using a 
simple CMA approach using a 0.3% isotropic reinforcement or a more complex and conservative 
bending analysis, usually giving nearer 1.7% reinforcement.  The primary requirements of this US 
code are listed in Table 2.1 below. The UK document BD81 (UKHA, 2002) also listed a series of 
requirements, these are also noted in Table 2.1, and they are similar to but not identical to the US 
requirements. The BD81 requirements are now incorporated into CD360 (HE, 2017). Where 
applicable the data from the test database noted in Appendix B, Table B.1 and developed further 
in Chapter 3 is also given in the table. 
 
Table 2.1. Current Code Requirements for CMA. 
 AASHTO BD81 and CD360 Test Database 
Min depth h 175 mm 160 mm 38 mm 
Max span L 4.1 m  3.7 m 15.45m 
Max L/h ratio  18 15 72 
Max skew (degrees) 25 20 45 
Edge beam overhang 5h 1000 mm Various 
Diaphragm requirements At supports At supports Various 
Bracing requirements - 8m spacing Various 
Min reinforcement  570 mm2/m 0.3% 0 
Min total reinforcement 950 mm2/m 750 mm2/m 0 
Min concrete strength 28 MPa 32MPa 20 MPa 
Max concrete strength 70 MPa - 100 MPa 
Strain parameter (R) - 0.26 0 to 1 
Formwork Concrete formwork not 
permitted, corrugated 
metal permitted. 
Participating 
precast concrete 
allowed. 
Most tests do not 
use permanent 
formwork. 
Requirement for global 
analysis 
Only for torsionally stiff 
cross sections 
For all situations Most tests only for 
local effects 
 
The lower minimum slab depth of the UK code is derived from the closer bridge beam spacing 
that has been used there in the past.  The maximum spans, span to depth ratios and edge 
overhang requirements are slightly different but are broadly similar, stemming from the same 20th 
century research (as Section 2.2.1). The limiting skew angle in the UK code is 20 degrees; in the 
US code detailed consideration is required only above 25 degrees.  This US skew requirement 
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takes into account tests by Ebeido and Kennedy (1996) which indicates CMA occurs in heavily 
skewed bridges but that the effects of skew are significant and need to be considered particularly 
at the obtuse corners.  There is more of a difference in the way permanent formwork is considered.  
In the UK ‘participating’ precast concrete formwork is allowed, in the US ‘stay in place’ concrete 
formwork is not permitted with CMA. UK permanent concrete formwork tends to have truss like 
reinforcement connecting the insitu and precast together, whereas in US practice this is absent.  
Stay in place metal formwork is allowed in the US with CMA. In the UK metal formwork is not 
permitted for durability reasons in bridges.  Tests (Peel-Cross, et al., 2001) confirm that CMA is 
present in slabs supported by stay in place metal forms.  The US code gives a lower limit of 28 
MPa for the concrete strength when using CMA, the UK code uses 32 MPa. 
 
There are more significant differences in the analysis approach between the codes.  In the 
consideration of CMA, the primary difference between the two codes is that the US document 
only requires more detailed consideration of analysis of global actions for deck sections with 
torsionally stiff beam elements without diaphragms (Balmer and Ramey, 2003), see Figure 2.33b. 
In the UK document some calculation of global effects is required for all geometries including 
beam and slab bridges, the effects of global bending on the CMA capacity is considered in 
Chapter 5, Section 5.4.5.   
Figure 2.33. Global bending a) for beam and slab deck b) for box girder and slab deck (Figures 
from Balmer and Ramey, 2003 and Hambly, 1989). 
 
Eurocode 2 (BSI, 2004a; BSI, 2005a) make no reference to CMA, at first sight this is a glaring 
omission for such a fundamental aspect of concrete behaviour. 
 
The other main difference between the codes is the consideration of shear and punching shear.  
The US method is primarily dependent on the slab geometry and concrete strength (although the 
limiting shear capacity can also be derived from the inclination of the compressive stress ϴ and 
strain εo as with MCFT). Collins et al. (2008) has recently re-emphasised the variability of code 
requirements for shear. The US method for punching is relatively simple, accounting for geometry 
and concrete strength only. The UK method takes into account the reinforcement requirements, 
and where CMA is present an increased punching shear capacity is allowed using Rankin and 
Long’s effective reinforcement method (see Equation 2.14). Albrecht (2002) has made a detailed 
summary of punching shear for North American and European standards.   
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2.6 Summary & Conclusions  
Objective A of the research (see Section 1.3) was to carry out a comprehensive literature review, 
gather relevant references, consider theories and collect test data relevant to compressive 
membrane action in bridge deck slabs. This literature review was undertaken and is outlined in 
this chapter, a comprehensive list of references is listed at the end of this thesis. The literature 
review was written up, together with some test summaries from Chapter 3, into a paper published 
in the Proceedings ICE, Bridge Engineering Journal (Collings and Sagaseta, 2015). A copy of this 
paper is given in Appendix A. The paper is cited as an informative reference in Highways England 
standard CD360 covering CMA (HE, 2017). The paper is also cited by Lantsoght et al. (2019a 
and 2019b). 
 
The enhancement of the load capacity of restrained slabs has been known since the early days 
of reinforced concrete.  The tests and papers by Ockleston (1955 and 1958) kindled an interest 
in CMA which probably peaked in the late 1980’s.  Research over the last 60 years has shown 
that compressive membrane action (CMA) is most pronounced for localised, short term or 
transient loading. The effect of creep and shrinkage reduce CMA for long term load effects.  
 
Theories by McDowell, Park, Rankin, etc. (plasticity theory as Equations 2.1 to 2.4) and Wood, 
Roberts, Eyre, etc. (Flow theory as Equations 2.8 to 2.12) seem to give reasonable estimates of 
the short-term ultimate capacity at deflections of 0.3h to 0.5h (there is some variation at larger 
deflections). The theories are not appropriate for long term load effects, where creep and 
shrinkage deflections and dilations will reduce the effects of CMA. Where significant long-term 
deflections occur under permanent loads this will reduce CMA, there has been little work on this 
aspect since Park (1964a). These theories can be useful for military structures designed to absorb 
energy in a predictable way. They are also useful in assessing the robustness of a structure when 
considering progressive collapse. Both the plasticity and flow theories assume significant 
rotations occur at yield line or hinge locations. The amount of rotation needed is incompatible with 
modern code requirements, and so for the design of buildings and bridges, where plasticity effects 
are limited by modern codes ductility and rotation limitations are developed in Chapters 4, 5 and 
6 of this thesis.  
 
The theories by McDowell, Park, Rankin, Wood, Roberts, Eyre, etc. give reasonable estimates of 
the ultimate capacity for uniform loads but seem less reliable for point loads. Tests using point, 
patch or axle loads often fail in a punching mode below the full CMA capacity but above the loads 
predicted using conventional punching shear Equations (FIB, 2000; AASHTO, 2007; BSI, 2004). 
Theories attempting to integrate CMA and punching shear have been proposed (Salami and 
Sebastian, 2003) or empirical methods developed based on tests (Rankin and long, 1987). More 
recently the CSCT has been used to investigate shear (Muttoni and Fernandez-Ruiz, 2008) and 
punching shear (Fernandez-Ruiz and Muttoni, 2009) and consider CMA (Belletti, Walraven and 
Trapani, 2015; Einpaul, Fernandez-Ruiz and Muttoni, 2015). The integration of punching shear 
and CMA using CSCT, test data and NL-FEA is considered in this thesis, Chapter 4.  
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Geometric arching action has been used in structures for millennia usually with the use of a 
pronounced arch shape, more recently with plate or plane beam elements being used for analysis 
this has been forgotten or ignored.  Geometric arching action, however, can still occur in structures 
with a relatively shallow arch profile or haunch (see Figures 2.27 and 2.28).  Research (Choi and 
Oh, 2013) has shown that GAA with CMA can enhance the strength of box girder bridge deck 
slabs, an area that the author has also been researching (Ziad and Collings, 2016). The shaping 
of the structure with haunches and considering CMA appears beneficial, but there is little guidance 
given. In this thesis the use of haunches or shaping of the structure is explored further in Chapter 
4, Section 4.3.2 and Chapter 5, Section 5.3.5 of this thesis. 
 
Both CMA and geometric arching action require some degree of external restraint.  For localised 
wheel loads there are ways to estimate the degree of restraint, however, the degree of restraint 
shown in tests cannot always be demonstrated by these theoretical methods. The degree of 
restraint to the tests is assessed in Chapter 3 and is also explored further in this thesis, Chapter 
4, Section 4.3.3 and Chapter 5, Sections 5.3.7 and 5.4.6. 
 
There has only been a limited consideration of serviceability issues with CMA compared with the 
theories and test data at ultimate. In this thesis a more comprehensive description of the 
behaviour of the structure utilising CMA at lower levels of cracking and yielding is developed.  The 
tests defining initial cracking and considering serviceability are noted and analysed in Chapter 3, 
Section 3.4.5. The development of CMA through the initial service phase is assessed in Chapter 
4, Section 4.4. A 3-phase method for CMA considering the development of CMA from initial 
cracking to failure is outlined in Chapter 5. 
 
There have been numerous tests into CMA in the past; these have covered a significant spectrum 
of behaviour. Individual tests (Figures 2.6, 2.21 and 2.27) or groups of tests (Figures 2.17, 2.20 
and 2.25) have previously been evaluated to try to draw broad conclusions. Various researchers 
have considered groups of tests and carried out analysis typically on ultimate strength, but no 
consistent overall collation and analysis of the data has been attempted. In this chapter the data 
from past tests has been identified and is listed in Appendix B. Developing the more recent work 
carried out on shear databases (Reineck, et al., 2003), the data is collated in a systematic and 
coherent manner such that a more consistent data set is available. In the next chapter a set of 
criteria is developed to evaluate the usefulness of the test data.   
 
Modern Finite Element Analysis (FEA) has been used with varying degrees of success when 
applied to CMA. In Chapter 4 current ‘state of the art’ non-linear FEA methods are used to explore 
the behaviour of structures with CMA, particularly the early phases. The failure criteria of limiting 
strains and rotations required by modern codes are investigated further in Chapters 3, 4 and 5. 
 
Expansion of the reinforced concrete section upon cracking is the fundamental aspect of concrete 
behaviour underpinning CMA. If the expansion is restrained the enhancement of load capacity 
due to CMA will occur.  If not restrained then displacement of the structure will occur, the 
magnitude of the expansion strain can be similar to that of shrinkage and should be considered.  
Currently this aspect of concrete behaviour is often ignored, potentially an unsafe assumption (as 
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noted by Beeby and Zaib, 1999) that should be addressed in future practice. An investigation of 
the expansion and a proposal to utilise it using an effective strain approach for estimation of CMA 
forces is developed in Chapter 5, Section 5.4. 
 
In building structures, the strength enhancement of CMA has been acknowledged in codes of 
practice and standards by the use of reduced bending coefficients for many years.  The 
introduction of enhancement due to CMA in bridges is more recent.  American and British practice 
differs, but, the limits within which CMA can be safely used are similarly if conservatively defined.  
Eurocodes for bridge design do not mention CMA. In Chapter 3 a number of test results are 
compared with current code predictions. A set of improved criteria for use with current Eurocodes 
are outlined in Chapter 6. 
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3. Test Database  
 
3.1 Introduction 
As noted in the previous chapter it was over a century ago that testing of reinforced concrete 
slabs by Lord, Turner and Maillart and others first showed that restrained slabs could carry 
significant loads.  Since that time the empirical knowledge from tests has shown that the internal 
arching, or compressive membrane action (CMA), enhances the strength of reinforced concrete. 
The test data is reviewed, classified and analysed further in this chapter. The test database is 
given in Appendix B of this thesis. 
 
In this chapter the classification system used to sift, sort and categorise the tests. The results of 
the evaluation of the test classification is then given. A large part of the chapter is given to analysis 
of the test data. Initially the data is presented in ways seen previously in the literature review 
chapter (Figures 2.4, 2.5, 2.6, 2.9, 2.11, 2.17 and 2.25), however, the number of data points is 
significantly increased from previous publications. Subsequently the data is presented in different 
and sometimes new ways; to outline new insights, such as 3-D interaction diagrams. The final 
section compares the tests with code capacities, particularly for punching shear (Equations 2.14 
and 2.17).  
 
An initial evaluation and analysis of the database was presented at the ACI European Bridge 
Conference, Edinburgh, 2015 (Collings and Sagaseta, 2015), following this initial evaluation and 
discussions with other researchers, minor modifications to the test classifications were made. A 
copy of the Collings and Sagaseta database paper is given in Appendix A. 
3.2 Test Classification 
Overall 1379 tests have were found that had carried out and documented, some early, mainly full-
scale tests, in the first half of the 20th century. However, most tests were carried out in the second 
part of the 20th century with a peak up to 1990 (Figure 2.1).  These tests tend to be at smaller 
scale, and of three broad types; slab strips; 1-way spanning slabs; 2-way spanning slabs. Whilst 
there are almost 1400 tests carried out not all of the tests are useful in assessing the strength 
contribution of CMA.  As part of a research project at the University of Surrey, a database of test 
data for structures in which CMA may influence strength has been collected and the individual 
tests assessed against a set of criteria and judgements developed by the author. The 
classification criteria are outlined in this section. 
 
An objective of this CMA database is to outline a set of test results that can be used to develop 
and refine the codified use of CMA for design and assessment.  The tests are classified as A, B, 
C or D (see Table 3.1), generally like a classification suggested by Muttoni (Muttoni and Sagaseta, 
2014). The classification is also influenced by the work on a punching shear database by Reineck, 
et al. (2003). The classification system is general and could be used for similar databases, 
however, the criteria for the classification are specific to CMA and would need to be revised for 
other databases. 
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The tests which are either; insufficiently documented, have unreliable data, or do not fulfil the 
minimum criteria given in Table 3.1 below are class D. The class D tests are equivalent to the 
Kon0 tests of the shear data of Reineck, et al. (2003).  Tests classed as D are not used in further 
analysis of the test data.  Class A tests are well known and well documented tests that have full 
and accurate results, and that have been analysed by other researchers.  These are the most 
consistent of the tests.  Between class A and D are two further classifications; B and C, these 
have less reliable data, but the data is usable. In the class C tests some key data is usually 
missing, for example the early bridge tests of Newmark, et al. (1946 and 1948) give the punching 
load but not the deflection at failure. A summary of the requirements of each class of data is given 
in Table 3.1. The table also outlines the number of tests in each classification. 
 
Table 3.1.  Requirements for test classification, with numbers of tests in each classification. 
Classification Requirements No 
A Tests that are well known and well documented, that have full and 
accurate results, which have been analysed and reviewed by other 
researchers, and fulfil all of the key criteria given in Table 3.2. 
25 
B Tests that are well documented, that have sufficient results to allow 
an analysis and interpretation of the data and fulfil all of the key 
criteria given in Table 3.2. 
102 
C Tests that have incomplete sets of results that allow only limited 
analysis, they may have some aspects that are uncertain, 
however, they still fulfil the minimum key criteria given in Table 3.2. 
866 
D Tests which are insufficiently documented, have unreliable or 
contradictory data, or do not fulfil the minimum criteria given in 
Table 3.2. 
386 
 
To assist with the classification a number of criteria are given in Table 3.2. For the section 
properties of the test piece the reporting of the slab depth is a minimum requirement, if not given 
the test is rejected (Class D). There are numerous other geometric requirements needed for a full 
analysis of CMA effects, but as a minimum the span of the test must also be defined, together 
with an indication of the support conditions.  Additionally, based on the Eurocode 2 (BSI, 2004a) 
slab definition, a lower limit on span to depth ratio of 5 is used. Many tests are carried out at a 
reduced scale, ideally this should be at ½ scale or greater. A ¼ scale is taken as the minimum 
requirement (Bazant and Cao, 1987; Reineck, Kuchma, Kim and Max, 2003; Fernandez-Ruiz, 
Muttoni and Sagaseta, 2015). Taking 150 mm as the minimum practical slab thickness (a 160 
mm minimum slab thickness is given in the UK code (UKHA, 2002)), a minimum test slab 
thickness of 38 mm is derived. Slabs less than 80mm thick are classed C as they are less than ½ 
scale. For the material properties the reporting of the concrete strength is a minimum requirement. 
No upper or lower limit on concrete strength was defined as CMA is used in assessing structures 
where the concrete strength may be lower than is normal for design, and high strength concrete 
structures utilising CMA may be useful for future structures (Taylor et al., 2001). However, after 
the preliminary review of data it was noted that there was a higher variability in results at lower 
concrete strengths and so an additional criterion of a minimum concrete strength (fc) of 20MPa 
was introduced. Where fcu is defined in the test the concrete strength in the database is taken as 
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0.8 fcu for strengths less than 60 MPa (BSI, 2004a) and as fc = fcu – 10 for strengths above 60 
MPa. Many test results are given in imperial units, the data is converted assuming 1 inch = 25.4 
mm and that 1 pound = 4.45 N. 
 
The test results should ideally give data on ultimate and service loads, deflections and strains. 
The more meaningful data provided the better the classification of the test. As a minimum 
requirement the failure load of the test should be given. For Class A and B tests full load deflection 
data is provided. For class A and B tests the compressive membrane force is also provided.  The 
final requirement stipulated is consistency, in reviewing the test data and the write up the 
researcher is able to form an opinion on the data, sometimes there is conflict (particularly in the 
degree of restraint stated or the failure type).  The test author may also highlight conflicting data 
(Guice, et al. (1989) for example gives data on two tests but notes problems with the supports, 
when plotted the results out-lie all other tests in the group).  Many of the tests have been analysed 
by other researchers, where test data is used and cited by others this can be used as an indication 
of greater consistency in the data. Table 3.2 outlines the number of tests accepted by each 
criterion. 
 
Table 3.2.  Criteria used in determining the classification of data. 
Criteria Requirements No  
Section 
Properties 
The section properties h, d, dagg, ρ, etc. of the slab being tested 
are given.  
Minimum requirement; h is defined. 
If d, dagg and ρ not defined then Class C. 
 
 
1121 
Materials The details of materials, strengths, etc. are given (particularly 
fc). 
Minimum requirement; fc or fcu is defined. 
Additional requirement fc > 20 MPa 
Additional requirement fy is defined. 
 
1107 
1051 
784 
Geometry The geometry and type of the test is given (particularly the span 
and size of load). 
Minimum requirement; L is defined. 
Additional requirement; L/h is greater than 5. 
 
 
1087 
1042 
Scale The scale of the test is appropriate (not less than ¼ scale). 
Minimum requirement; hmin = 38mm. 
Additional requirement, if h less than 80mm then class C 
 
1012 
583 
Results  The results of the test are provided. 
Minimum requirement: PT is defined. 
If δ not defined, then class C 
 
1067 
Consistency The test, the results and the write up are consistent and correct. 1115 
 
Figure 3.1 outlines a flowchart of the criteria used for evaluating the test classification. The first 
part outlines the criteria to determine tests that are suitable for further consideration or rejected 
(class D), the final parts determine the class (A, B, C) of the test. 
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Figure 3.1.  Flow chart for systematic test classification 
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3.3 Test Evaluation 
This section outlines the results of the evaluation of the test data. The total number of tests is 
1379.  385 tests failed to satisfy the minimum criteria of Table 3.2 and are not used leaving 1016 
tests of varying reliability, the classification of these tests is given by date and researcher in 
Appendix B, Table B.1. Individual test classifications are given in Appendix B, Table B.2. 
 
Figure 3.2 below shows the number of tests for various slab depths (h), it can be seen that most 
tests are on slabs less than 100 mm thick. The smaller slabs are likely to be less accurate due to 
tolerances on measuring the thickness accurately. For reinforced concrete slabs there is 
additional potential inaccuracies in the location of the reinforcement in the slab. This is considered 
further in the discussion of predicted loads of Figure 3.17. 
 
Figure 3.2.  Variation in depth (h) of test slab  
 
 
The depth to reinforcement (d) is given for many tests but not all, Figure 3.3 plots the variation of 
d with h for 762 of the tests. Based on the test data a value of d = 0.84 h is typical. The parameters 
h and d are required to estimate the theoretical strength of the tests due to CMA and flexure. 
 
Figure 3.3 also plots the variation of maximum aggregate size (dagg) with h for 443 tests. For 
modified compression field theory (MCFT) (Vecchio and Collins, 1986) and critical shear crack 
theory (CSCT) (Muttoni and Schwartz, 1991) the aggregate size is an important parameter, see 
Section 2.3.2 and Equations 2.16 and 2.17. The scale effect is reviewed later in Section 3.6. 
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Figure 3.3.   Variation of d and dagg with h.  
 
Figure 3.4 shows a histogram of the data for the concrete strength. Figure 3.4 shows that the 
concrete strength is primarily in the 25-50 MPa range, there are no tests with fc greater than 
100MPa, and the minimum was 8.4MPa, only tests with strengths above 20MPa were used as 
noted in Section 3.2.   
 
 
Figure 3.4.  Variation of concrete strength fc. 
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Figure 3.5 plots the variation of concrete Youngs modulus with measured compressive strength 
for 174 tests. A value of Ec = 4730 fc 0.5 is used by other researchers in this field (Rankin and Long, 
1997) based on Hognestad, et al. (1955) and is a reasonable approximation to the data, although 
there is a spread of values which is approximately + 30%. The concrete (flexural) tensile strength 
is also plotted against fc in Figure 3.5. A value of fct = 0.56 fc0.33 (BSI, 2004) is a reasonable 
approximation for the concrete tensile strength, giving similar tensile strengths to the Bresler and 
Scordelis (1963) method for concrete strengths less than 60MPa. Tests of class A and B provide 
fc, Ec and fct.  
 
Figure 3.5.   Variation of Ec and fct with fc. 
 
The primary span of the tests varies from 350 mm to a maximum of 5750 mm (Figure 3.6). 
However, taking into account the test scales the largest equivalent span tested is approximately 
11,000 mm.  
 
Figure 3.6.  Variation of spans tested.                    
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Figure 3.7 shows the histogram of the span to depth ratio (L/h) data, the majority of the tests have 
span to depth ratios less than 20. There are 305 tests with L/h greater than 20, the highest L/h 
ratio being 55.  The span to depth ratio is an important parameter, current codes limit this to 15 
or 18, and this limit is reviewed further in this thesis. 
 
Figure 3.7.  Variation of span to depth ratio of tests.                    
 
In assessing the bending (and for some codes the shear) capacity the reinforcement ratio (ρ) is 
used. The reinforcement ratio ρ = As /b d.  Figure 3.8 is a histogram of the reinforcement ratios 
for the tests; 355 tests have a reinforcement ratio between 0.5% and 1%; 68 tests are 
unreinforced. The yield strength of the reinforcement in the data varies from 210 to 900 MPa, 
approximately two thirds of the tests have a reinforcement strength greater than 325 MPa. 229 
tests have reinforcement of 420 o 550MPa similar to Eurocode (BSI, 2004a) requirements. 15 
tests use plastic (glass fibre bar) reinforcement rather than conventional steel reinforcement. 
 
Figure 3.8.  Reinforcement ratio variation for tests. 
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In developing CMA the restraint of the test section support is important, these vary from simply 
supported-with no CMA to fully restrained both axially and rotationally.  The tests are divided into 
3 categories, those with little or no in-plane restraint, those with partial fixity or those with full fixity. 
Figure 3.9 shows most of the tests have a partial fixity, sometimes the stiffness of the restraint is 
defined, but more often it is not, it being provided by beams or slabs whose stiffness is open to 
interpretation. The loads applied to the tests are grouped into 3 categories, uniform loads (or 
multiple point loads), axle or vehicle loads and single point loads.  
 
Figure 3.9.  Variation of restraint and load type           
 
The failure modes are given various descriptions in the tests when they are defined. In the 
database four broad categories of failure are noted: A flexural-CMA failure which in some tests 
may go on to develop a tensile membrane action at larger deflections, the maximum load achieved 
in the CMA phase is given for this failure type. Concrete crushing, this varies from descriptions of 
flexural crushing through to crushing associated with punching failure. The third category being a 
shear failure, usually a punching shear failure. 103 of the tests had no clear description of the 
failure mode (Figure 3.10) and are classed as unknown. 
 
Figure 3.10. Failure modes from tests. 
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The majority of tests are conventional insitu concrete slabs or slab strips. 12 use steel permanent 
formwork (Peel-Cross, et al., 2001; Cashell, et al. 2011). 9 tests use permanent concrete 
formwork (Tsui, et al., 1986; Fang, et al., 1990; Mander, 1994) the concrete strength of the insitu 
concrete is given in the database, the results are included in the general analysis but many are 
rejected during the more detailed analysis as the bending capacity of the sometimes prestressed 
permanent formwork with high concrete strengths made the results unreliable.  
 
40 tests have haunched slabs (Hassan, et al., 2002; Choi and Oh, 2013; Cho, et al., 2014; Amir, 
2014; Ziad, 2016), for the haunched slabs both the length and depth of the haunch varies. The 
depths of the slab at mid span and at the support are noted in the database.  47 tests use prestress 
or post tensioning (He, 1992; Marshe and Green, 1999; Hassan, et al., 2002; Hwang, et al., 2010; 
Mostafaei, et al. 2011 Amir, 2014), the axial stress is noted in the database.  
 
72 of the tests note first cracking (Keenan, 1967; Park, 1964; Girolami, et al, 1970; Christiansen, 
et al. 1983; Kirkpatrick, et al., 1984 and 1986; Tsui, et al., 1986; Fang, et al., 1990; Jackson, 1990; 
Rankin, et al.,1991;  Lahlouh, et al., 1992; Kuang, et al., 1992; Vecchio, et al., 1992; Burns, et al., 
1994; Whitt, et al., 1994; Azad, et al., 1994; Abendroth, 1995; Marshe et al., 1999; Peel-Cross, et 
al., 2001; Taylor, et al., 2001; El-Gamal, et al., 2005; Muthu, et al., 2006; Yi, et al., 2008; Bae, et 
al., 2010; Marcanik, 2012; Choi et al., 2013; Cho, et al., 2014; Amir, 2014)  the load and 
associated deflection is noted in the database. 
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3.4 Analysis of Data 
 
3.4.1. General Analysis 
 
McDowell et al. (1956) outlined the likely boundaries of thrust ratio, as Figure 2.4a. McDowell’s 
thrust was normalised to fc b d1/4. For unreinforced slabs normalisation of the test thrust NT with 
respect to the concrete capacity (Nc = fc b h) is suggested by Eyre (2000) and others (see Figure 
2.8 and Equations 2.8 to 2.10). For thrusts normalisation with respect to Nc is used throughout 
this thesis, hence, to compare data the McDowell curves should be factored by 0.125 (1/8). The 
results of 158 tests with thrust and deflection data are plotted in Figure 3.11. The test results 
generally fall within the limits of the rigid boundary, R= 0 defined by McDowell and Eyre, except 
for some tests with high δ/h and low NT/NC values (Group B on Figure 3.11).  
 
Figure 3.11. Normalised thrust - deflection curve [n-u] with limit as Equation 2.8. 
 
From the McDowell curves of 2.4 it can be seen that the strain parameter (R) affects the thrust-
deflection curve. R is estimated using the test data and Equations 2.3 and 2.15. The value of εc 
given by Equation 2.15 is considered further in Chapter 4. Figure 3.12 plots the R values of tests 
as the third axis of a 3-dimensional diagram (see Section 3.6) with values of R between 0 and 1. 
The results appear reasonably distributed over the full range of R. Two groups of results exceed 
the R limits, Group A at high N/Nc-low deflection and low R. A second group B at low N/Nc-high 
δ/h and high R also note above. Kirkpatrick et al. (1984) and Rankin et al. (1991) proposed 0.26 
and 0.5 limits for R, it is noted that CMA occurs beyond these nominal limits, and that at R=0.5 a 
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constant N/Nc extends across all δ/h.  There is further discussion of the 3-D aspects in Section 
3.6 of this chapter. 
Figure 3.12. Normalised thrust-deflection–strain parameter curve [n-u-R].  
 
McDowell, et al. (1956) and Rankin and Long (1997) normalise the test load with respect to a 
moment ratio. The moment ratio is dependent on the type of load (point or UDL) and the slab type 
(strip, 1-way or 2-way spanning). For unreinforced slabs normalisation of the load with respect to 
the concrete capacity is suggested by Eyre (2000) and others using Pc (see Equation 2.12). This 
gives a good indication of the relative strength of the slab but does not use consistent limits for 
different loading or span configurations. For the normalisation of the test data the moment ratio 
factor β is used in this thesis, similar to the moment ratio of McDowell and Rankin & Long, the 
moment factor is applied to Pc to account for the differs for UDL or 2-way spanning slabs as Table 
3.3.  
 
Table 3.3. Moment factor for various loading and spanning types. 
Loading Type Spanning type Moment factor β 
Point Slab strip 1.0 
1 or 2 way spanning 2.0 
Vehicle Slab strip 1.7 
1 or 2 way spanning 3 
UDL Slab strip 2 
1 or 2 way spanning 4 
 
 
Figure 3.13 gives the normalised load–deflection curve for the database, the normalisation by 
Eyre for slab strips with point loads is directly comparable with the figure. Tests with pc greater 
than 1.0 rely on reinforcement and bending strength as well as CMA. Figure 3.13 is plotted as a 
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3-D diagram to include the span to thickness ratio (L/h) on the third axis, such that it can be 
compared with Figure 3.14. 
 
Figure 3.13.  Normalised load – deflection curve Span/thickness [pc – u – δ]. 
 
Welch (1999) noted that the deflections of tests were not constant at 0.3h to 0.5h as indicated by 
McDowell but related to the span to depth ratio. Figure 2.17 plotted the data from 56 tests 
tabulated by Park and Gamble (2000). Figure 3.13 includes a deflection and span to thickness 
plane; the data tend to confirm a relationship between span to depth ratio and deflections, with 
lower deflections at lower L/h ratios.  
 
Christiansen (1963) outlined the relative capacity due to arching or CMA as Equation 2.7, allowing 
the arching (PA) and bending (Py) components to be compared if the test load (PT) is assumed as 
(Pmax).  
 
PT = PA + Py          Equation 3.1a 
py = PT/Py = (1+ PA/Py )        Equation 3.1b 
 
Tests with py greater than 1.0 are those likely to be enhanced by CMA, this is the majority of the 
test data. The py normalisation cannot be used for the unreinforced slab data. 
 
Of the tests with the test load and deflection data, 762 are reinforced concrete for which it is 
possible to estimate Py and normalise the load deflection data with respect to the bending 
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strength.  A normalised load deflection plot is given in Figure 3.14.  The data shows that for the 
restrained slabs there can be a significant increase in capacity compared with the bending only 
theories, the maximum increase is a factor of 17 this in a test by Roberts (1969) for a slab with a 
low reinforcement percentage and low yield strength, and hence low Py. The data in Figure 3.14 
is split into two parts for span to depth ratios less than 20 and greater than 20 such that it can be 
compared with Park’s curves for L/h = 20 and L/h = 40 (Figure 2.5). It is also noted that there is a 
separation of the data sets. A number of tests do not achieve the bending capacity of the slab, 
these occur at low relative deflections (δ/h < 0.2) for low span to depth ratios and higher 
deflections (δ/h > 0.5) for more slender slabs. The test data also includes some unrestrained slab 
data, a number of researchers testing similar slabs, restrained and unrestrained (see Figure 2.5 
for example). 
  
Figure 3.14. Normalised load – deflection curve Span/thickness [py – u – δ].with Py data split for 
span to depth ratios less than 20 and greater than 20 (see Figure 2.5).  
 
Predicted theoretical loads have been provided for many of the tests using various theories (Eyre, 
1997; Park and Gamble, 2000; Taylor, et al, 2002; etc.). Rankin and Long (1997) compares 
predicted and test loads for a number of small-scale point load tests (Figure 2.25a) and Rankin 
et al. (1991) compared mainly small-scale uniform loads (Figure 2.25b). The relationship between 
predicted and test loads for the database is plotted in Figure 3.15. Uniform loads and line loads 
on slab strips use the Rankin and Long strut model (Appendix D), wheel or patch loads use the 
Kirkpatrick, Rankin and Long method (Equation 2.14). The data collected covers a wider range of 
values than Figure 2.25, although all of the Chattopadhyay and some of the Birk or Roberts tests 
from the original were not used as they were in category D (primarily due to scale). The uniform 
pressures are converted to total loads so the load scale can be compared more clearly (the 
1500kPa pressures on 380 by 380 panels equate to total loads of less than 300kN. The mean 
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PT/PP for Figure 3.15 is 1.08 lower than the 1.22 and 1.17 given by Rankin. However, the 
coefficient of variation (Standard deviation/Mean) increased from 12% and 14.5% to 28%. For the 
category A and B tests only the mean PT/PP is 1.13 and the coefficient of variation 10%.  
 
Figure 3.15. Predicted load- Test load for database (developing Figure 2.25). 
 
From the summary of current theories in Chapter 2, CMA is influenced by the support stiffness. 
The amount of CMA force reduces as the support stiffness reduces. Figure 3.16 plots the 
normalised load against the relative stiffness of the restraint. Figure 3.14 confirms the reduction 
of CMA with reducing restraint (lower relative stiffness). The limits given by Roberts (1969) and 
Rankin and Long (1997), see Figure 2.11, are superimposed on the data. The tests with a strain 
parameter (R) less than or greater than 0.26 are also differentiated. Figure 3.16, like Figure 3.12, 
indicates CMA occurring at R>0.26.  
 
Figure 3.16. Normalised load- Relative stiffness curve [pc – kk] for test data compared with 
Powell (1969) rigid and Rankin (1997) limits (see Figure 2.11). 
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3.4.2. Material Strengths 
 
From the summary of current theories in Chapter 2, CMA is influenced by the material strengths 
and reinforcement ratios. The amount of CMA force reduces as the reinforcement ratio increases 
(Park and Gamble, 2000). Figure 3.17 plots the normalised load deflection against reinforcement 
ratio in a 3-D diagram. Figure 3.17 tends to confirm the reduction of CMA with increased 
reinforcement. The minimum reinforcement ratio of 0.3% specified by codes (AASHTO, 2007; 
UKHA, 2002), the six tests with 0.1% reinforcement are not used further when considering the 
effects of reinforcement and are grouped with the unreinforced data, see Section 3.4.7. An upper 
limit to the data between 0.3% and 2% is outlined on Figure 3.17. Further discussion of the limits 
for reinforcement is given in Section 3.6 of this chapter where a normalised thrust-deflection-
reinforcement diagram is plotted.  
Figure 3.17. Normalised test load - Reinforcement ratio for all test data [py-ρ]. 
 
From the basic equations of CMA (Equations 2.4, 2.5, 2.7, 2.11) a relatively constant PT/PC (pc) 
value across all values of fc would be expected. However, current codes (BSI, 2004a) tend to 
reduce the effective strength of concrete above 50 MPa due to brittleness. Roberts (1969) plotted 
a reduction in relative capacity with higher concrete strengths. Figure 3.18 plots the variation of 
normalised loads with concrete strength; it tends to indicate a reduced CMA with increased 
concrete strengths, although other influences such as slab depth and span to thickness ratio may 
be occurring, the data is sorted into L/h bands to illustrate this. There is more variability at lower 
concrete strengths. 
100      /bd  
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Figure 3.18. Normalised test load – Concrete compressive strength (fc) for all data [pc-fc] with 
data sorted by span to thickness ratio. 
 
 
3.4.3. Span and Depth Influences 
 
From the summary of current theories (see Chapter 2) CMA is also influenced by the slab depth 
and the span. Figure 3.19 plots the normalised load against the slab depth. There is a reduction 
in relative capacity with increasing depth, although other influences such as reinforcement 
content, concrete strength and span to thickness ratio may be occurring.  
 
The data indicates that at lower test slab thickness the variability in predictions is greater. This 
may be due to construction tolerances of the slab specimens. If the variation in finishing levels is 
assumed to be approximately 4mm across or along the slab, then the variation in thickness for a 
40mm thick slab will be 10% of its thickness. For a 160mm slab it will be 2.5%. There may be 
similar levels of variability in placing reinforcement.  
 
Scale effects were a consideration in the initial selection of the test data. Analysis of size effects 
is inconclusive; the main issue is the increased variability of results for small scale tests. Hence 
as an additional requirement it was proposed that only half scale or more tests, or slabs with a 
minimum thickness of 80mm or more should be considered in the A or B category (see Table 
3.2). 
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Figure 3.19. Normalised test load – Slab depth [pc-h]. 
 
Figure 3.20 plots the normalised load against the slab span. There is a reduction in relative 
capacity with increasing span, although other influences such as reinforcement content, concrete 
strength and span to thickness ratio may be occurring. Test scale issues are investigated further 
later in this chapter. 
 
 
Figure 3.20. Normalised test load – Slab span [py-L].  
 
Figures 3.13 and 3.14 included the normalised load against the slab span to thickness ratio (L/h). 
From theory and Figure 2.5 a reduction in load due to CMA is expected as the span to depth ratio 
increases. There is not a significant drop in load with span to depth ratio in Figures 3.13 and 3.14 
for span to depth ratios less than 30. Hence there appears significant CMA beyond the span to 
depth ratios of 15 or 18 of current standards (UKHA, 2002; AASHTO, 2007) up to about 30, with 
less beyond this. Punton (2014) notes that there is little additional capacity from CMA at span to 
depth ratios greater than 60. 
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3.4.4. Failure Types & Loading Type 
 
59% of the tests were loaded with single point loads, 7% with twin point loads or a tandem axle 
or a vehicle. 35% were uniformly loaded across the entire span. Figure 3.21 superimposes the 
loading type onto the normalised load deflection [pc-u] curve. The unrestrained slab results are 
removed from the data. There is a clear separation of point loads and uniform loads on this plot. 
The concrete capacity Po based on Equation 2.11 is also added.  
 
Figure 3.21. Normalised load-deflection plots [pc-u] with loading types noted. 
 
95% of the uniformly loaded tests failed in the bending-CMA mode. 65% of the point load tests 
failed in punching. Figure 3.22 outlines the relative number of tests of different loading and failure 
types. 
 
Figure 3.22. Load type-failure type for 794 tests. 
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Figure 3.23 superimposes the failure type onto the normalised load deflection curve. Again, there 
is a separation of the data for punching and flexural failures. The concrete capacity based on 
Equation 2.11 is also added. For δ/h less than about 0.5 the concrete only arching capacity 
appears a reasonable limit (note this capacity is similar to the Drucker (1961) ultimate shear 
capacity). Beyond approximately δ/h = 0.5 flexure and punching failures are more mixed, here the 
capacity is likely to be more influenced by the reinforcement. A similar separation of punching and 
flexure is evident in the normalised thrust-deflection plot of Figure 3.24. The punching tends to be 
at low deflections with high CMA forces or higher deflections and low CMA forces 
 
Figure 3.23. Normalised load-deflection plots [pc-u] with failure types noted. 
 
Figure 3.24. Normalised thrust-deflection plots [n-u] with failure types noted. 
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The failure type is also superimposed on other graphs such as the load deflection curve [py-u] 
and load to span to depth ratio [pc-s] in Figures 3.25 and 3.26. There is less separation of failure 
types in these plots. 
 
Figure 3.25. Normalised test load-deflection plots [py-u] with failure types noted 
 
Figure 3.26. Normalised thrust-span to depth ratio [py-s] with failure types noted 
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Figure 3.27 plots the normalised test load with rotation [pc-φ], the separation of failure types is 
again evident. Codes (BSI, 2004a) typically limit the plastic rotational capacity of the structure to 
0.01-0.035 radian, assuming some elastic and inelastic rotation to yield of 0.005 to 0.01 a rotation 
range of 0.015 to 0.045 radian is likely, these limits are noted on the figure. Some failures, mainly 
punching type, occur prior to reaching this limit. A mixture of flexure, crushing and punching 
occurs between the limits. Some failures, mainly flexure, occur beyond the limits. Welch (1999) 
notes that many of the tests on military structures experienced large rotations, however, many 
also had additional lacing bars or links to constrain the concrete and reinforcement. 
 
Figure 3.27. Normalised test load- rotation [pc-ϕ] data with failure types noted 
 
3.4.5.  Serviceability Issues 
 
Most current theories for CMA predict the ultimate load and estimate the deflection at this load; 
since they rely on plasticity, they give little information on the structure under service loads. 
Similarly, most testing has concentrated on confirming the ultimate behaviour of restrained slabs, 
there is less information on serviceability. Figure 3.27 plots the normalised load against the 
rotation, for most tests the deflection noted is at mid span and φ = 2δ/L. A typical deflection limit 
is 1/250th of the span at serviceability limit state, this is a rotation of 0.008, this limit is given on 
Figure 3.27. It is noted that there are some punching failures at deflections below this 
serviceability limit. There is less data on the cracking of the tests. A number of researchers note 
the loads at which first cracking occurs, Figure 3.28 shows the normalised test load to the 
deflection normalised with span (δ/L) [py-w] together with the cracking load. The cracking load is 
typically about 40% of the ultimate load but varies from 10% to 70% (Figure 3.29). 72 of the tests 
noting cracking have load deflection data, this is superimposed onto Figure 3.28. The majority of 
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the tests are loaded through the serviceability range to ultimate load in one pass. Some tests 
(Fenwick and Dickson, 1989; Jackson, 1990) apply loads in 2 or 3 loading and unloading steps 
(see Figures 2.20 and 2.26), often noting some small permanent set may occur and that the load-
deflection behaviour of the second and subsequent loading step may be different to the initial 
loading. 
 
Figure 3.28. Normalised test load-δ/L [py-w] with failure types noted together with the point of 
initial cracking, with 1/250 serviceability and 1/50 ultimate limits also noted. 
 
Figure 3.29. Ultimate test load-test cracking load [PT-PTC]. 
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The development of the axial thrust is a key requirement in limiting cracking, Figure 3.30 gives 
the normalised force-deflection curve with the deflection normalised against the span. Failure 
types and force deflection profiles of 60 tests are also shown. The thrust-deflection [n-w] curves 
appear to be in three (3) broad groups: The first group has relatively high thrust and low deflection, 
the thrust develops almost linearly to its maximum then drops sharply. The second group has 
relatively low thrust and high deflections, the thrust again developing almost linearly to a maximum 
which then tails of gradually.  The third group is intermediate between the other groups; the thrust 
initially develops slowly then increases more rapidly. 
 
Figure 3.30. Normalised thrust-deflection plots [n-w] with failure types noted and thrust force-
deflection curves superimposed.  
 
 
3.4.6. Strip, 1-way and 2-way spanning slabs. 
 
The data in the previous figures plots all available data within the criteria of Table 3.2. Wood 
(1961), Park and Gamble (2000), and others note that there is also likely to be differences in 
behaviour between slab strips and 1-way or 2-way spanning slabs. This was also noted in Chapter 
2 with the Hon, et al. (2005) test slabs with and without saw cuts, and so the data is further sorted. 
 
Figure 3.31 shows the normalised load-deflection [pcr-u] data for the slab strip tests. For the strip 
tests there were no punching shear failures all failures were crushing or flexural. However, the 
crushing failures occupy a similar part of the plots as the punching shear on the all data plot, 
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indicating that at least some of these crushing failures may be shear related. A review of some of 
the test data where photographs of the slab strip are available (Taylor, 2001; Ruddle, Rankin and 
Long, 2003) indicate many have inclined cracks and that the failures may be type I or II shear 
using Kotsovos (1983) classification (see Figure 3.32). 
 
 
Figure 3.31. Normalised load-deflection plots [pc-u] similar to data of Figure 3.23 but for slab 
strip data only.  
 
 
 
Figure 3.32. Photographs of some slab strips with crushing failure showing signs of inclined 
shear cracks a) Taylor (2001) test S5 b) Ruddle, et al. (2003) tests WR60, WR90, 
WR120. 
0
0.5
1
1.5
2
2.5
3
0 0.25 0.5 0.75 1 1.25
PT 
βPc
δ/h
Punch
Flexure
Unknown
Crush
CMA capacity Po
Chapter 3  Test Database 
60 
 
Figure 3.33 shows the normalised thrust-deflection [n-u] data for the slab strips. There is a 
separation of crushing and flexural data, the majority of the flexural failures occurring beyond a 
line linking n = 0.2 and u = 0.4. 
 
Figure 3.33. Normalised thrust-deflection plots [n-u] for slab strip data only. 
 
Figure 3.34 shows the normalised load-deflection data, with the deflection normalised against the 
span length, the 1/250th serviceability deflection limit and cracking data is also plotted with the full 
load-deflection data. Most of the failures occur beyond the SLS deflection limit, but not all. 
 
Figure 3.34. Normalised test load-δ/L [py-w] with failure types noted and point of initial cracking 
for slab strip data only. 
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Figure 3.35 shows the normalised load-deflection [pc-u] data for the 1 and 2-way slab tests. Again, 
there is a separation of punching and flexure on the pc-u figure. The flexural failures below the Po 
line are due to low restraint levels. For example, the test at u=0.16 and pc=0.1 is for a steel free 
slab with the restraining straps removed. Figure 3.34 shows the normalised load variation with 
span to depth ratio. The flexural CMA failures tend to reduce with increasing span to depth ratio. 
The punching failures tend to be more constant, however, high capacity occurs at low span to 
depth ratios (L/h=5) and there is a cluster of very low capacities at the 5-15 range, this is 
equivalent to a 2-7 range for a/d, the typical Kani valley range (Kani, 1964). 
 
Figure 3.35. Normalised load-deflection plots [pc-u] for 1 and 2-way spanning slab data only. 
 
 
Figure 3.36. Normalised test load-span to depth ratio [pc-l] with failure types noted for 1 and 
2-way spanning slab data only. 
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Figure 3.37 shows the load-deflection data with the load normalised against bending strength and 
deflection normalised against span. Cracking loads and load deflection curves are also shown. 
For the 1 and 2-way spanning data a number of punching failures occur below or around the 
service deflection limit. A number of the cracking loads exceed the theoretical flexure only 
capacity. 
 
Figure 3.37. Normalised test load-δ/L [py-w] with failure types noted and point of initial cracking  
for 1 and 2-way spanning data only. 
 
Figure 3.38 shows the normalised thrust-deflection data for 1 and 2-way spanning slabs. Some 
of the data at high deflections is outside the limits given by Equation 2.10. Most of the punching 
shear failures occur in an arc around the vertical and horizontal axes (shaded, this was also noted 
in Figure 3.24 above). 
 
Figure 3.38. Normalised thrust-deflection plots [n-u] for 1 and 2-way spanning slab data only. 
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3.4.7. Reinforced and Unreinforced (Plain) Slabs. 
 
The load-deflection data for plain (unreinforced slabs and slabs with very low reinforcement 
content) is given in Figure 3.39. The data in this graph indicates that Equation 2.11 is a reasonable 
approximation for UDL and vehicle type loading; the data is more closely grouped than with the 
more general dataset of Figure 3.13. The point load data is always less than this Equation 2.11 
limit.  
 
Figure 3.39. Normalised load-deflection plots [pc-u] data for unreinforced and very lightly 
reinforced (ρ<0.002) slab data only. 
 
 
The load-deflection data for slabs with 0.3% to 1% reinforcement is given in Figure 3.40. In this 
data there is still the separation of UDL and point load data but the general level of the UDL data 
is further above the line. the trend for the point load data is below the line at low deflections (>0.5) 
but with more data at larger deflections above the Equation 2.11 limit line.  
 
The load-deflection data for slabs with high reinforcement ratios (1% to 3%) is given in Figure 
3.41. It is noted that for this dataset the trend for the UDL data is upwards to larger pc values at 
higher reinforcement contents, the range of deflections for the higher reinforcement content is 
also reduced. 
 
The separation of data with reinforcement ratio was also seen in Figure 3.16 using py rather than 
pc to normalise loads. Slabs with higher reinforcement ratios tend to fail at lower deflections. 
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Figure 3.40. Normalised load-deflection plots [pc-u] for normally reinforced (ρ<0.1) slab data 
only. 
 
 
 
Figure 3.41. Normalised load-deflection plots [pc-u] for heavily reinforced (ρ>0.1) slab data 
only. 
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3.4.8 Haunched Slabs 
 
The effects of haunches on the slabs are investigated. 40 tests have haunches, the haunches are 
generally of two types: the short short-steep haunches (Hassan, et al., 2002; Cho, et al., 2014; 
Ziad, 2016) found mainly on the 1 and 2-way spanning data; longer flatter haunches (Choi and 
Oh, 2013; Amir, 2014;), El-Mezaini, et al. (1991) outlined the beneficial effects of haunches. The 
data for Hassan, Cho and Choi are plotted on Figure 3.42 together with some un-haunched slabs 
of similar span to depth ratio, concrete strength and reinforcement content. The effects of 
haunches on capacity are not clear from the data and so this aspect is considered further with the 
aid of Finite Element analysis in Chapter 4. 
 
Figure 3.42. Normalised load-deflection plots [pc-u] for slabs with short haunch and long 
haunch, together with data for similar un-haunched slabs. 
 
3.4.9. Summary of Database Analysis 
 
Much of the data analysis confirms the findings of previous smaller data summaries (Brochie and 
Holly, 1971; Welsh, Hall and Gamble, 1999; Park and Gamble, 2000; Taylor, et al., 2002). The 
data also broadly confirms the various CMA theoretical methods outlined in Chapter 2. Various 
normalisations of CMA data have been used previously, in this chapter the normalisation of the 
CMA thrust against the maximum section capacity (n=N/Nmax) and the normalisation of the load 
against the combined concrete load capacity (Pc) and the moment ratio (β) have been found to 
be the most useful. Using these normalisations new trends in the separation of behaviour of 
uniform (UDL) and point loads, or the separation of punching and flexural failures have been 
observed. 
 
Figures 3.21, 3.39, 3.40 and 3.41 separate point or wheel loads from uniform type loads, the 
wheel loads tending to fail below the po line. The wheel loads failing in punching are considered 
further in the next section. 
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3.5. Punching Shear Failure. 
399 tests used point loads, wheel loads, axle loads or vehicles, the majority, 319, failed in a 
punching mode. In this section the wheel, axle or vehicle loads on 1 or 2-way spanning slabs 
failing in punching shear data sub-set are analysed further and compared with current code 
capacities. 
3.5.1  AASHTO and Eurocode 2 
In AASHTO (2007) standard the punching shear capacity is given by Equation 3.2. The primary 
variables are the concrete strength (fc) and the length of the perimeter (bo) which is taken at 0.5d 
from the edge of the wheel. 
Pvp = 0.33 bod fc 0.5            Equation 3.2 
In Eurocode 2 (BSI, 2004) the punching shear capacity is given by Equation 3.2. This equation 
has more variables. Concrete strength (fc) is again a primary variable but based on the cube root 
rather than the square root as in AASHTO. The reinforcement content (ρ) is a variable and a size 
effect factor (k) is introduced. The size effect factor is related to the slab depth - as most of the 
tests were carried out on slabs with an effective depth (d) less than 200mm thick k=2 for the 
majority of the test data. The length of the perimeter (bo) is taken at 2d from the edge of the wheel. 
Equation 3.3 also includes an axial stress enhancement (σc), conventional analysis of non-
prestressed slabs usually takes this as zero. However, when CMA is present it may be possible 
to utilise this axial stress enhancement. 
Pvp = [0.18 k (100ρ fc)0.33 + 0.1σc ] bod        Equation 3.3 
The code punching shear capacities of the tests were calculated from the data using Equations 
3.2 and 3.3. Figure 3.42 to 3.51 plot the test load normalised against these code capacities. For 
AASHTO the average PT/Pvp is 1.81, the standard deviation 0.68 and the 95% confidence value 
0.71. For Eurocode 2 the average PT/Pvp is 1.93, the standard deviation 0.55 and the 95% 
confidence value 1.03.  
Figure 3.42 gives the load capacity variation with the slab depth, AASHTO and Eurocode 2 
capacities are broadly similar across the range of slab depths, there is a small reduction in 
capacity at larger slab depths. Figure 3.43 gives the load capacity variation with the concrete 
strength, there is a marked drop in the normalised test load at higher compressive strengths for 
the AASHTO code, and the code limits the concrete strength to 28 MPa.  There is a slight increase 
in normalised test loads at higher concrete strengths for Eurocode 2, this code limits the concrete 
strength to 32 MPa.  For both the slab depth and concrete strength plots the non-conservative 
results (those less than 1.0) tend to be spread relatively evenly. Figure 3.44 gives the load 
capacity variation with the span to depth ratio, it is noted in this plot that most of the non-
conservative results tend to be in the 5-15 range for L/h, this is equivalent to a 2-7 range for a/d, 
the typical Kani valley range (Kani, 1964). Figure 3.45 gives the load capacity variation with the 
deflections normalised against the slab thickness. At high relative deflections (δ/h > 0.3) the code 
values give consistent estimates of capacity, although the AASHTO and Eurocode 2 data is 
separated slightly due to the different ways partial safety factors included in the equations. At low 
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relative deflections (δ/h < 0.3) the code values are much more variable, particularly for the 
Eurocode 2 data; all of the non-conservative capacity estimates for the Eurocode 2 equation occur 
at low deflections. 
 
Figure 3.42. Normalised punching load- slab depth plots [pv-h] for 1 and 2-way spanning slab 
data comparing AASHTO and Eurocode 2. 
 
Figure 3.43. Normalised punching load- concrete strength plots [pv-fc] for 1 and 2-way spanning 
slab data comparing AASHTO and Eurocode 2. 
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Figure 3.44. Normalised punching load- Span to depth ratio plots [pv-s] for 1 and 2-way 
spanning slab data comparing AASHTO and Eurocode 2. 
 
Figure 3.45. Normalised punching load-deflection plots [pv-u] for 1 and 2-way spanning slab 
data comparing AASHTO and Eurocode 2. 
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The data in Figures 3.42 to 3.45 use the Eurocode 2 capacity of Equation 3.3 without considering 
any axial enhancement. The axial force is known in 29 of the tests. The enhanced capacity is 
calculated using the test data and the results plotted in Figure 3.46. The use of the axial stress 
enhancement for punching shear reduces the conservatism of the Eurocode.  Where axial 
enhancement is used the grouping of results at higher deflections (δ/h>0.25) is nearer the 
AASHTO data of Figure 3.45. However, at low deflections (δ/h<0.25) the use of the axial 
enhancement factor overestimates the capacity of a number of tests, in reviewing the tests the 
ones with overestimation of the load are unrestrained or lightly restrained slabs. 
 
 
A comparison of the test data of AASHTO and Eurocode 2 failure criteria indicates that for data 
behaving in a shear-flexure manner the code methods give consistent safety across a range of 
depth, strength, deflection and span to depth ratios. There is a group of data with low span to 
depth ratios (5 to 15) that fail at low deflections (<0.25) and that do not have consistent safety 
levels.  
 
 
 
 
 
Figure 3.46. Normalised punching load-deflection plots [pv-u] for 1 and 2-way spanning slab 
data comparing basic Eurocode 2 with Eurocode 2 with axial effects (EC2+). 
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3.5.2.  UK Standard CD360 
The UK Standard CD360 (HE, 2017) formerly BD81 (UKHA, 2002) the use of compressive 
membrane action in bridge decks gives an enhanced punching shear capacity for restrained slabs 
as Equation 2.14. The primary variables are the concrete strength, an effective reinforcement 
factor (ρe) taking into account the axial restraint, the slab depth and the diameter (φ) of the wheel 
load. The standard recommends that the capacity of vehicles should be reduced by a factor of 
0.67.  The capacity Equation 2.14 is valid for restrained slabs with R < 0.26. The format of 
Equation 2.14 is revised to include the length of the perimeter (bo = π(φ=d)) based on the shear 
plane at 0.5d from the wheel (as AASHTO) and is re-written as Equation 3.4. The coefficient kw=1 
for a single wheel and 0.67 for a vehicle, this coefficient is reassessed in Chapter 5.  
Pvp = 0.484 bod fc0.5 kw (100ρe)0.25         Equation 3.4 
The data for unrestrained slabs has been removed and the test capacity normalised against the 
punching capacity of CD360. For the data the average PT/Pvp is 1.51, the standard deviation 0.51 
and the 95% confidence value 0.88. Figure 3.47 plots the punching load with R. The limit given 
in the standard is that R is less than 0.26. It is noted from Figure 3.47 that there is significant 
variability in capacity at the lowest R. 
 
Figure 3.47. Normalised punching load- strain parameter curve [n-R] for 1 and 2-way spanning 
slab data using CD360 standard. 
 
Figure 3.48 plots the CD360 punching capacity with the span to depth ratio (L/h). The standard 
limits the span to depth ratio to 15, this limit is shown on the graph. The trend line for the point 
load data is relatively constant across all span to depth ratios (L/h = 5 to 35). The largest variability, 
as with the AASHTO and Eurocode 2 data, is in the 5 to 15 range. 
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Figure 3.48. Normalised punching load-Span to depth ratio plots [pv-s] for 1 and 2-way 
spanning slab data using CD360 standard. 
 
Figure 3.49 gives the load capacity variation with the slab depth. There is a small reduction in 
capacity at larger slab depths, the results at larger slab depths being non-conservative. Most of 
the vehicle tests are at small slab depths and there is a significant variation in results for this data 
sub-set. 
 
Figure 3.49. Normalised punching load- slab depth plots [pv-h] for 1 and 2-way spanning slab 
data for CD360 wheel (point) and vehicle data. 
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Figure 3.50 plots the CD360 punching load-deflection data. The average of the data is less 
conservative than the AASHTO and Eurocode 2 data; however, due to the variability in prediction 
of load capacity, particularly at low defections, the CD360 method gives some non-conservative 
predictions. A review of the data indicates that all of the data with a non-conservative load capacity 
is for elongated non-circular patch loads. The shape of the patch load is known to affect the 
punching capacity (Hawkins, et al., 1971; Sagaseta, et al., 2011; Sagaseta, et al., 2014) and the 
introduction of a shape or eccentricity factor into Equation 3.4 could improve predictions. 
 
Figure 3.50. Normalised punching load-deflection plots [pv-u] for 1 and 2-way spanning slab 
data using CD360 standard. 
 
3.5.3. CEB-FIP Code MC2010 
Muttoni (2008) developed the Critical Shear Crack theory (CSCT) to estimate the punching shear 
capacity. Equation 2.17 gives the method for predicting the capacity. For the AASHTO and BD81 
methods the capacity is proportional to the square root of the concrete strength and uses a shear 
perimeter 0.5d from the wheel, the CSCT method uses similar assumptions. It also uses the 
rotation (ϕ) as a variable, the larger rotations giving lower capacities (Equation 3.5b). The equation 
also uses a strain and size effect factor (kϕ), based on the slab depth to the reinforcement and the 
aggregate size. The CSCT method is used in CEB-FIP Code MC2010 (FIB, 2010) with a slightly 
modified equation, as Equation 3.5: 
Pvp =  ke kϕ bod fc0.5         Equation 3.5a 
Where ke is an eccentricity coefficient reducing the shear perimeter and kϕ a coefficient as defined 
by Equation 3.5b but is not more than 0.6. kdg is an aggregate size factor (32/(16+dagg)): 
kϕ = 1 / (1.5 + 0.9 kdg ϕ d)        Equation 3.5b 
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Figure 3.51 plots the test load deflection data for CSCT and MC2010 methods using Equations 
2.17 and 3.4. The tests are primarily square or circular wheel type loads on slabs and ke =1.0 for 
many tests. Both the CSCT and MC2010 methods are reasonably constant over the deflection 
range, however, both are non-conservative at very low deflections. As expected, the average 
estimate of capacity for the MC2010 is more conservative than the CSCT data, it is however, also 
more variable, particularly at low deflections. The average MC2010 data is similar to the average 
of the Eurocode 2 data without axial enhancement. 
 
Figure 3.51. Normalised punching load-deflection plots [pv-u] for 1 and 2-way spanning slab 
data using CSCT method. 
Figure 3.52 plots the CSCT and MC2010 punching capacity with the span to depth ratio (L/h). 
The trend line for both reduces with increasing span to depth ratios. The largest variability, as with 
the AASHTO, Eurocode 2 and CD360 data, is in the 5 to 15 range, although there are values 
below the PT/Pvp =1 line at higher L/h ratios. 
 
Figure 3.52. Normalised punching load- Span to depth ratio plots [pv-s] for 1 and 2-way 
spanning slab data using CSCT method. 
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Figure 3.53 shows the test load deflection data for CSCT and MC2010 methods with the 
deflections normalised with respect to the span (δ/L). A SLS deflection limit range of 1/500 to 1/250 
is shown on the graph, for both CSCT and MC2010 data a number of the non-conservative load 
estimates are below this limit. The sudden brittle failure by punching at low deflections is not 
desirable. The specification of ductility requirement and introduction of a deflection criteria for 
slabs that are potentially brittle are considered for future codes and standards in Chapter 6. 
 
Figure 3.53. Normalised punching load-deflection plots [pv-w] for 1 and 2-way spanning slab 
data using CSCT method. 
Figure 3.54 gives the load capacity variation with the slab depth. The trend lines indicate a 
consistent load capacity across the range of slab depths. However, there is a significant variation 
in data values for the smaller slab depths, and for the CSCT method the non-conservative results 
are at the smaller slab thicknesses (also note comments on test size in sections 3.2 and 3.3). For 
MC2010 the average PT/Pvp is 1.89, the standard deviation 0.59 and the 95% confidence value 
0.93. If slabs less than 80mm thick are excluded from the data (see Section 3.2) then the average 
PT/Pvp is 1.95, the standard deviation 0.51 and the 95% confidence value 1.10. 
 
Figure 3.54. Normalised punching load- slab depth plots [pv-h] for 1 and 2-way spanning slab 
data using CSCT method. 
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3.5.4  Summary of Code Punching Shear 
An analysis of the AASHTO, Eurocode 2, CD360 and CEB-FIP Codes punching shear capacity 
compared with database results was carried out against slab depth, concrete strength, span to 
thickness ratio and deflection. The results indicate that the codes give conservative but safe 
deflections above a normalised deflection (δ/h) of 0.25 and span to thickness ratios above 15. 
Below these values results are more variable. 
 
3.6 Proposed Multi-Dimensional Interaction Limits  
The normalised thrust-deflection interaction limit was noted by McDowell et al. (1956) at the 
beginning of the theoretical CMA analysis, it has been used by researchers since (Eyre, 2000). It 
is a useful way of expressing the CMA force and deflection, it has been used in this chapter in 
Figure 3.11, for all data, in Figures 3.33 and 3.38 for data filtered by failure type and slab type. 
The interaction limit is affected by span to thickness ratios, support restraint stiffness, concrete 
strength and the amount of reinforcement.  The force deflection interaction can be considered as 
part of a multi-dimensional interaction diagram. Figure 3.55 outlines a normalised thrust-deflection 
diagram with span to thickness (L/h) used for the 3rd axis. For the thrust - deflection interaction 
the data for span to thickness ratios of L/h=5, 10, 20, 30 and 40 can also be plotted to confirm 
this interaction at particular sections (see Appendix B3 Figures B3.1 to B3.5). 
 
Figure 3.55. 3-D interaction diagram: CMA force-deflection- span to thickness ratio, all data. 
See Appendix B3 for sections and data types. 
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The 3-D diagram of Figure 3.55 is interesting and makes clearer some interactions not obvious 
from the individual diagrams. The first observation is that the full interaction limit to n=0.5 is not 
achieved, this is due to real slabs having some stiffness and can be determined from theory 
(McDowell, 1956). The second observation is that thrust-deflection diagram is truncated at low 
span to thickness ratios and limited deflections achieved. The full range of load and deflection are 
not developed until span to depth ratios of about 20. A further observation is that at higher span 
to thickness ratios, beyond about 25, the thrust-deflection diagram is truncated with the CMA 
occurring only at higher deflections. The final observation is that CMA is present at large span to 
depth ratios of over 50 (as indicated by Yu & Tan, 2013 and Punton, 2014), significantly beyond 
the 15 to 18 span to thickness limits of current codes. 
Other interaction diagrams can be drawn from the data. The normalised thrust-deflection limit has 
also been plotted with the strain parameter (R) in Figure 3.12. Figure 3.13 and 3.14 plotted the 
normalised load deflection diagrams with the span to thickness ratio. Figure 3.16 plotted a load-
deflection limit with the reinforcement ratio. The Thrust-deflection-reinforcement ratio interaction 
diagram can also be determined as Figure 3.56.  
 
Figure 3.56. 3-D interaction diagrams: Thrust- deflection-reinforcement content. 
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It is postulated that the interaction diagram for a specific test or group of similar tests could be 
constructed using these diagrams. The N/Nc value obtained by various modification factors to 
Equation 2.10: 
ே
ே௖
 = no kL/h kK kfc kρ         Equation 3.6a 
Where no is the deflection parameter of Equation 2.10, kL/h is a modification factor based on the 
span to thickness ratio, kρ  a modification factor for the reinforcement content and kK  for the 
stiffness and kfc for the strength.  The Span to thickness ratio and strength (via the limiting strain) 
are considered in the strain parameter R of Equation 2.3. Rankin and Long (1997) noted that the 
support stiffness could be treated as an increase in span (Equation 2.13). Hence the kL/h  kK and 
kfc  factors can be combined to a single modified strain parameter R’; 
 
R’ = 0.25 εc (௅௛)
2         Equation 3.7 
Where L’ is the increased span (2Lr of Equation 2.13). The interaction is now given by a 4-D 
equation and a new factor kR’ replacing the other 3; 
ே
ே௖
 = no kR’ kρ          Equation 3.6b 
The 4-D interaction diagrams are reconsidered further in this thesis with additional data from the 
FEA analysis of Chapter 4, Section 4.3.1 and the code analysis of Chapter 6, Section 5.2. 
 
 
3.7. Database Summary & Conclusions 
 
In this chapter the large database of tests which include compressive membrane action (CMA) 
have been brought together, classified, evaluated and analysed with the aim of reducing the 
perceived variability of CMA. 
 
3.7.1 Test Classification  
 
There have been almost 1400 tests involving CMA over the years, these have covered a 
significant range of structure layouts, material properties, data reliability, etc.  A set of criteria has 
been developed as part of this thesis for evaluating the usefulness of the tests. The tests are 
classified into four classes A, B, C, D. Of the tests 386 do not fulfil the evaluation criteria and were 
not used further (Class D in Table 3.1). Most of the tests were classified as B or C with only 25 
tests fulfilling the requirements of class A. The class A tests are used in subsequent chapters to 
validate Finite Element and other analysis methods. 
 
To evaluate the classification a set of criteria were developed. The criteria cover geometry, section 
properties, materials, results, scale and consistency. A flowchart outlining the evaluation process 
was given in Figure 3.1. The majority of the tests were small with spans less than 1000mm and 
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slab thickness less than 100mm, with a large proportion of the tests at a span to thickness ratio 
less than 15. 
 
A key evaluation criterion was the size of the test specimens, a limiting scale of ¼ full size was 
used, limiting the minimum test slab thickness to 38mm. This criterion meant that some of the 
early and influential tests of Powell (1956), Park (1964a; 1964b), Brochie, et al. (1965; 1971), 
Batchelor, et al. (1976) and Haltiwanger (1979) were too small to include.  70% of the tests were 
less than 100mm thick. The smaller tests tend to give slightly higher results compared with 
theoretical predictions; they are also more variable. 
 
The test classification and evaluation criteria work has satisfied objective B (see Section 1.3) to 
develop a set of criteria for the test database to improve accuracy. The classification method was 
presented at the ACI European Bridge Conference, Edinburgh. A copy of the paper (Collings and 
Sagaseta, 2015) published in the conference proceedings is given in Appendix A. 
 
3.7.2  Test Data Analysis 
 
Much of the data analysis confirms the findings of previous smaller data summaries and theory. 
The flexural yield normalised load-deflection plot of Figure 3.14 for example is consistent with the 
theoretical load-deflection curves shown in Figure 2.5, it shows a separation of data with span to 
depth ratio. The load deflection data was further sorted by failure type. It is noted that in the figures 
there are a group of tests with low L/h ratios that fail in punching shear below the yield limit. This 
group is investigated further with non-linear Finite Elements in Chapter 4. 
 
In previous work the load-deflection curves are usually normalised with respect to the bending 
capacity of the slab using yield line theory, other normalisations, with concrete capacity (Eyre, 
2000) or moment ratio (Rankin and Long, 1997). Each normalisation has advantages and 
disadvantages. The use of a normalisation combining the concrete capacity and the moment ratio 
was developed such that the range of load types and span configurations could be compared; the 
CMA capacity is bounded by Equation 2.11; this was found useful for visualising behaviours. 
Figure 3.13 shows the basic normalisation; the test load is more closely grouped varying from 0 
to 2.3 rather than 0 to 15 for the normalisation with yield (Figure 3.14). Figure 3.21 shows the data 
sorted by load type, there is a clear separation in the data with point loads tending to be below 
the po line and uniform loads above the line, indicating most point load tests failed in shear and 
most uniformly loaded slabs failed in flexure, hence there is a similar separation of failure types 
and Figure 3.23 shows a similar distribution of punching failures below the line and flexural failure 
above the line.  
 
There is less data on CMA thrust forces than loads, the data is plotted in figure 3.11 using the 
normalised thrust-deflection interaction diagram of Figure 2.8a and the no limit of Equation 10. 
The data is generally within the limit. The data was further sorted by failure type in figure 3.24. 
Further separation of the data into slab strips (Figure 3.33) and 1 and 2-way slabs (Figure 3.38) 
show different groupings of failure types which were investigated further. Theory indicates a 
difference in behaviour between slab strips and 1 and 2-way spanning slabs at increasing 
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deflections.  For the slab strip data there were no shear failures reported, however, most of the 
reported crushing failures occur below the po line indicating they may be shear related, further 
review of the tests confirmed that many exhibited diagonal shear cracking. For the 1 and 2-way 
spanning slab data the punching shear seemed to be grouped, one at low deflections (δ/h<0.25) 
within or below the po line and one at larger deflections (δ/h>0.4) at a more constant value of pc. 
The shear-crushing and punching shear groups are investigated further in the FEA and 3-phase 
modelling chapters of this thesis (Chapters 4 and 5). 
 
The degree of in-plane restraint has an effect on the behaviour of a slab; a restrained or part 
restrained slab is usually stronger than an unrestrained slab. Measurement of the restraint is 
difficult; codes such as AASHTO and CD360 give examples of structures with restraint where 
CMA will occur. Tests with various degrees of restraint were included in the database. McDowell, 
et al. (1956) and Rankin, et al. (1997) use a strain factor R, Figures 3.12 consider the effects of 
the strain parameter R the data is generally within the theoretical limits.  Park (1964) considers 
the relative stiffness (K) of the slab and surround, Eyre (1997; 2007a) used a similar but slightly 
different stiffness parameter (S), Figure 3.16 considers the effect of restraint stiffness with the test 
data added. In this thesis a modified strain parameter R’ as Equation 3.7 is proposed. 
 
Theory indicates that CMA effects reduce with increasing reinforcement content. Of the tests 
where the reinforcement content was known approximately half used 0.5-1% reinforcement; 
approximately 49% had Zero or 0-5% reinforcement; with the remainder over 1%. Figure 3.16 
and 3.54 confirms there is a significant reduction in the relative capacity with increasing 
reinforcement.  From the tests a 2% to 4% maximum reinforcement is estimated as a reasonable 
limit, below this limit some CMA is likely to occur, above it the CMA is negligible.  
 
At the end of Chapter 2 it was noted that current theories do not consider modern ductility or 
rotation limits. Figure 3.27 outlines the normalised load with rotation, the broad range of Eurocode 
2 rotation limits are noted, many tests exceed these limits (mainly those failing in a flexural mode). 
A 1/250 service deflection limit is also given, a number of tests are below this limit (primarily those 
failing in punching). The low serviceability ductility issue is considered in the non-linear FEA of 
Chapter 4. Rotation limits are considered in Chapter 5, Section 5.3.3. 
 
The span to thickness ratio is known to have an effect on the load capacity of slabs. Figures 3.13 
and 3.14 plot the test data with load capacity. Both figures indicate that there is a reasonable 
amount of CMA up to a L/h ratio near 30. There is no significant drop in capacity at L/h of 15-18, 
the limits currently defined in CD360 (HE, 2017) and AASHTO (2007), however, as noted in 
Section 3.8.2 the majority of tests are below this limit. The normalised thrust when plotted with 
L/h ratio (Figure 3.26) indicates that the limit for CMA thrust is at an L/h of 50-60. The L/h ratio 
effects are considered in more detail in Chapters 4 and 5. 
 
A number of 3-D interaction diagrams were proposed (Figures 3.12, 3.13, 3.14, 3.17, 3. 55 and 
3.56). It is postulated that the interaction diagrams are part of a multi-dimensional interaction 
diagram with the basic interaction of Equation 2.10 modified by a series of factors as Equation 
3.6. This interaction is considered further in Chapter 4. 
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The test data is mainly for un-haunched slabs but there were sufficient test data to consider the 
effects. For short haunches there seems little effect on capacity. For longer haunches there is a 
more significant effect, from the test data. From work by Collings and Ziad (2016) the effects of 
frame action and geometric arching action from haunches are as significant as CMA. The effects 
of haunches, frame action and geometric arching action are considered in more detail in Chapters 
4 and 5). 
 
The majority of the tests consider the ultimate failure load only, some note the load at which first 
cracking occurs, a limited number do measure crack widths and strain. The serviceability issues 
of CMA are much less studied than the ultimate load capacity. Figures 3.28, 3.30, 3.34 and 3.37 
outline load – deflection and cracking behaviour. The cracking behaviour of the tests at low 
deflections may influence the variable nature of the ultimate loads at low deflections; this issue is 
explored in subsequent chapters of this thesis. It is noted that most current CMA theories are not 
valid at low deflections, prior to yielding of the reinforcement. 
 
Current codes give varying ways of estimating the punching shear capacity, these are generally 
based on unrestrained test data, an analysis of the restrained data in the database shows that 
AASHTO, Eurocode 2, CD360 and MC2010 give conservative predictions at larger deflections 
(>0.25) and span to depth ratios (>15). All the codes have non-conservative and highly variable 
predictions at low deflections and span to depth ratios, this correlates with the separation of 
punching noted above. The cause of this variability is considered in Chapters 4 and 5 of this 
thesis. The consideration of CMA effects with codes, particularly Eurocode 2, is considered in 
Chapter 6 of this thesis. 
 
The test data analysis work has satisfied objective C (see Section 1.3), to analyse the database, 
use it to confirm existing theories and draw new insights of behaviour. 
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4. Non-Linear Finite Element Analysis  
 
4.1 Introduction 
In this chapter Non-Linear Finite Element Analysis (NL-FEA) is used to investigate compressive 
membrane action (CMA). The NL-FEA simulations are based on some of the classification A and 
B tests outlined in the previous chapter.  In codes such as Eurocodes (BSI, 2004; BSI 2005) there 
is no specific provision for CMA, but its effects can be determined using the statement that “non-
linear methods of analysis [can] be used for both ultimate limit state (ULS) and serviceability limit 
state (SLS), provided that equilibrium and compatibility are satisfied and an adequate non-linear 
behaviour for materials is assumed”. These non-linear methods will need the consideration of 
concrete cracking, its expansion and the CMA induced by the restraint to this expansion.  Finite 
Element Analysis (FEA) is one way to carry out the non-linear analysis. 
 
Previous non-linear (NL)-FEA noted in Chapter 2, Section 2.3.2, are used for comparison and as 
a benchmark for improvement.  One of the drawbacks of NL-FEA is the number of parameters 
involved in obtaining a solution (Breña and Morrison, 2007), and how to systematically define 
them. Previous research (Hon, et al., 2005; Zheng et al., 2008; Zheng et al., 2010) indicates that 
for partially restrained slab strips a NL-FEA can predict the ultimate failure load of reinforced 
concrete slab strips. However, such NL-FEA tend to overestimate the stiffness and give poor 
predictions of deflections at both SLS and ULS. FIB (2010) and Hendrix, de Boer and Belletti 
(2017) outline a number of ways to systematically improve NL-FEA predictions. This study 
investigates how the various assumptions and parameters for the NL-FEA change the load-
deflection of the slab strips, with and without CMA, such that it can be reliably used in further 
research and in the design and assessment of structures at the ULS and SLS as required by the 
Eurocode.  A validation of key material properties, mesh size, etc. is outlined for conventional 
through thickness elements and layered elements.  
 
The layered element is used to carry out simulations of slab strips, considering various restraints, 
concrete strengths, reinforcement content and span to thickness ratios, extending the range of 
the tests documented and to use the NL-FEA method to fill in some of the gaps identified in the 
test database of the previous chapter. 
 
The failure types predicted by NL-FEA (supplemented by CSCT) are investigated and compared 
with theory and tests. Unreinforced or plain slabs are investigated to look at pure CMA without 
interaction with flexural reinforcement (Eyre, 2000). The influence of haunches and conventional 
geometric arching action is also considered. The slab strip NL-FEA is used to investigate the 
development of CMA at the serviceability, investigating the development of concrete strain (εc), 
reinforcement strain (εs) and centroidal strains (εo), together with dilations and crack widths. A 
final section looks at NL-FEA of one-way spanning slabs looking at the similarities and differences 
of one-way spanning slabs and slab strips, again verifying simulations with the use of the most 
dependable test results from the database of Chapter 3. 
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4.2 Non-Linear FEA Validation 
Tests with CMA are limited and do not address all aspects of CMA behaviour, many are at a small 
scale and restraint conditions and modes of failure ill defined. Therefore, FEA is a way to 
supplement the gap in experimental research and provide insight into the behaviour of the 
structure and the interaction between bending and CMA with clearly defined restraints and 
material properties. The FEA method is inherently complex with various modelling methods, 
element types, mesh densities, material constitutive models and solution procedures affecting the 
results (FIB, 2010; Hendrix, et al. 2017). The work described in this chapter is on the modelling 
of a reinforced concrete partially restrained slab strip using a two-dimensional (2-D) through 
thickness strip analysis and a layered shell analysis. The ABAQUS (2004) program was used for 
the non-linear FEA. The coupled Damage Plasticity model (Lubliner, et al., 1989; Yu et al., 2010) 
was used to represent the concrete. 
 
The FEA was initially compared to a series of tests by Taylor (2001). These are a series of 16 
tests classified as A in the previous chapters (see Table 2.1). The tests giving the behaviour in 
flexure of a simply supported slab strip in which there is no CMA (test S7), and a restrained plain 
concrete slab strip with no reinforcement where the strength is completely derived from CMA (test 
S10).  The FEA was then verified and compared to partially restrained reinforced concrete slabs 
where the capacity was derived from both bending and CMA (tests S5, S8 and S9). Comparisons 
with previous FEA (Zheng, et al., 2008; Valipour, et al., 2013) of the same tests are also made.  
 
 
4.2.1  Test Data 
 
The test data used was chosen from the database (see Chapter 3). The slab strip was chosen as 
all tests within this sub classification are noted in the original publication as failing in a flexural-
CMA mode or by concrete crushing and not by shear (Figure 3.35). The tests were also chosen 
as they have a high degree of dependability, having the test data documented (Taylor, 2000) and 
also much has been published in a peer reviewed paper (Taylor, et al., 2001) and used by other 
researchers (Zheng, et al., 2008; Valipour, et al., 2013). The calibration tests are for a series of 
1720mm long, 1415mm clear span, 475mm wide, 150mm deep slab strips. The slab strips have 
various end support conditions (SS-simple support, FX-rotationally fixed), axial constraints (the 
longitudinal stiffness [kN/mm] is defined in Table 4.1), reinforcement arrangements and concrete 
strengths as outlined in Table 4.1.  
 
The size of the tests at 150 mm thick (approximately that of full-size slabs) also means that the 
size effects of the tests noted in sections 3.2, 3.3 and 3.6 of the previous chapter are minimised. 
The slab strips were supported in a steel frame of known stiffness and loaded by a full width line 
load at the centre of the span. Test specimen S7 which had no restraint, failed in flexure with 
yielding of the reinforcement. Test specimen S10 was unreinforced but restrained in-plane, it 
failed by crushing of the concrete. These two, flexure only (S7) and CMA only (S10) tests were 
the control tests. The test failure load and deflection at failure loads are tabulated. Full load 
deflection plots for the tests are also available and given in appendix C. 
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Table 4.1.  Test data used in FEA simulations. 
Test 
Specimen 
Ref 
Concrete 
Strength 
fcu  MPa 
Reinf’ 
strength  
fy  MPa 
Reinf’ 
Location 
* 
Reinf’ 
Area 
mm2 
Restraint 
type 
Test 
load  
kN 
Test 
deflection 
mm 
Control tests       
S7 91 500 B 336 SS-none 50 11 
S10 90.5 - None - FX-410 200 18 
Other tests       
S5 101.1 500 T&B 336 FX-197 192 18 
S8 100.1 500 B 336 SS-197 183 30 
S9 89.3 500 T&B 336 FX-410 252 19 
* T=top B=bottom 
 
4.2.2.  Finite Element Simulations 
 
Two types of FEA simulations were carried out, through depth models and layered shell models. 
The first a 2-D simulation was of a strip model through the depth of the slab using three-
dimensional (3-D) shell elements with in-plane forces only (Figure 4.1a). The width of the FEA 
element being the width of the slab. The reinforcement was represented by beam elements. This 
FEA being appropriate for visualising, stresses, strains and the development of CMA, it is similar 
to analyses carried out previously for which results are available (Zheng, 2008). The second was 
a 2D simulation across the slab with the shell depth being the depth of the slab (Figure 2b) and 
the geometry defined at the slab mid surface (h/2). The shell element used is a layered composite 
type, with the concrete and reinforcement forming the layers in the shell. This layered shell FEA 
being compared with the through thickness analysis, with the aim of extending it to slabs in which 
the load can spread; i.e. not slab strips but true 1-way or 2-way spanning slabs. The control test 
specimens S7 (bending) and S10 (CMA) were analysed in ABAQUS standard as an implicit static 
analysis using the Riks/arc method with a displacement control approach.  
 
Figure 4.1.  a) Through thickness FEA model b) layered shell FEA. 
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4.2.3.  Material Modelling 
 
The steel reinforcement was initially taken as an elastic-plastic material with Young’s modulus of 
200,000MPa and a yield strength of 500MPa (Figure 4.2). A perfect bond between reinforcement 
and concrete was also initially assumed. Modifications to the stress-strain curve assumptions 
were made to some of the later layered shell simulations. 
 
Figure 4.2.  Stress [MPa]-strain curve for steel reinforcement. 
 
The concrete cube strength fcu was 90.5 and 91MPa for the calibration tests S7 and S10 and 
varied from 89.3 to 101.1MPa for other primary tests. The relationship between cube strength and 
cylinder strength is taken as Table 2.1.1 of CEB-FIP Model Code-90 (CEB-FIP, 1993). A value of 
fc = 80.4MPa was used for both calibration simulations. The concrete material parameters use 
the elastic-plastic concrete damage method with Ec = 41,000 MPa, and non-linearity starting at 
0.4fc on the compression branch and at 0.9fct on the tension branch. The stress strain relationship 
was based on data in MC-90 and is shown in Figure 4.3.a. Some simplifications to the stress-
strain curve were made to the later simulations as outlined later in this chapter. 
 
The measured tensile strength of concrete (see Chapter 3, Figure 3.5) in the test data varies from 
5.3 to 6.1MPa, tensile strengths of up to 5.5 MPa were used. The tensile softening stress-strain 
profile was estimated using the fracture energy method with a bi-linear curve (CEB-FIP, 1993; 
Lee and Lopez, 2014). The tension softening model caused problems with the stability of the FEA 
model beyond the initial elastic phase at low deflections. A simplified tensile stress-strain curve 
was used for the majority of the simulation as outlined in the next section of this chapter (Section 
4.2.4). The tensile part of the concrete stress strain curve is given at enlarged scale in Figure 
4.3.b. 
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Figure 4.3.  a) Stress [MPa]-strain curve for concrete. b) Enlarged detail of tension section of 
the stress-strain curve (for le=25mm). 
 
4.2.4.   Through Depth FEA Model Validation 
 
The analysis of the through depth FEA models for S7 and S10 often became unstable at low 
deflections after first cracking, as the concrete moved from the linear elastic into the non-linear 
concrete damage phase. Various changes to the model, mesh, support modelling, load 
application and material properties were investigated. The effects of revising mesh size, support 
modelling, etc. are discussed below. However, the most significant influence was with the tensile 
part of the concrete stress-strain curve. 
 
4.2.4.1 Concrete Tension Model  
The uniaxial stress-strain response of the concrete in tension is assumed linear until it reaches 
90% of its tensile strength (0.9fct), with the maximum tensile strength at a strain of 0.00015. After 
reaching this strength a softening of the material occurs. A bi-linear relationship was assumed, 
derived from the fracture energy (GF) using MC-90 data. For the high strength concrete a base 
fracture energy of 0.11 N/mm was assumed as Table 2.1.4 MC-90. The area under stress strain 
curve from the initial cracking point (εct) is proportional to the fracture energy and crack width. The 
crack width being related to the strain and the element size le (Bazant, 2002; CEB-FIP, 1993). 
 
GF = ∫ ఙ௟௘
ఌ௖௧ 
ఌ௨  dε         Equation 4.1 
  
In the initial non-linear FEA model of the bending only test (S7) the analysis was unstable around 
the cracking load, a series of modifications of the tensile stress strain curve were made. The 
ultimate strain (εu) was increased such that it had a small value at yielding of the reinforcement 
(εy) as recommended by Zheng (2001). This reduced the instability and the simulation for S7 
achieved first yielding of the reinforcement. However, the total fracture energy is increased and 
the load deflection response of this model of S7 was very stiff (see Figure 4.4). In practice the 
tensile strength of concrete can vary significantly, and it can be argued that fct can be very small 
particularly for pre-loaded structures where cracking occurs. A range of tensile strengths between 
5.5 MPa and zero were investigated, with a constant fracture energy. The models with zero tensile 
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strength were often unstable. The load-deflection curve of the higher strength assumptions were 
always stiff compared with the test data. The results of the simulations of the bending test S7 are 
shown in Figure 4.4.  
 
A similar set of non-linear FEA simulations using the through thickness model were carried out 
for test S10. This test had constrained ends but no reinforcement which allows the investigation 
of CMA in isolation from bending. The results for test S10 are shown in Figure 4.4. For the tests 
the measured tensile strength (5.3 to 6.1MPa) is larger than that of the assumed relationship of 
Section 3.3, Figure 3.5 (2.4MPa) or of the commonly used Bresler and Scordelis (1963) 
relationship (with fct=0.33 fc0.5 fct=3.0MPa). Tensile strengths of 5.0, 3.0, 1.0 and 0.0MPa were 
assumed. The models with higher tensile strength were again over stiff, those with zero tensile 
strength unstable, the simulation with fct = 1 MPa giving the best approximation to the test data. 
 
Vecchio and Shim (2004) note that overestimates of the concrete tensile strength affect NL-FEA 
results. They also note that the Bresler and Scordelis tests were wet cured and tested soon after 
casting, the effects of changing fc /fct ratios with age and microcracking of older concrete may 
influence the tensile strength to be used. It is postulated that the concrete brittleness (η1) and 
through depth strain effects (η3) outlined in Section 4.2.4.5 and 4.2.5.2 could also be applied to 
the tensile strength used for through depth NL-FEA simulations. 
  
Figure 4.4.  Load deflection curves for tests S7 and S10 and the through thickness FEA 
simulations for various concrete tensile properties.  
 
4.2.4.2  Influence of Geometry Non-Linearity 
The bending strength of the concrete slab is dependent on the slab depth and material properties; 
it is little influenced by geometry changes due to deflection. For CMA geometry change due to 
deflections is more significant and affects the load capacity. From the load-deflection curves of 
Chapters 2 and 3 (Figures 2.4 and 3.15), the significant enhancements in strength are at low 
deflections (less than δ/h = 0.3). For the bending test (S7) the effects of non-linear material 
properties were modelled, the effects of non-linear geometry were small. For the unreinforced test 
(S10) where the strength is derived from compressive membrane action (CMA) the effects of non-
linear geometry were investigated. Figure 4.4 shows the effects of using non-linear geometry in 
the analysis; considering the increase in deflection improves the prediction of the load-deflection 
profile, although the FEA simulation is still slightly stiffer and stronger than the test. 
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4.2.4.3.  Influence of Modelling of the Boundary Conditions 
The supports for the tests were a steel frame with a 175mm long reaction plate for the simply 
supported test S7. Additionally, a 175mm top plate and end frame were used for the restrained 
test S10 (see Figure 2.24). For test S7 lift off occurs over most of the reaction plate, for the 25mm 
mesh the reaction is predominantly carried by one node. Using a simple model of the concrete 
with the boundary conditions modelled on one node at each end simplified analysis and post 
processing of results, and it gave almost identical load deflection results to the more complex 
boundary condition modelling. The simple support type model was used for all S7 simulations. 
For test S10 the majority of the reactions occur to the front of the lower plate and the rear of the 
top plate. Again, using a simplified model with the reactions on one top node and one bottom 
node at each end gave good results compared with more complex modelling. The longitudinal 
frame of the test was of a known stiffness and was modelled as a 100mm thick material with a 
stiffness equal to that of the frame. The tensile strength of the material was almost zero, allowing 
the horizontal reaction point to vary where there is rotation at the end of the section. 
 
4.2.4.4.  Influence of Mesh Density  
FEA simulations are known to be dependent on mesh size (Genikomsou and Polak, 2015). The 
effect of a variation in the mesh size was investigated. The initial mesh was approximately 25 by 
25mm, giving 6 elements through the slab thickness, this is similar to the simulation of Zheng. 
Finer 12.5 by 12.5mm mesh and 20 by 20mm meshes, and a coarser 50 by 50mm mesh were 
also used.  The tensile part of the stress strain curve was modified on each model to account for 
this mesh size (le) variation (as Equation 4.1) but keeping the fracture energy constant. The 
results of the analysis for tests S7 and S10 are given in Figure 4.5. The results of the 20mm and 
25mm mesh were very similar. The 12.5mm mesh was also similar over most of the simulation; 
however, it took significantly more iterations, and made post processing of the data more 
cumbersome. The coarser 50mm mesh was less stiff but gave a load-deflection curve of a slightly 
different shape and an increased final load. The 25mm mesh is considered the most appropriate 
size of the mesh for this problem (it is also similar to that used by other researchers (Zheng, et 
al., 2008)) and was used in subsequent simulations. 
  
Figure 4.5.  Load deflection curves for tests S7 and S10 showing test results and the current 
through thickness FEA simulations with various mesh sizes.  
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4.2.4.5.  Sensitivity Analysis of Properties in the Material Constitutive Models 
The effects of varying other material properties were investigated. The effects of varying the 
Poisson ratio from 0.05 to 0.25 were investigated and found to be small; the standard 0.15 value 
was maintained. The Concrete damage plasticity model uses the stress function given in Equation 
4.2. Where ψ is the concrete dilation angle and e is the eccentricity from this angle along the 
principle stress (p) and the hydrostatic (q) axis. The effect of varying the dilation angle was 
investigated; values between 36 and 46 degrees were considered (Genikomsou and Polak, 
2015). The effect was found to be small, a standard 40 degree value was maintained. 
 
Gσ = {[e σto Tan ψ]2 +q2 }0.5 – p Tan ψ      Equation 4.2 
 
From the results given in Figures 4.4 and 4.5 it can be seen that the FEA simulations are slightly 
stiffer and stronger than the test results for both the bending and CMA simulations. Both the 
bending and CMA FEA simulations predict higher loads and lower deflections. The strength of 
the concrete was modified to account for the brittleness of high strength concrete in structures 
where crushing from bending or axial effects dominates. The modified crushing strength of 
concrete fc’ is estimated using Equation 4.3a (Vecchio & Collins, 1986; CEB-FIP, 1993). With the 
compressive strains remaining the same this modification will also tend to reduce the effective 
stiffness of the concrete. 
 
fc' = η1 η2 η3 fc          Equation 4.3a 
 
Where η1 is a brittleness coefficient (CEB-FIP, 1993)for high strength concrete, as Equation 4.3b, 
taken as 0.85 for the calibration tests. η2 is a plasticity coefficient, taken as 1.0 for the standard 
σ-ε curve. η3 is a strain coefficient, taken as 1.0 for the through thickness model. The resulting 
load-deflection curves with the revised concrete strength are given in Figure 4.6 (for fc’ = 68). 
 
η1 = (50 / fc)1/3          Equation 4.3b 
 
Figure 4.6.  Load deflection curves for test S7 and S10 and the through thickness FEA 
simulations with simplified σ-ε and bond assumptions. 
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Fernandez-Ruiz and Muttoni (2007) have modelled concrete structures using elasto-plastic stress 
fields with a simple bi-linear stress strain curve and no softening of the concrete stress-strain 
curve beyond εu. The effective compressive stress is modified to take into account an equivalent 
plastic strength as Equation 4.3a with η2 taken as 0.86. A simulation with this simple stress field 
model was run; the results are also shown in Figure 4.6 (for fc’ = 58). The simple model gives a 
reasonable approximation for the load-deflection curve.  
 
For the bending test (S7) the reinforcement was initially modelled with a simple bi-linear stress-
strain curve. BS5400 (BSI, 1992) the design code current at the time the tests were carried out 
recommends a tri-linear curve with the initial non-linearity starting at 0.8fy (Figure 4.2, dotted 
curve). The use of this stress-strain curve improved both the load and deflection predictions of 
the bending test. FEA modelling of bond slip (Jendele and Cervenka, 2006; Mazzarolo, et al., 
2012) tends to indicate that it primarily affects the load deflection curve near yielding of the 
reinforcement; there is a small effect at lower stresses. The effects of bond slip between the 
reinforcement and concrete was taken as a further modification to the steel stress-strain curve 
with the full reinforcement strength achieved at a strain of 0.01. The bond slip affects only test S7 
which is reinforced, not S10 which has no reinforcement. From Figure 4.6 it can be seen that the 
effects of the modelling of bond slip was small and using a fully bonded model would give 
reasonable predictions. 
 
4.2.4.6  Accuracy of Predictions 
Various predictions of the load deflection curves for the bending only test (S7) and the CMA only 
test (S10) have been derived for the through thickness non-linear FEA. The elasto-plastic stress 
fields with low tensile effects and reduced effective compressive strengths giving the closest 
approximation to the test data. Further simulations were carried out for tests S5, S8 and S9, which 
combine bending and CMA to resist the load. Figure 4.7 gives the results of the tests and through 
thickness FEA simulations. The stiffness of the current simulations is improved from those of 
Zheng (see Figure 4.8). 
  
Figure 4.7.  Load deflection curves for bending/CMA tests S5, S8 and S9 showing test 
results, and the through thickness FEA simulations.  
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The through thickness FEA can be used to visualise the stresses and strains through the slab 
strip, this is useful for CMA (Lahlouh and Waldron, 1992). The stresses and strains through the 
FEA simulation of test S10 is shown in Figure 4.9 where the struts between the load and restraints 
can be seen. The variation of principle stresses at point A located at the slab mid thickness (h/2) 
and 50mm from the centre of span were investigated. For the bending test S7 principle strains 
are significantly larger than that of the tests in which CMA is present. 
 
Figure 4.8.  Comparison of through thickness FEA and tests for load and deflection. 
 
Figure 4.9.  FEA simulation of test S10 showing vectors of a) principle stress b) principle 
strains at 25mm deflection. 
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4.2.5.  Layered Shell FEA Model Validation 
The analysis of a layered shell non-linear FEA was carried out in a similar way to that used for 
the through depth FEA model of the previous section. Similar influences of model meshing, and 
material properties were investigated. 
4.2.5.1  Influence of Mesh Density 
The layered shell models for S7 and S10, like the through thickness FEA, again often became 
unstable at low deflections as the concrete moved from the linear elastic into the non-linear 
concrete damage phase. The effect of mesh size was again investigated. A 47.5 by 47.5mm mesh 
size was used as standard with a coarse 95 by 95mm mesh and a finer 24 by 24mm mesh also 
being investigated. For the 47.5mm mesh the effect of using different numbers of ply (or layers) 
through the shell thickness were also investigated. The layered shell FEA seems less affected by 
mesh size for the bending only (S7) simulations. For the CMA simulations the 95mm mesh gave 
different predictions to the 47.5mm and 24mm meshes (Figure 4.10). The numbers of ply used 
did not significantly affect the results. 
  
Figure 4.10.  Load deflection curves for tests S7 and S10 showing test results and the layered 
shell FEA simulations with various mesh sizes.  
 
From the load deflection curves of Figure 4.10 it was noted that in the layered shell model the 
load does not reach the maximum from the test. The effects of non-linear geometry were 
investigated, but due to the stiff response and low deflections, the consideration of geometric 
nonlinearity made little difference to the behaviour.  
 
4.2.5.2  Influence of Effective Concrete Strength 
In reviewing the stresses and strains in the simulation it was noted that compression failure was 
occurring at mid span but not at the supports, in the tests compression failure at mid-span and 
supports was reported (Taylor, et al., 2001). The elasto-plastic stress field model with a simple bi-
linear stress-strain curve and no softening was used and gave a better simulation, allowing more 
plasticity (larger strains) at mid-span and the development of plasticity at supports as seen in the 
tests. The tri-linear stress-strain curve for the reinforcement (Figure 4.2) was also used. The 
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resulting load-deflection curves are given in Figure 4.11. For the CMA test (S10) the shell FEA 
gave higher load predictions than the through thickness FEA. The difference in behaviour is likely 
to be due to the shell FEA not adequately modelling the effects of the tensile strains through the 
depth of the shell. This effect was subsequently allowed for by using a modified compressive 
strength as Equation 4.3a but with an additional modification factor η3. Where η3 is a strain 
coefficient based on Modified Compression Field theory (Vecchio and Collins, 1986) as Equation 
4.3c. Where εo is the strain at the middle of the slab (at h/2): 
 
η3 = 
ଵ
଴.଼ାଵ଻଴ ఌ௢
         Equation 4.3c  
 
  
Figure 4.11.  Load deflection curves for tests S7 and S10 and FEA simulations with simplified 
stress-strain and bond assumptions. 
 
The longitudinal strains from the previous through thickness FEA were used to estimate the factor 
η3. The results are shown in Figure 4.12. The factor used in codes (CEB-FIP, 1993; BSI, 2004) 
for strut and tie models is currently η3 = 0.6. The use of η3 = 0.9 is more appropriate for test S10 
and the early parts of the other tests, it gives the best simulation of the load-deflection curve as 
Figure 4.11. 
  
Figure 4.12.   Variation of factor η3 with deflection and current code factor. 
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Predictions of the load deflection curves for the bending only test (S7) and the CMA only test 
(S10) have been derived for the layered shell FEA. Simulations were carried out for tests S5, S8 
and S9 which combine bending and CMA to resist the load. Figure 4.13 gives the results of the 
tests and FEA simulations. The stress-strain curve for the FEA simulations S5 and S9 are 
reasonable. The curve for simulation S8 is less stiff than the test; this is thought to be due to the 
support modelling. In the through thickness FEA the location of the effective horizontal restraint 
can move down the section as CMA develops (see Section 4.2.4.3). In the shell FEA the horizontal 
reaction is constrained at the shell element centre, Valipour, et al. (2013) notes that the location 
of the restraint can affect results. Tests by Powell (1965) used differing heights to the axial 
restraint leading to differing results for otherwise similar tests. Modification of the boundary 
restraint by the inclusion of an outrigger element can improve modelling. Moving the location of 
the restraint is discussed further is Section 4.3.2 on haunches and in Chapter 5. A comparison of 
the shell and through thickness FEA simulations is given in Figure 4.14.  
 
Figure 4.13.  Load deflection curves for bending/CMA tests S5 and S9 showing test results, and 
the layered shell FEA simulations.  
  
Figure 4.14.  Comparison of shell and through thickness FEA with tests for load and deflection. 
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4.2.6.  Layered Shell FEA Verification  
 
The FEA simulations used for tests S5, S7, S8, S9 and S10 used an approximately constant 
concrete strength. Additional simulations were carried out on other tests by Taylor to confirm the 
FEA simulations were valid across a range of compressive strengths. Simulations of other tests 
(S1 to S4, S14 and S15) in the same series were carried out using similar modifications to material 
properties, for a range of concrete strengths (fcu = 31 to 64.5MPa). The test data is summarised 
in Table 4.2. The results of the layered shell FEA (loads and deflections) are normalised against 
the test data and shown on Figure 4.15. It can be seen that the multi layered shell FEA gives 
consistent results across the range of concrete compressive strengths for loads. There is more 
variation in deflections at higher concrete strengths, the simulations with lower restraint also being 
more variable. 
 
Table 4.2.  Test data with various compressive strength. 
Test 
Specimen 
Ref 
Concrete 
Strength 
fcu 
MPa 
Reinf’ 
strength 
fy 
MPa 
Reinf’ 
Location 
Reinf’ 
Area 
mm2 
Restraint 
type 
Test 
load  
kN 
 
Test 
deflection 
mm 
 
S1 31.2 500 T&B 336 FX-197 135 21 
S2 40.8 500 T&B 336 FX-197 145 25 
S3 64.5 500 T&B 336 FX-197 175 36 
S4 82.2 500 T&B 336 SS-197 187 25 
S14 39.5 500 T&B 336 FX-410 195 22 
S15 60.9 500 T&B 336 FX-410 211 21 
 
 
Figure 4.15.  Comparison of normalised load and deflection with concrete strength. 
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4.2.7. Shear and Compression Effects 
 
The tests were originally chosen as they indicated failure in a flexural-CMA mode with crushing 
of concrete and yielding of reinforcement rather than as a shear failure. However, a number of 
researchers have noted that failure in shear is often linked to concrete compression failure 
(Jackson, 1990). The CMA strut model also has similarities to the ultimate shear model (Drucker, 
1961) and in Section 3.4 of the previous chapter it was noted that many of the concrete crushing 
failures for the strip data were potentially shear related (Figure 3.36).  
 
Limits on compressive strain in the FEA simulation are used for all simulations. CEB-FIB Model 
Code 90 (1993) limits strains to 0.0026, 0.003 and 0.0046 for 80, 52 and 32MPa strength (fc) 
concrete respectively. The shape of the stress-strain curves varies for different concrete strengths 
(Figure 4.16) the softening profile beyond the peak being important for the FEA.  For the simplified 
stress-strain assumptions used in the NL-FEA reduced effective concrete stresses were derived 
(Equation 4.3) and increased effective strains are appropriate. As with the tension softening 
(Section 4.2.3) the area under the stress strain curve from the initial non-linearity is a measure of 
the fracture energy.  Equating this energy for each concrete grade new limiting strains can be 
derived. The limits derived are 0.0041 for fc = 80, 0.0051 for fc = 52 and 0.0071 for fc = 32. The 
limiting strain is considered at a section 0.5d from the load, the same location as the longitudinal 
strain is derived for shear by using CSCT (Muttoni, et al., 2017). The loads for the various FEA at 
which the limiting compressive strain is achieved is given in Table 4.3 (PFEA). 
 
Figure 4.16.  Concrete stress [MPa] -strain curves [σ-ε] showing strain limits. 
 
In Chapter 3, Section 3.4.6 of this thesis the tests failure types were re-evaluated and some of 
the compression failures were classed as shear (type I or II shear using Kotsovos, 1983). The 
shear capacities of the FEA simulations are reviewed. The shear capacities of the tests are 
calculated using; the ultimate strut (Druker, 1961) method (PVU); and critical shear crack theory 
(CSCT) (Muttoni and Ruiz, 2008) (PCSCT), using the strains from the layered shell FEA. Figure 
4.17 shows the test, FEA results at the limiting compressive strain and the shear capacity using 
Equation 2.16. Table 4.3 outlines the results. The results are normalised against the test load and 
shown in Figure 4.18 and plotted with concrete strength and the degree of lateral restraint. The 
results indicate that the more restrained lower strength tests are at or near ultimate shear failure. 
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It is noted that the load from the non-linear FEA is limited by the maximum strain and the load 
from CSCT are similar and in reasonable agreement with the test load. 
 
Table 4.3. Results of shear analysis and tests (all loads in kN). 
Test PT   PVU   PCSCT PFEA PVU /PT PCSCT/PT PFEA /PT 
S1 131.4 141 116 140 1.07 0.88 1.07 
S2 142.6 184 128 150 1.29 0.90 1.05 
S3 184.9 298 156 196 1.61 0.84 1.06 
S4 186.7 364 168 217 1.95 0.90 1.16 
S5 192 513 183 207 2.67 0.95 1.08 
S9 223 383 194 236 1.72 0.87 1.06 
S14 200 178 125 153 0.89 0.63 0.77 
S15 215 285 154 199 1.32 0.72 0.93 
 
 
Figure 4.17.  Normalised load-deflection [pc-u] plot for tests S1-S5, S9, S14 and S15 with FEA 
results and shear capacity from CSCT. 
 
  
Figure 4.18.  Comparison of normalised shear and load with concrete strength. 
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4.2.8. Loading Type Effects 
 
The tests used in the simulations are loaded with a single load at mid span, in Chapter 3 of this 
thesis it was noted that the loading type had an effect on the behaviour of the slab and on the 
failure type occurring.  Taylor tested a slab S12 with a similar restraint and compressive strength 
as test S9 but with loads at quarter points (Table 4.4). non-linear FEA simulations for the tests 
are shown in Figure 4.19. for the twin point (vehicle) load the CSCT estimates of failure is very 
conservative, the FEA analysis using limiting compressive strains gives a better simulation in this 
case. 
 
Table 4.4.  Test data with differing load types. 
Test Ref Concrete Strength Reinf’ 
Location 
Load type Restraint 
type 
Test  
fcu MPa fc MPa load kN Def’n mm 
S9 89.3 79.3 T&B Point load at 
mid span 
FX-410 252 19 
S12 101.0 91 T&B Twin point 
loads at 1/4 
span 
FX-410 500 20 
 
Figure 4.19.  Load-deflection [P-δ] plot for tests S9 and S12 with FEA results. 
 
4.2.9  Summary of FEA Validation 
 
The simulations used two different material constitutive models, one representing the full stress 
strain profile of the concrete (as proposed by Mathias, Li, Keilech and Sarkisian, 2019), and the 
second a simplified bi-linear model (Fernandez-Ruiz and Muttoni, 2007). The simplified model 
provided the best approximation of the whole load-deflection profile, the full model tending to stop 
at lower deflections prior to achieving maximum load. The simulations were also mesh size 
dependant and so a mesh sensitivity analysis is required. The simulations were reasonably 
consistent for both load and deflection over a wide range of concrete strengths (fc = 27 to 81MPa). 
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The FEA results confirm that the multi-layer shell FEA can reasonably predict the bending or CMA 
failure in concrete slab strips and can model the interaction of bending and CMA. However, non-
linear FEA can give a wide range of results and some benchmarking against tests is required. 
 
The through thickness shell FEA does not consider shear effects, however, the strains from the 
FEA can be used to estimate the shear capacity using CSCT, the resulting analysis giving 
reasonable predictions of the load-deflection behaviour. 
 
4.3 FEA Simulations of Slab Strips 
 
In this section the non-linear FEA method is used to simulate models similar to those verified 
previously but with additional variations in concrete strength, end restraint, slabs thickness, span 
and reinforcement details. This is aimed to fill in some of the gaps in the test data. The FEA 
simulations are based around the series of tests by Taylor and others (Taylor, Rankin and Cleland, 
2001; Taylor and Mullin, 2006; and Tharmarajah, Taylor, Cleland and Robinson, 2013). The tests 
give the behaviour in flexure of a simply supported slab strip in which there is no CMA (tests S6, 
S7); a restrained slab strip with no reinforcement where the strength is completely derived from 
CMA (test S10); tests of reinforced concrete slab strips of various concrete strengths and end 
restraint stiffness (tests S1-S5, S9,S14,S15); and tests with higher restraint, different 
reinforcement types (tests B1, B2, G1, G2). Test details are given in Table 4.5. The various types 
of failure are investigated. Some additional theoretical limits useful in understanding the behaviour 
of the part restrained reinforced slab strips are derived. 
 
Table 4.5. Test data used in FEA simulations. 
*SS (Simply Supported) FX (Rotationally Fixed) - Axial stiffness in kN/mm 
Test 
Specimen 
Ref 
Concrete 
Strength 
fcu MPa 
Concrete 
Strength 
fc MPa 
Reinf’ 
strength fy 
MPa 
Reinf’ 
Location 
Reinf’ 
Area 
mm2 
Restraint 
Type* 
Test 
load  
kN 
Test 
deflection 
mm 
S1 31.2 25  
 
 
500 
 
 
T&B 
 
 
 
 
336 
FX-197 135 21 
S2 40.8 32.6 145 24 
S3 64.5 54.5 175 37 
S4 82.2 72.2 187 26 
S5 101.1 91.1 192 18 
S6 34.8 27.8  
B 
 
336 
SS-none 46 21 
S7 91.0 81 54 20 
S9 89.3 79.3 T&B 336  
 
FX-410 
252 19 
S10 90.5 80.5 - None - 200 18 
S14 39.5 31.6 500 T&B 336 195 22 
S15 60.9 50.9 211 22 
B1 68.1 58.1 682  
 
T&B 
 
 
 
336 
 
 
FX-855 
343 19 
B2 65.7 55.7 365 15 
G1 69.3 59.3 920 300 14 
G2 66.1 56.1 295 16 
Chapter 4  Non-Linear Finite Element Analysis 
99 
 
4.3.1.  Unreinforced Concrete - Part Restrained Slab Strips 
 
The strength of partially restrained unreinforced slab strips is derived from CMA once the slab 
has cracked in flexure. Taylor, et al. (2001) tested a series of partly restrained slab strips, one of 
which was unreinforced (test S10). A non-linear FEA simulation of the test was carried out (see 
Section 4.2). Further simulations of slab strips of identical size were carried out with various 
concrete strengths and end restraints. Concrete strengths (fc) of 32, 52 and 80 MPa were used 
with modification for brittleness high strength concrete (η1), the plasticity (η2) and strain (η3). The 
modified crushing strength of concrete fc’ is estimated using Equation 4.3. End restraint axial 
stiffness of 197, 410 and 855 kN/mm were modelled. For the unreinforced slab strips the ends of 
the slabs were restrained in bending to approximate a fixed end condition for flexure. Simulations 
of slab strips of various depths were also carried out. The majority of the simulations were 150mm 
deep as the tests, 75mm, 100mm, 200mm and 250mm depths were also simulated. Table 4.6 
outlines the properties of the various unreinforced slab strip simulations.  
 
 
 
Table 4.6.  Data used in FEA simulations for unreinforced slab strips. 
Simulation Concrete 
strength  MPa 
Axial 
restraint 
depth Span Comment 
fc fc’ kN/mm mm mm 
U32-1-150 32 27.5 197 150 1425  
U32-4-150 32 27.5 410 150 1425  
U32-8-150 32 27.5 855 150 1425  
U52-1-150 52 44.0 197 150 1425  
U52-4-75 52 44 410 75 1425 L/h=19 
U52-4-100 52 44.0 410 100 1425 L/h=14 
U52-4-150 52 44.0 410 150 1425 L/h=9.5 
U52-4-200 52 44.0 410 200 1425 L/h=7.1 
U52-4-250 52 44.0 410 250 1425 L/h=5.7 
U52-8-150 52 44.0 855 150 1425  
U80-1-150 80 59 197 150 1425  
U80-4-150 80 59 410 150 1425 Similar to test S10 
U80-8-150 80 59 855 150 1425  
 
 
The simulations were analysed in ABAQUS standard as a static analysis using the Riks/arc 
method with a displacement control approach. The number of iterations was limited but all the 
simulations reached compressive strains beyond 0.01. The limiting compressive strains for the 
concrete of 0.0071, 0.0051 and 0.0041 respectively for 32, 52 and 80MPa concrete were applied 
(see 4.2.7). The results of the FEA simulations are given in Table 4.7 and Figures 4.20 to 4.22. 
The flexural failure is where the maximum load is achieved, and the load remains constant or 
reduces slowly with increasing deflection. The compression failure is where the limiting strain is 
achieved before the maximum load and the failure is more brittle. For Figure 4.23 onwards two 
lines are given for each FEA simulation, a thin grey line for the simulation with no limitation on 
compression strain, or shear strain and a coloured line for the simulation stopped for compression 
or shear limits. 
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Table 4.7.  Results of unreinforced FEA simulations. 
Simulation Failure Load   
Failure type Load  
 
P  kN 
Arching 
Force 
N kN 
Deflection 
 
 δ  mm 
U32-1-150 107.0 319.7 19.4 Compression 
U32-4-150 122.1 369.9 17.6 Compression 
U32-8-150 130.9 399.3 16.7 Flexure 
U52-1-150 138.8 410.1 21.7 Compression 
U52-4-75 54.5 248.0 19.6 Flexure 
U52-4-100 54.0 274.7 24.7 Flexure 
U52-4-150 160.5 478.5 18.4 Compression 
U52-4-200 285.7 589.0 14.4 Compression 
U52-4-250 125.0 152.9 2.2 Compression 
U52-8-150 175.3 515.7 17.0 Flexure 
U80-1-150 164.6 516.5 27.1 Flexure 
U80-4-150 189.1 585.6 23.6 Flexure 
S10 200 485 17 Crushing 
U80-8-150 207.9 611.1 17.9 Flexure 
 
 
Figure 4.20.  Load - deflection curves for unreinforced concrete test and simulations. 
 
 
Figure 4.20 and 4.21 gives the load - deflection curves and the arching force – deflection curves 
of all of the unreinforced simulations and test S10.  Figure 4.22 gives the arching force - elongation 
curves of the simulations and test. From the figures it is concluded that the load-deflection curves 
of the simulations (Figure 4.20) has a range as expected, that the arching force-deflection curve 
(Figure 4.21) is as expected, although the test gives lower arching forces at low loads. Normalised 
versions of these figures are given in Figures 4.27 and 4.28. The arcing force-elongation curve is 
linear for the various stiffness’s of the simulations; the test becomes non-linear at higher loads. 
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Figure 4.21.  Arching force - deflection curves for unreinforced concrete test and simulations. 
 
 
Figure 4.22.  Arching force - elongation curves for unreinforced concrete test and simulations. 
 
 
The effects of variation in restraint stiffness can be seen in Figure 4.23 where the load – deflection 
plots for the 52 MPa compressive strengths are plotted for various axial restraint. The variation in 
compressive strengths can be seen in Figure 4.24 where the normalised load – deflection plots 
for the restraint stiffness 410 kN/mm2 are plotted for various compressive strengths.  
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Figure 4.23.  Load - deflection curves for unreinforced simulations with constant compressive 
strength (fc=52) and variable restraint. 
 
 
Figure 4.24.  Normalised load - deflection curves for unreinforced simulations with constant 
restraint (K=410) and variable compressive strength. 
 
 
The variation in slab thickness can be seen in Figure 4.25 where the normalised load – deflection 
plots for the 52 MPa compressive strengths and 410 kN/mm2 restraint are plotted for various slab 
thickness. As all the simulations have the same span Figure 4.25 is also an indication of the 
effects of span to thickness ratio.  
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Figure 4.25.  Normalised load - deflection curves [pc-u] for simulations with constant restraint 
(K=410) and compressive strength (fc=52) and variable slab thickness. 
 
From the results it can be seen that the FEA covers a broad range of behaviour with the stiffer 
simulations achieving a higher load and lower deflections (Figure 4.23). The higher concrete 
strengths tend to achieve a lower proportion of the maximum load (Figure 4.24) this is likely to be 
at least partly due to the lower strain limits for the higher strength concrete. The increasing or 
reducing of the slab thickness increases or reduces the load for the unlimited simulations. 
However, if the ultimate strain is taken into account the thicker slabs fail at relatively lower loads 
(Figure 4.25). Figure 4.26 plots the arching thrust with a/h, where a is the shear span from the 
load to the support (in all cases a=L/2). The arching force is relatively constant at a/h greater than 
3.5 but reduces significantly below this. The failure mechanism for the low a/h simulations is a 
compression failure with the limiting strains being reached. 
 
 
Figure 4.26.  Normalised arching force-shear span ratio (a/h).  
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Figure 4.27 and 4.28 give the results of the simulations normalised against the limits Pc and Nc in 
a similar manner to the normalisation of the test data in Chapter 3, with the extent of the FEA 
curve highlighted such that the point of failure can be seen. The simulations are grouped in terms 
of the axial restraint stiffness for the figure, however, it can be seen that there is a significant 
overlap between the simulations with different restraint, concrete grades and different slab 
thickness. None of the strain limited simulations reached the theoretical limits no or po (see 
Equations 2.10 and 2.11). This is similar to the point load tested plain concrete slabs of Figure 
3.43.  
 
Figure 4.27.  Normalised load - deflection curves for unreinforced test and simulations with 
respect to concrete capacity po. 
 
Figure 4.28.  Normalised arching force - deflection curves for unreinforced test and simulations 
with theoretical limits. 
 
The FEA is compared with theoretical values calculated using the McDowell, et al. (1956) theory 
(see Equations 2.1 to 2.4) with the strain εc set to the 0.002 value used in the FEA simulations as 
the initial yield value. The McDowell, et al. strain parameter (R) is adjusted by a factor derived 
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from Rankin and Long (1997) method to account for support stiffness as Equation 2.13 giving a 
modified parameter (R’) as Equation 3.7. The upper bound U52-4-250 and lower bound U52-4-
75 results are shown on figure 4.27 and 4.28. The theory bounds the FEA results, however, it is 
clear that the theory does not define the failure points adequately compared with the NL-FEA. 
 
Using the modified McDowell theory and FEA the arching force with NL-FEA deflections and the 
various span to thickness ratio a 3-D interaction diagram can be produced for unreinforced slabs 
of various strengths and restraints loaded with a central point load, Figure 4.29.The diagram is 
similar to that of 3.55 but curtailed as it is only for unreinforced slab strips with point loads and not 
reinforced slabs and UDL. As noted in Chapter 3 the point load data tends to be grouped well 
within the po-no boundaries. The limiting span to thickness ratio for the range of simulations used 
is L/h=35. 
 
Figure 4.29.  Normalised arching force – span to thickness ratio for simulations and limits 
derived from theory. 
 
None of the tests or simulations reached the theoretical limits Po or No. Figure 4.30 shows the 
failure point and type of failure. F-C denotes simulations that reached a maximum load before 
failure, C denotes simulations that failed by reaching the limiting compression strain prior to 
reaching maximum load. From Figure 4.30 the concrete simulations tend to fail at approximately 
0.75 Pc due to reaching the limiting strains. 
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Figure 4.30.  Normalised load - deflection curves for simulations with failure type and location 
noted. 
 
4.3.2 Unreinforced Slab Strips with Haunches   
 
In the test database (Chapter 3, Section 3.4.8) a number of tests had haunches of various sizes. 
The tests were not sufficiently numerous or similar to draw any firm conclusions regarding the 
effect of haunches. An analysis of the effect of haunches on the behaviour of the unreinforced 
slab strip was carried out. A slab similar in size and restraint to the Taylor tests and varying from 
75 mm to 150 mm thick were analysed with varying haunch sizes defined as a percentage of the 
span (see Figure 4.31). The results of the simulations are shown in Figures 4.32 and 4.33. 
Figure 4.31.  Haunch types considered in analysis. 
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Figure 4.32.  Load [kN]-deflection plot of results of haunch analysis. 
 
 
Figure 4.33.  Thrust [kN]-deflection plot of results of haunch analysis. 
 
For the 75mm thick slab two simulations were carried out, one with the restraint at mid slab level 
(as all other simulations) and one with the restraint centred at the bottom of the slab. Tests indicate 
that the level of the tie restraints in ‘steel free’ bridges have some effect on the slab behaviour 
(Mufti, et al., 1993; Bae, et al., 2010; Cho et al., 2013). The simulations indicated that the tie 
location had an effect on the early shape of the load-deflection curve, but had little influence on 
the maximum load. The slab strip with 10% haunch had a slight improvement in load capacity but 
essentially behaved much as the 75 mm slab. Similarly, the slab strip with 50% haunch length 
tapering from 75 mm at mid span to 150 mm at supports achieved a load of 85% of the full depth 
150 mm slab strip simulation. The 25% haunch achieved a load between the 75mm and 150 mm 
slabs (52% of the 150 mm thick slab) showing that the longer haunch can significantly improve 
the load capacity, again this tends to confirm the limited test data results. 
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The non-linear FEA simulations confirm that haunches should be greater than 10% of the length 
of the span (AASHTO, 2007), as small haunches had little influence on the failure load. Larger 
haunches had a more significant effect on the slab strip capacity. The simulations indicate that: 
 
P = P1 + 1.25α2 (P2-P1)        Equation 4.4 
 
Where P1 is the capacity of an un-haunched slab with the thickness at midspan, P2 is the capacity 
of an un-haunched slab with the thickness at the support and α2 is the proportion of the haunch 
to the span (ah/L). 
 
4.3.3. Part Restrained RC Slab Strips with Point Load at Mid Span 
The strength of partially restrained reinforced slab strips is derived from flexure and additionally 
from CMA once the slab has cracked in flexure. Taylor, et al, (2001) tested a series of partly 
restrained slab strips, a number of which were reinforced (tests S1–S9 and S14, S15). Non-linear 
FE simulations of the test were carried out (see Section 4.3.1). Further simulations of slab strips 
of identical size were carried out with various concrete strengths, end restraints, span, steel areas 
and reinforcement type.  
 
Concrete strengths (fc) of 32, 52 and 80 MPa were used with modification for brittleness high 
strength concrete, plasticity and strain. End restraint axial stiffness of 0, 197, 410 and 855 kN/mm 
were modelled. For the reinforced slab strips the ends of the slabs were restrained in bending to 
approximate a fixed end condition for flexure, however, some simply supported simulations were 
made to verify the flexural capacity. The reinforcement in the tests and the majority of simulations 
were steel bars of 500 MPa yield strength and an area of 336mm2. Simulations with increased 
reinforcement of 950mm2 were made. Simulations of slab strips reinforced with GFRP and BFRP 
bars were also modelled (similar to tests B1, B2, G1, G2). Simulations of slab strips of various 
spans were also carried out. The slab depth remains constant in all simulations. Table 4.8 outlines 
the properties of the various reinforced concrete slab strip simulations. 
 
The simulations were analysed in ABAQUS as previous simulations. The limiting compressive 
strain for the 32, 52 and 80MPa concrete was 0.0071, 0.0051 and 0.0041. The simulations failed 
in a variety of modes, flexure, compression and shear. Table 4.9 gives the results of the 
simulations.  
 
Figure 4.34 and 4.35 gives the load - deflection cures and the arching force – deflection curves 
of the simulations and tests S2-S15.  Figure 4.36 gives the arching force - elongation cures of the 
simulations and test. From the figures it is concluded that the load-deflection curves (Figure 4.34) 
of the simulations are within the expected limits of the tests, that the arching force-deflection curve 
(Figure 4.35) is as expected although like with the unreinforced slabs the tests give lower arching 
forces at low loads. The arching force-elongation curve (Figure 4.36) is linear for the various 
stiffness’s of the simulations. 
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Table 4.8. Data used in FEA simulations of RC slab strips with point load. 
 
 
 
 
 
 
Table 4.9. Results of reinforced FEA simulations with point load. 
Simulation Concrete 
strength MPa  
Axial 
restraint 
depth Span Comment 
fc fc’ kN/mm mm mm 
R32-0-150s 32 27.5 0 150 1425 Similar to test S6 
R32-0-150 32 27.5 0 150 1425  
R32-1-150 32 27.5 197 150 1425 Similar to test S2 
R32-4-150 32 27.5 410 150 1425 Similar to test S14 
R32-8-150 32 27.5 855 150 1425  
       
R52-0-150 52 44.0 0 150 1425  
R52-1-150 52 44.0 197 150 1425  
R52-4-75 52 44.0 410 75 1425  
R52-4-100 52 44.0 410 100 1425  
R52-4-150 52 44.0 410 150 1425 Similar to test S15 
R52-8-150 52 44.0 855 150 1425  
       
R80-0-150s 80 59 0 150 1425 Similar to test S7 
R80-0-150 80 59 0 150 1425  
R80-1-150 80 59 197 150 1425 Similar to test S5 
R80-4-150 80 59 410 150 1425 Similar to test S9 
R80-8-150 80 59 855 150 1425  
       
X32-0-150s 32 27.5 0 150 1425 X simulations have 
1.9% reinforcement X32-0-150 32 27.5 0 150 1425 
X32-1-150 32 27.5 197 150 1425 
X32-4-150 32 27.5 410 150 1425 
X32-8-150 32 27.5 855 150 1425 
       
X52-8-150 52 44.0 855 150 1425  
B52-8-150 52 44.0 855 150 1425  
G52-8-150 52 44.0 855 150 1425  
       
L52-0-150 52 44.0 0 150 2850  
 
L, LL and SL 
simulations have 
revised spans  
L52-1-150 52 44.0 197 150 2850 
L52-4-150 52 44.0 410 150 2850 
L52-8-150 52 44.0 855 150 2850 
      
LL52-4-150 52 44 410 150 5700 
LS52-4-150 52 44 410 150 475 
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Simulation Failure Load   
Failure type Load  
 
P  kN 
Arching 
Force 
N kN 
Deflection 
 
 δ  mm 
R32-0-150s 52.1 - 31.0 Flexure 
S6 47 - 19 Flexure 
R32-0-150 108.2 - 21.1 Flexure 
R32-1-150 174.2 250.7 17.5 Shear 
S2 145 115 24 Crushing 
R32-4-150 186.9 322.3 16.2 Shear 
S14 195 128 22 Crushing 
R32-8-150 202.1 379.4 15.4 Shear 
     
R52-0-150 110.1 - 21.3 Flexure 
R52-1-150 210.4 335.3 19.0 Compression 
R52-4-75     
R52-4-100     
R52-4-150 229.2 402.0 16.5 Compression 
R52-8-150 246.9 474.7 15.3 Compression 
     
R80-0-150s 51.1 - 13.1 Flexure 
R80-0-150 110.6 - 27.1 Flexure 
R80-1-150 233.7 401.7 21.1 Compression 
S5 192 135 22 Crushing 
R80-4-150 259.2 481.4 17.9 Compression 
S9 250 164 19 Crushing 
R80-8-150 292.5 613.9 18.2 Compression 
     
X32-0-150s 123.8 - 23.9 Flexure 
X32-0-150 243.4 - 9.4 Compression 
X32-1-150 279.7 126.9 14.6 Shear 
X32-4-150 289.0 159.4 14.4 Shear 
X32-8-150 289.6 194.6 12.6 Shear 
     
X52-8-150 342.3 339.8 13.3 Shear 
B52-8-150 306.8 467.7 17.3 Shear 
G52-8-150 328.3 456.6 17.5 Shear 
     
L52-0-150 48.3 - 19.2 Flexure 
L52-1-150 79.7 290.2 57.6 Flexure 
L52-4-150 84.8 333.9 50.3 Compression 
L52-8-150 88.7 355.3 48.1 Compression 
     
LL52-4-150 27.8 130.0 52.9 Flexure 
LS52-4-150 506.1 416.1 6.8 Compression 
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Figure 4.34.  Load - deflection curves for reinforced concrete test and simulations. 
 
Figure 4.35.  Arching force - deflection curves for reinforced concrete test and simulations. 
 
Figure 4.36.  Arching force - elongation curves for reinforced concrete test and simulations. 
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Wood (1961), Christiansen (1963) Eyre (1997) and others look at the behaviour of restrained slab 
strips by separating out the arching action and the bending (Figures 2.6 and Equation 2.7), with 
the arching action estimated using a reduced effective thickness ha, where ha = h – 2c and c is 
the depth of the concrete in compression from bending. These methods are the basis of the UK 
standard CD360 (HE, 2017) approach to CMA. Reducing the effective height used for arching 
may affect the accuracy of the load capacity because as noted from the analysis of the database 
the span to depth ratio has a significant effect on behaviour and using a reduced depth will tend 
to increase the predicted deflections (Figure 3.19). It is also possible to use the full depth for CMA 
and a reduced depth for bending. However, in this thesis some reduction in both bending and 
CMA components are proposed as Equation 4.5.  
 
P = kbPy +kcβPc         Equation 4.5 
 
Where kb is a flexural reduction factor and kc is an arching reduction factor which from the 
unreinforced slab FEA is approximately 0.75 (Figure 4.30). However, kc will be dependent on the 
span to thickness ratio, strain parameter R, the reinforcement content, etc. similar to Equation 
3.6a. 
 
With the separation of arching and bending it is common to normalise results with respect to the 
bending strength of the slab. Figure 4.37 shows the tests and FEA simulations of Figure 4.34 
normalised with respect to the theoretical bending load Py. The figure also outlines the FEA results 
showing the point of failure assuming a limit to the ultimate strain of the concrete (0.004 for 80 
MPa, 0.0051 for 52 MPa and 0.0071 for 32 MPa concrete). From the figure it can be seen that 
the enhancement over the pure bending capacity varies from 25% to 300%. However, as noted 
in Chapter 3, Section 3.4.1 for the CMA database, this normalisation does not satisfactorily outline 
the CMA component which is related more to the geometry of the concrete section and its 
strength. 
 
Figure 4.37.  Normalised load-deflection curves for simulations with respect to flexural capacity.  
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Figure 4.38 gives the results of the NL-FEA simulations and tests normalised with respect to the 
concrete capacity Pc. The un-limited and limited strain curves for the FEA are given. The FEA 
with limiting strains are grouped with various restraint stiffness. The behaviour is generally as 
expected with failures near the po line. However, for the heavily reinforced simulations the mode 
of failure is in shear. 
 
Figure 4.38.  Normalised load - deflection curves for simulations with respect to concrete 
capacity. 
 
Figure 4.39 gives the results of the simulations and the tests with the arching thrust normalised 
against the section concrete capacity Nc.  
  
Figure 4.39.  Normalised arching force - deflection curves for simulations.  
 
Figure 4.40 plots the FEA simulations and tests for the 80MPa concrete. There is a good 
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S7. The FEA simulation of the fixed end beam with no axial restraint (R80-0-150) is in good 
agreement with the theoretical Py limit which is approximately twice that of the simply supported 
0
0.5
1
1.5
0 0.25 0.5
P/βPc
δ/h
FEA
0
197
410
855
Po
tests
R80-0-150s
0
0.25
0.5
0 0.25 0.5 0.75 1
N/No
δ/h
FEA
197
410
855
No
tests
R30-8-150
X30-8-150 
Equation 2.11 
R80-1-150 
Equation 2.10 
Chapter 4  Non-Linear Finite Element Analysis 
114 
 
slab. The capacity of the unreinforced, part restrained NL-FEA simulation (U80-4-150) and the 
S10 test are also in good agreement. The capacity of the reinforced part restrained NL-FEA 
simulation (R80-4-150) and the S9 test are also in good agreement (see Section 4.2.5). For the 
unlimited strain FEA simulations the reinforced concrete simulation has a capacity that is 
approximately Py greater than the unreinforced capacity. However, the strain limited simulations 
and tests both give a smaller difference, the full capacity of the section not being developed.  The 
development of the flexural and CMA components are considered further later in this chapter, 
Section 4.4. 
  
Figure 4.40.  Load - deflection curves for reinforced concrete and unreinforced tests and 
simulations. 
 
The variation in restraint stiffness can be seen in Figure 4.41 where the load – deflection plots for 
the 52 MPa compressive strengths are plotted for various axial restraints. There is a small 
variation in the concrete strengths of the tests used for comparison (see Table 4.5). The effect of 
variation in compressive strengths can be seen in Figure 4.44 where the normalised load – 
deflection plots for the restraint stiffness 410 kN/mm2 are plotted for various compressive 
strengths.  
 
Figure 4.41.  Load - deflection curves for simulations with constant compressive strength 
(fc=52 MPa) and variable restraint. 
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Figure 4.42.  Normalised load - deflection curves for simulations with constant restraint and 
variable compressive strength. 
 
The variation in slab span can be seen in Figure 4.43 where the normalised load – deflection plots 
for the 52 MPa compressive strengths and 410 kN/mm restraint are plotted for various slab spans. 
The variable spans with constant slab thickness mean Figure 4.43 is also an indication of the 
variation with span to thickness ratio.  
 
Figure 4.43.  Normalised load - deflection curves for simulations with constant restraint and 
compressive strength and variable slab span. 
 
The normalised arching force-deflection data for the various span simulations are plotted in Figure 
4.44. 
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Figure 4.44.  Normalised arching force - deflection curves for simulations. 
 
From the results it can be seen that the FEA covers a broad range of behaviour with the stiffer 
simulations achieving a higher load (Figure 4.41). The higher concrete strengths tend to achieve 
a lower proportion of the maximum load (Figure 4.42). These findings are similar to those of the 
database analysis of Section 3.4.7 and the NL-FEA of section 4.3.1. The increasing of the slab 
span reduces the relative load capacity (Figure 4.43) and achieves lower arch thrusts (Figure 
4.44). However, the increased span to depth ratio is more ductile, maintaining the load and 
arching thrust over a larger deflection range.  Figure 4.45 plots the arching thrust with a/h, where 
a is the shear span from the load to the support (in all cases a=L/2). The arching force is relatively 
constant but reduces slowly after a/h of 5. This behaviour of the reinforced simulations is different 
to that of the unreinforced simulations (see Figure 4.26). 
 
 
Figure 4.45.  Normalised arching force-shear span ratio (a/h).  
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Figure 4.46 shows the load - deflection curves for simulations with constant restraint and 
compressive strength and variable reinforcement type (U30 unreinforced, R30 0.68% steel, G30 
0.68% GFRB, B30 0.68% BFRB). All of the reinforced simulations fail at a similar load. The 
unreinforced slab achieves a load capacity greater than the theoretical bending strength of 
unrestrained reinforced concrete.  
 
 
Figure 4.46  Load -deflection curves for simulations with constant restraint and compressive 
strength and variable reinforcement type (U30 unreinforced, R30 0.68% steel, 
G30 0.68% GFRB, B30 0.68% BFRB). 
 
Figure 4.47 shows the load - deflection curves for simulations with constant restraint and 
compressive strength and variable steel reinforcement amount (U30-0.0%, R30-0.68%, X30-
1.92%). The proportion of arching (Pa) relative to the flexural capacity (Py) is reduced for increased 
reinforcement amounts. Figure 4.48 shows the normalised thrust-deflection curves for the 
simulations with variable reinforcement. There is little difference in thrusts for the simulation with 
low reinforcement contents and the unreinforced concrete simulations. The amount of arching 
thrust is significantly different between the low and high reinforcement contents.  
 
Figure 4.47.  Load - deflection curves for simulations with constant restraint and compressive 
strength and variable steel reinforcement amount (U30 0.0%, R30 0.68%, X30 
1.92%). 
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Figure 4.48.  Normalised arching force-deflection curves for reinforced concrete simulations 
with constant restraint and strength and variable steel ratios (U30 0.0%, R30 
0.68%, X30 1.92%). 
 
Current theories from Christiansen (1963) to Rankin & Long (1997) assume that the flexure is 
dominant, and that CMA occupies the remaining capacity (see Equations 2.7 and 3.1). Hence 
assuming the tensile force in the steel (T) is 0.5Nc. then the maximum reinforcement is defined 
by Equation 4.5a (at ρmax then no=0). For a slab with no reinforcement then the reinforcement has 
no effect on the CMA force. Assuming a linear relationship between the two limits then kρ in 
Equation 3.6 can be defined by Equation 4.5b. Figure 4.49 plots the arching force against the 
normalised reinforcement ratio together with the theoretical limit (kρ no). The figure confirms that 
that the arching reduces with increased reinforcement content. 
 
ρmax = 0.58௙௖ᇱ௙௬           Equation 4.5a 
kρ = 1 - ఘఘ௠௔௫          Equation 4.5b 
 
Figure 4.49.  Normalised arching force–normalised reinforcement ratio for reinforced and 
unreinforced concrete simulations with variable compressive strength and variable 
steel reinforcement ratios. 
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Figure 4.50 plots the normalised load-deflection curves of the NL-FEA simulations of Table 4.8 
and 4.9 with the failure types. Most of the tests fail in a flexural or compressive mode similar to 
that noted in the test (Figure 3.35). Some shear failures are noted, these are simulations with high 
reinforcement ratios. The simulations failed at or below the po line, again similar to the tests loaded 
with point loads at mid span (Figure 3.25). The range of failure loads for the reinforced slab strips 
is larger than the unreinforced strips of Figure 4.30. 
 
 
Figure 4.50.  Normalised load - deflection curves for simulations showing failure type. F-
flexure, C-compression, V-shear. 
 
 
 
4.3.4 Other RC Slab Strips 
The above tests and simulations have rotationally fixed or free supports, the simulation is 
extended to more realistic restraints. The slab strip is supported on columns and is part of a frame 
in tests by Vecchio and Tang (1990). The ends of the slab strips are restrained by beams as part 
of a beam and slab structure in tests by Hon, et al. (2005), or by the webs of a box girder in tests 
by Choi (2005) and Choi and Oh (2013). Note the Hon strip tests use saw cuts to create the strips, 
in the FEA simulations a thin strip of very low stiffness elements were used to represent the saw 
cut. Details of the tests are given in Chapter 2, Section 2.3 and summarised in Table 4.10. The 
layout of the layered shell FEA models for these tests are shown in Figures 4.51 to 4.53. The 
Vecchio and Tang and Hon et al. tests are of line loads (point) at mid-span, the Choi and Oh tests 
use twin line loads. 
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Table 4.10.  Additional test data used to validate FEA. 
Test 
Specimen 
Ref 
fc 
 
MPa 
fy 
 
MPa 
Top 
Reinf’ 
Area 
mm2 
Bot’m 
Reinf’ 
Area 
mm2 
L 
 
mm 
h 
 
mm 
b 
 
mm 
 
PT 
 
kN 
δT 
 
mm 
 
Vecchio & 
Tang. 
         
TV1 29.7 452 892 449 3076 100 1500 77#  
TV2 30.2 484 892 449 3076 100 1500 90 40 
Hon et al.          
S1Fd 29.4 660 112 112 600 75 300 81 ## 
S2Fa 34.9 660 112 112 600 75 300 74 7 
S3Fa 22.2 660 112 112 600 75 300 64 ## 
S4Fa 38.0 660 112 112 600 75 300 108 ## 
S5Fa 22.6 660 112 112 600 75 300 72 ## 
Choi & Oh          
HCase1 40.0 398 2292 1589 4600 250 1000 557 24 
HCase2 40.0 398 2292 1589 4550 250* 1000 766 31 
HCase3 40.0 398 2292 1589 4500 250** 1000 1143 39 
# estimated as test apparatus failed just before yield.    ## unknown 
* 352mm at haunch  ** 450mm at haunch 
 
 
Figure 4.51.  FEA Models for Vecchio & Tang. 
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Figure 4.52.  FEA Models for Hon, et al. tests a) test series 4 and 5 with edge cantilever          
b) test series 1, 2 and 3 without cantilever. 
 
 
Figure 4.53.  FEA Models for Choi & Oh box girders. 
 
The simulations were analysed in ABAQUS standard as a static analysis using the Riks/arc 
method with a displacement control approach and layered shell elements as the previous 
simulations. Single rigid node restraints were used at test support locations. The limiting 
compressive strain for the 30 to 40 MPa concrete was 0.0071. The simulations failed in a variety 
of modes, flexure, crushing and shear. Table 4.11 gives the results of the simulations. Figure 4.54 
to 4.56 gives the deflected shape and stresses at failure of the simulations. The Hon et al. tests 
are slabs supported on beams, a more realistic structure but one that makes comparison of FEA 
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and tests more difficult. In the tests the load- deflection data at the centre of the slab is given but 
the deflections of the beams are noted only at ultimate load and so an accurate load deflection 
curve for the test is more difficult to produce. 
 
Table 4.11. Results of reinforced FEA simulations- Various RC slab strip structures. 
Simulation Failure Load   
Failure type 
Test Load 
Table 4.10 
PT [kN] 
PT/P 
 
Load  
 
P  kN 
Arching 
Force N 
kN 
Deflection 
 
 δ  mm 
TV1  77  35 flexure 77 1.00 
TV2  88 227 45 flexure 90 1.02 
S1Fd 75 240 11 crushing 81 1.08 
SF2d 85 277 11 crushing 74 0.87 
SF3d 77 230 13 crushing 64 0.83 
SF5d 78 211 11 crushing 72 0.92 
HCASE1  544 - 32 flexure 567 1.04 
HCASE2 725 - 32.5 flexure 835 1.15 
HCASE3 953 - 36.5 flexure 1192 1.27 
Average 1.02 
Standard Deviation 0.14 
 
 
Figure 4.54.  Deflected shape and Von Mises stress plot for simulation TV2 (increment 14). 
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Figure 4.55.  Deflected shape and Von Mises stress plot for simulation S1d (increment 34). 
 
 
Figure 4.56.  Deflected shape and Von Mises stress plot for simulation HCASE1 (increment 
32). 
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Figure 4.57 shows the normalised load-deflection curves of the NL-FEA with the failure types. 
Most of the tests fail in a flexural or compressive mode similar to that of the test (Figure 3.31).  
 
Figure 4.57.  Normalised load - deflection curves for simulations showing failure type. 
 
4.3.5  Discussion of Findings from NL-FEA of Slab Strips 
 
The NL-FEA method was used to extend the testing noted in Chapter 3. The first area considered 
was that of the unreinforced slab strip. 13 simulations were run based on variations of test S10 
by Taylor (2000). The simulations looked at the effects of variations in strength, restraint stiffness 
and span to depth ratio. The simulations confirmed that the span to depth ratio has a large 
influence on behaviour (Park & Gamble, 2000) for slabs with restraint. The simulations were able 
to predict the failure type (compression or flexure) based on the simulations reaching the limiting 
compressive strain.  Further development of the 3-D interaction for point loads was carried out as 
Figure 4.29. The reduction factor for reinforcement was defined in Equation 4.5. 
 
The non-linear FEA was also used to look at the effects of haunches on unreinforced slab strips. 
The simulations confirm that haunches should be greater than 10% of the length of the span to 
influence the slab strength, as small haunches had little influence on the failure load. Larger 
haunches had a more significant effect on the slab strip capacity, and a relationship with haunch 
size was established (Equation 4.4). 
 
The non-linear FEA method was extended to a range of reinforced concrete slab strips. The 
method is able to determine compressive and flexural failure mechanisms directly, if used in 
conjunction with critical shear crack theory then shear failures can be determined.  The pattern of 
failures determined from the simulations is consistent with that from the test data of Chapter 3. 
The simulations confirmed that the amount of reinforcement has an effect on the amount of CMA 
arching occurring a relationship with reinforcement content established. 
 
The simulations indicate that a modification factor to the flexural component (ky) of the capacity 
is required at high reinforcement ratios and at high span to depth ratios. The modification factor 
is further investigated in subsequent chapters of this thesis. 
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4.4 Serviceability and Development of CMA  
 
4.4.1  Development of CMA 
 
The results of selected NL-FEA and tests of slab strips are given in Figures 4.58, 4.59 and 4.60. 
The simulations were selected from Table 4.9 and 4.11 to cover a range of restraints and span to 
depth ratios but have similar concrete strengths and similar reinforcement ratios. Figure 4.58 
shows the normalised load deflection curves for the simulations with the load normalised against 
the theoretical yield load. The simulations show the typical behaviour observed in most tests and 
simulations with unrestrained slabs failing at Py and partially restrained slabs achieving a greater 
load. The load deflection plots are similar but at the beginning of the curve the restrained slabs 
are slightly stiffer. 
 
 
Figure 4.58. Normalised load - deflection curves for selected NL-FEA simulations. 
 
Figure 4.59 shows the normalised CMA axial force- deflection curves. Figure 4.60 shows the 
normalised load - CMA axial force curves. The tests and simulations indicate that there is some 
CMA force even at the initial stages prior to the yield load.  
 
Figure 4.59. Normalised arching force-deflection curves for selected NL-FEA simulations. 
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Figure 4.60. Normalised load – arching force curves for selected NL-FEA simulations. 
 
The compressive strain in the slab was found to be an important parameter in the NL-FEA 
simulations. For many tests and simulations, the failure load was determined by the reaching of 
the ultimate compressive strain. Figure 4.61 plots the normalised compressive strain (normalised 
against the ultimate compressive strain) and the normalised load for a series of restrained and 
unrestrained tests and NL-FEA simulations.  
 
 
Figure 4.61.  Normalised load - top fibre concrete compressive strain plots for a series of NL-
FEA simulations (normalised with εu). 
 
For the development of CMA and at SLS the concrete strain below the limiting value (εc) of 0.002 
at which non-linearity occurs (see Figure 4.16) is considered Figure 4.62 which uses the same 
data but with a modified normalisation (normalised against the 0.002 compressive strain). 
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Figure 4.62.  Normalised load - top fibre concrete compressive strain plots for a series of NL-
FEA simulations (normalised with εc). 
 
The development of compressive strain in the simulations shows a significant difference in 
behaviour between the restrained and unrestrained simulations, beyond the theoretical flexural 
capacity (Py). The restrained slabs tend to achieve the maximum compressive strain and fail in a 
compressive mode. The unrestrained simulations do not achieve full compression, the R50-0 and 
L50-0 simulations fail in a shear mode using critical shear crack theory. 
 
The failure of some tests and some estimates of the failure type in the simulations were similar to 
those predicted by CSCT (see Figures 4.17 and 4.18). In CSCT the mid-level strain in the slab is 
an important parameter. Figure 4.63 plots the normalised mid strain (normalised against the 
reinforcement yield strain) and the normalised load for a series of restrained and unrestrained 
tests and NL-FEA simulations. At Py the strain is reduced for the restrained simulations. 
 
Figure 4.63. Normalised load - mid fibre tensile strain plots for a series of NL-FEA simulations. 
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Figure 4.64 plots the normalised mid strain and the normalised arching force for a series of 
restrained and unrestrained tests and NL-FEA simulations. The arching force increases with 
increasing strain. 
 
Figure 4.64.  Normalised arching force - mid fibre tensile strain plots for a series of NL-FEA 
simulations. 
 
Figure 4.65 shows the normalised mid strain and the normalised deflection for a series of 
restrained and unrestrained tests and NL-FEA simulations. The development of mid section strain 
in the simulations shows a significant difference in behaviour between the simulations with 
different span to depth ratios. There is also a difference in strain between restrained and 
unrestrained simulations, the restrained simulations having a lower strain at any given deflection. 
 
Figure 4.65.  Normalised mid-section tensile strain – deflection plots for a series of NL-FEA 
simulations. 
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Current theories involving CMA assume that the reinforcement yields and that the slab capacity 
is the flexural capacity plus the CMA (Christiansen and Fredrickson, 1983; Rankin and Long, 
1997), implying that the reinforcement yields, then CMA follows. The NL-FEA simulations (see 
Section 4.3.3) and some tests (Vecchio and Tang, 1990; Taylor, 2000) indicate that some CMA 
occurs prior to yielding of the reinforcement.  Figure 4.66 plots the normalised tensile strain in the 
reinforcement (normalised against the yield strain) and the normalised deflection for a series of 
restrained and unrestrained tests and NL-FEA simulations. For the development of CMA and for 
SLS behaviour the reinforcement will not be at yield and be at less than 0.8fy (BSI, 2004a), see 
Chapter 6, Section 6.5.4. At a given load the strain in the reinforcement for a restrained slab is 
lower. 
 
Figure 4.66.  Normalised reinforcement tensile strain – normalised load plots for a series of 
NL-FEA simulations. 
 
 
Figure 4.67.  Normalised reinforcement tensile strain – deflection plots for a series of NL-FEA 
simulations. 
 
0
0.5
1
1.5
2
2.5
3
3.5
4
0 0.5 1 1.5 2 2.5 3
P/Py
ε/εy
L50-0
L50-1
L50-4
L50-8
R50-0
R50-1
R50-4
R50-8
TV1
TV2
0
0.5
1
1.5
2
2.5
3
3.5
4
0 0.25 0.5 0.75 1
ε/εy
δ/h
L50-0
L50-1
L50-4
L50-8
R50-0
R50-1
R50-4
R50-8
TV1
TV2
TV1 test
TV2 test
0.8fy 
0.8fy 
Chapter 4  Non-Linear Finite Element Analysis 
130 
 
Figure 4.67 plots the normalised tensile strain in the reinforcement and the normalised deflection 
for a series of restrained and unrestrained tests and NL-FEA simulations. The results of the 
simulations in Figure 4.66 and 4.67 indicate that there is a difference in the development of tensile 
strains in the reinforcement between restrained and unrestrained simulations. The largest 
influence on the development of reinforcement strain is the span to thickness ratio, as observed 
in Chapter 3, Section 3.7. 
 
From the top, middle and reinforcement strains the depth in compression (x) to zero strain axis 
can be determined. The normalised compression depth for the unreinforced (U30) simulations 
are plotted against normalised deflections in Figure 4.68. The compression depth reduces then 
rises again, from the data the minimum location occurs near the 0.002 concrete strain (εc).  
 
Figure 4.68. Normalised compression depth–normalised deflection for unreinforced concrete 
simulations. 
 
The normalised compression depth for the reinforced (R30 and X30) simulations are plotted 
against normalised deflections in Figure 4.69. For the unrestrained simulations the compression 
depth reduces and then is constant. For the restrained simulations the compression depth 
reduces then rises again, from the data the minimum location occurs with the 0.002 concrete 
strain (εc). The depth in compression for the restrained slab is larger than that of the unrestrained 
slab. 
 
Figure 4.69. Normalised compression depth–normalised deflection for reinforced concrete 
simulations. 
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4.4.2 Serviceability and Cracking 
 
From the concrete tension model of Section 4.2.4 it was noted that the crack width is related to 
the strain, element size and fracture energy. The crack width at the maximum strain is given by 
Equation 4.8a and 4.8b, where wc is the maximum crack width, wt is the crack width at 0.33fct, 
where fct is the concrete tensile strength, α is a length parameter and GF is the fracture energy. 
 
wc = ఈ ௙௖௧ GF           Equation 4.8a 
 
wt = ଶ ௙௖௧ GF – 0.15 wc         Equation 4.8b 
 
Using the fracture energy and tensile strengths used in the simulations (see Section 4.2.4) the 
relationship between the strain and crack width can be determined, this is plotted below in Figure 
4.70. For the simulations wt = 0.105mm, wc = 0.77mm, and at any given strain the crack width is 
w = 0.105 + 67ε. The normalised bottom fibre strains from the FEA simulations are plotted in 
Figure 4.71. 
 
Figure 4.70. Relationship between extreme fibre strain and crack width [mm] for NL-FEA 
simulations 
 
Figure 4.71. Normalised bottom fibre tensile strain – deflection plots for a series of NL-FEA 
simulations. 
 
The crack widths with load are plotted in Figure 4.72 based on the tensile strains shown in Figure 
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width estimates of the restrained simulations are smaller at a given load than the unrestrained 
slab strips. At larger loads the difference in crack width between restrained and unrestrained 
simulations is significant, the reduced tensile strain and cracking of restrained slabs leading to 
higher capacities using CSCT ((Muttoni, et al., 2008). At the serviceability limit state in current 
codes (BSI, 2004a) crack widths of approximately 0.3mm are used for durability and visual 
requirements, at the 0.3mm crack width restrained simulations carry higher loads than 
unrestrained simulations. 
 
Figure 4.72.  Development of crack widths with load for various tests and simulations. 
 
In current Eurocode Standards (BSI,2004a) crack widths can also be estimated by considering 
the stress in the reinforcement (see Section 6.5.4). For the simulations with small bars at 180mm 
centres the limiting stress is taken from Eurocode 2-1 Table 7.2 or 7.3 as 180MPa for a 0.2mm 
crack width and 300PMa for a 0.4mm crack width. Figure 4.73 shows the development of 
reinforcement stress with load for the simulations. It can be seen that for the restrained slab strips 
the load is typically 1.1 to 1.3 greater than the unrestrained slab simulations. The 0.2 and 0.4mm 
crack width stresses are noted on the figure. 
 
 
Figure 4.73.  Development of load with reinforcement stress [MPa] for various simulations. 
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4.4.3 Development of CMA Summary 
 
The non-linear FEA simulations indicate that the development of CMA occurs at the initial stages 
and does not start at reinforcement yield, as assumed in many CMA theories (e.g.Park, Eyre, 
Rankin & Long). The rate of increase in strain is related to deflection rather than load.  The rate 
of development of the strains vary significantly with the span to depth ratio of the slab strip. The 
reduced tensile strains of the restrained slabs lead to some reduction in crack widths.  
 
 
 
4.5 FEA Simulations of 1-Way Spanning Slabs 
 
4.5.1 Comparison of Slab Strip and 1-Way Slabs 
 
The NL-FEA simulations in the previous section have been on slab strip type structures. This 
section looks at 1-way spanning slabs. Hon et al. (2005) tested slabs with saw-cuts (slab strips) 
and without saw-cuts (1-way) noted in Section 3.4.6 of the previous chapter. The without saw-cut 
slabs are simulated in this section and compared with the saw-cut simulations from the previous 
sections. Table 4.12 gives the properties and results of the tests.  
 
Table 4.12.  1-way spanning slab data. 
Test 
Specimen 
Ref 
fc 
 
MPa 
fy 
 
MPa 
T&B 
Reinf’ 
Area 
mm2 
L 
 
mm 
h 
 
mm 
Beam 
width 
B 
 
mm 
PT 
 
kN 
δT 
 
mm 
 
δB 
 
mm 
 
Hon et al.          
S1 29.4 660 112 600 75 130 Not tested 
S2 34.9 660 112 600 75 165 142.9 13.0 7.1 
S3 22.2 660 112 600 75 200 142.0 10.5 5.7 
S5 22.6 660 112 600 75 200+ 123.7 7.6 3.3 
 
 
Table 4.13 gives the results of the simulations. In the Hon et al. tests the application of the load 
for the strip tests was a 300mm long line load across the strip width, for the 1-way slab test the 
load was a 200mm wide patch load with 100mm length along the span. For the 1-way spanning 
simulation of test S2 two loading types were used; a line load 300mm wide as applied to the strips 
and a 200 by 100 patch load as used in the tests. For other simulations, the patch load only was 
used. For the simulations, the results of two failure criteria are given; crushing of the concrete 
based on the strain and punching shear using CSCT (Equation 2.17).  Arching forces are given 
in Table 4.13 for each simulation. This was determined at 50mm from the edge of the load near 
mid span. The mid span arching is always larger than that at the edges, the edge value is 
tabulated. 
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Table 4.13. Results of reinforced FEA simulations- 1-way spanning. 
Simulation Failure Load   
Failure type Load  
 
P kN 
Arching 
Force 
N kN 
Deflection mm 
 
 δT   δB  δT- δB 
S2  192.2 
135.5 
366.1 
234.2 
22.6 
12.6 
13.0 
8.1 
9.6 
4.5 
Crushing 
Shear 
S2 load as strip 154.0 - 16.0 9.5 6.5 Crushing 
S3 180.0 
111.0 
342.5 
187.2 
20.3 
9.8 
12.1 
6.5 
8.2 
3.3 
Crushing 
Shear 
S5 171.0 
110.0 
340.2 
202.1 
17.3 
8.8 
9.6 
5.5 
7.7 
3.3 
Crushing 
Shear 
 
The deflection plots and von Mises stresses for simulation S2 is shown in Figure 4.74 this 
simulation is similar to that for the saw-cut simulation shown in Figure 4.57. It can be seen that 
without the saw cut the load spreads further along the slab and beam. The deflection plots and 
von Mises stresses for simulation S5 is shown in Figure 4.75. 
 
Figure 4.74.  Deflected shape and Von Mises stress plot for simulation S2. a) layer 1 (top)     
b) layer 10 (bottom). 
 
Figure 4.75.  Deflected shape and Von Mises stress plot for simulation S5  a) layer 1 (top)     
b) layer 10 (bottom). 
be 
be 
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The load deflection curves for the simulations S2 and S5 are shown in Figure 4.76. The load 
deflection data from the equivalent saw cut simulation (slab strip) is also given for comparison. 
The uncut slabs carry higher loads (approximately twice that of the slab strip) and are significantly 
stiffer. 
 
Figure 4.76.  Normalised load - deflection curves for simulations with (S2F, S5F) and without 
the saw cut (S2, S5). 
 
4.5.2 Equivalent Slab Strips 
 
The results of the 1-way simulation indicate that they are stiffer than the strip analysis. 
Westergaard (1930) outlined the width of an effective strip (be) for a wheel load as a function of 
the span (L) and the wheel size (s) as Equation 4.9a: 
 
be = 0.58L+ 2s         Equation 4.9a 
Lantsoght et al. (2015) estimated the effective width for shear effects which a wheel load would 
spread as dependent on the shear span (a) and the wheel size: 
 
be = 2(a+s) +s          Equation 4.9b 
 
For the Hon et al. tests the effective width using Equation 4.9a is calculated as 631mm, some 
210% larger than the 300mm strip, but broadly in line with the ratio of failure loads. Using Equation 
4.9b the effective width is 900mm, some 300% larger than the 300mm strip. This width would 
overestimate the load capacity. However, consideration of the spread of stresses (blue/green) in 
Figures 4.74 and 4.75 indicates that the load does influence this width. Hence Equation 4.9b is 
an effective with for calculation of forces but Equation 4.9b is an estimation of the zone of 
influence. 
 
The effective width can be used to approximate the load deflection behaviour of a 1-way spanning 
slab, Figure 4.77 gives the test S2 1-way spanning slab load-deflection curve with the S2fe NL-
FEA curve increased by a factor of 2.1 as calculated by Equation 4.9a. The load deflection curve 
is a reasonable approximation however the failure load is not the same as slab strips tend to be 
ductile CMA-flexure whereas the 1-way slab fails in crushing or punching shear. The CSCT 
0
50
100
150
0 2.5 5 7.5 10
Lo
ad
 [k
N
]
deflection [mm]
S2fe
S2
S5fe
S5
1-way 
Slab strip 
Chapter 4  Non-Linear Finite Element Analysis 
136 
 
method using Equation 2.17 is used to estimate the punching shear failure of the simulation giving 
a failure load of 124kN for C2 and 119kN for the effective width slab strip. The failure load of the 
test noted in Table 4.12 is 142.9kN. 
 
Figure 4.77.  Normalised load - deflection curves for simulations S2, S2Fe and effective width 
simulation, with CSCT punching capacities. 
 
4.6.  Summary & Conclusions 
 
In this chapter a series of non-linear FEA analysis using the concrete damaged plasticity model 
in ABAQUS was used to estimate the combined bending and CMA response of slab strips. 
Through thickness and layered shell NL-FEA simulations were carried out. From a comparison of 
the NL-FEA simulations it was concluded that, providing consideration of tensile strains through 
its depth are made (Equation 4.3), the layered shell FEA can give a reasonable simulation of 
actual behaviour for most situations and when used in conjunction with CSCT to predict shear 
failures.  However, the layered shell FEA was less accurate for simulations where there was a 
low rotational restraint at supports; it underestimates the amount of CMA compared with tests. 
 
The simulations used two different material constitutive models, one representing the full stress 
strain profile of the concrete, and the second a simplified bi-linear model. The simplified model 
provided the more accurate approximation of the whole load-deflection profile, the full stress-
strain model tending to be over stiff and to stop at lower deflections prior to achieving maximum 
load. This conclusion on the use of a simplified bi-linear model conforms with Eurocode (BSI, 
2004a) requirements and the recommendations of Fernandez-Ruiz and Muttoni (2007). The 
simulations were also mesh size dependant and so a mesh sensitivity analysis is required. The 
simulations were reasonably consistent for both load and deflection over a wide range of concrete 
strengths (fc = 27 to 81MPa) and span to thickness ratios (3.8 to 38.0). The NL-FEA results confirm 
that the multi-layer shell FEA can reasonably predict the bending or CMA failure in concrete slab 
strips and can model the interaction of bending and CMA. However, NL-FEA can give a wide 
range of results and some benchmarking against tests is required. 
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The through thickness shell NL-FEA does not consider shear effects and some modification of 
the FEA may be required. The strains or rotations from the NL-FEA can be used to estimate the 
shear capacity using Critical Shear Crack Theory (CSCT), the resulting analysis giving reasonable 
predictions of the load-deflection behaviour. 
 
The work satisfies objective D (see Section 1.3) to explore the use of Finite element analysis with 
compressive membrane action, outline important parameters, improve on previous finite element 
analysis results and verify the results against tests from the database.  The use of non-linear 
Finite Element Analysis is promising towards assessing CMA. 
 
4.6.1 Unreinforced Slab Strips 
 
The NL- FEA method was used to extend the physical testing noted in Chapter 3. The first area 
considered was that of the unreinforced slab strip. 13 simulations were run based on variations 
of test S10 by Taylor (2000). The simulations considered the effects of strength, restraint stiffness 
and span to depth ratio. The simulations confirmed that the span to depth ratio has the largest 
influence on behaviour for slabs with restraint. The simulations were able to predict the failure 
type (compression or flexure) based on the simulations reaching the limiting compressive strain.  
 
The NL-FEA of unreinforced slabs strips was used to investigate the effects of the span to 
thickness (L/h) ratio and to derive the limits for a 3-D interaction diagram (Figure 4.29). The upper 
limit of L/h ratio for unreinforced slab strips is approximately 35. It was also noted that simulations 
at low L/h ratios below 7 had low capacities with peak compressive strains reached rapidly, 
confirming the trend seen in the test data. 
 
The NL-FEA was also used to look at the effects of haunches on unreinforced slab strips. The 
simulations confirm that haunches should be greater than 10% of the length of the span, small 
haunches had little influence on the failure load.  Larger haunches had a more significant effect 
on the slab strip capacity, and a relationship with haunch size was established (Equation 4.4). 
 
4.6.2 Reinforced Slab Strips 
 
The non-linear FEA method was extended to a range of reinforced concrete slab strips. The 
method is able to determine compressive and flexural failure mechanisms directly, if used in 
conjunction with CSCT then shear failures can also be determined.  The pattern of failures from 
the simulations is consistent with that from the test data of Chapter 3. The simulations confirmed 
that the amount of reinforcement has an effect on the amount of CMA arching occurring a 
relationship with reinforcement content was established (Equation 4.5). 
 
The NL-FEA simulations indicate that the development of CMA occurs at the initial cracking and 
does not start at reinforcement yield, as assumed in many CMA theories. The rate of increase in 
strain is related to more deflection rather than load. The rate of development of the strains vary 
significantly with the span to depth ratio of the slab strip. The reduced strains of the restrained 
slabs lead to some reduction in crack widths, this aspect is investigated further in the next chapter.  
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4.6.3 1-Way Spanning Slabs 
 
The non-linear FEA simulations were extended to more realistic beam and slab structures (similar 
to those tested by Hon, et al., 2005) where the load can spread in two directions and is not 
constrained to span in one direction as with the slab strip simulations. The simulations confirm 
that the 1-way spanning slabs are significantly stiffer than the slab strip and that the CMA and 
flexure spread along the supporting structure. The non-linear FEA method gives a good prediction 
of the ultimate load and good indication of the failure type when used in conjunction with CSCT. 
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5. Three-Phase Models   
 
5.1 Introduction 
Previous chapters have looked at past and current theories for compressive membrane action 
(CMA) (see Chapter 2), reviewed tests (see Chapter 3) and carried out non-linear finite 
element analysis (NL-FEA) simulations that include CMA (see Chapter 4). The tests indicate 
that there can be a significant difference in behaviour pre and post cracking. The FEA 
simulations indicate that there is some CMA prior to yield that reduces reinforcement stresses, 
and crack widths. Current theories all consider CMA at the ultimate limit state (ULS) and define 
failure loads. The initial phase of CMA development is not considered prior to yielding of the 
reinforcement. These observations are brought together in a 3-phase model proposal outlined 
in this chapter. The method considers an initial un-cracked phase; a cracked phase and a 
yielding phase. 
  
For the second phase of the 3-phase model, at the serviceability limit state (SLS) the use of 
Collings (2002) arching geometry method is proposed with some modifications and 
improvements. A validation of the method against the test data and NL-FEA is carried out. 
The 3-phase method using the arch geometry method is used to analyse slab strips, 1-way 
slabs and more complex beam and slab bridges. 
 
For the second phase of the 3-phase model the use of an effective strain method for CMA is 
also developed and verified. The effective strain method has the advantage that the dilation 
strain can be input as an additional load case in conventional analysis software and does not 
require the modification to grillage geometry like the arch geometry method. The effective 
strain method is based on the forces generated by the restraint to longitudinal expansion or 
dilation. A validation of the method against the test data and NL-FEA is carried out. The 3-
phase method using the effective strain method is used to analyse slab strips, 1-way slabs 
and more complex beam and slab bridges. 
 
In bridge structures both local and global effects are considered. Current theories and FEA 
simulations consider primarily local effects. In this chapter the interaction of local and global 
effects are considered using the 3-phase method. 
 
For the third phase some improvements or refinements to the Rankin and Long. (1997) strut 
method are proposed based on the results of the NL-FEA and consideration of shear and 
rotational limits not defined by current theories. A relatively simple spreadsheet method to 
estimate behaviour is developed. 
 
5.2 Three Phase Models 
This section outlines the fundamentals of the 3-phase model for CMA; the method considers 
the non-linear behaviour seen in tests and NL-FEA simulations as three discreet linear phases. 
The method considers an initial un-cracked phase; a cracked phase and a yielding phase (see 
Figures 5.1 and 5.2). Most other CMA theories consider only phase 3. The NL-FEA showed 
that some CMA occurs during phase 2 and is likely to be beneficial at the serviceability limit 
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state. Figure 5.1 outlines the three phases a) phase 1 un-cracked up to fct, b) phase 2 cracked 
but elastic behaviour generally at SLS and, c) phase 3 plastic post yield behaviour at ULS.  
Figure 5.1. Typical slab strains and stresses during three phases of CMA; a) un-cracked,  
b) cracked but elastic and, c) plastic post yield. 
 
The initial phase is characterised by the simple elastic bending of the un-cracked concrete 
section with linear stress - strain assumptions. During this phase the slab can be analysed by 
conventional linear elastic methods. During this initial phase it is assumed there is no CMA as 
the section does not change length, the stress at the centroid is zero. The section reaches the 
end of this phase when the tensile stress at the extreme fibre exceeds the tensile strength of 
the concrete (fct) and the section cracks. Equation 5.1 defines the cracking moment (Mcr), 
where Z is the section modulus. The transition from this uncracked phase to the next cracked 
phase initially caused some issues with convergence of the NL-FEA simulations. 
 
Mcr = Z fct  = 0.167 b h2 fct              Equation 5.1a 
 
In the second phase the concrete is cracked but the section still behaves essentially elastically 
governed by the composite action of the concrete and reinforcement. These are the typical 
assumptions for sections at the serviceability limit state when crack widths and deflections are 
estimated. The stiffness of this elastic but cracked section is less than the un-cracked section 
and deflections are larger. The analysis for this phase is that of a section cracked in flexure, 
the CMA effects can be estimated using a refinement of the Collings (2002) arch geometry 
method, see Section 5.3. The strain at the centroid of the section is usually not zero but is a 
tensile stain, indicating that the section increases in length. Chapter 4, Section 4.4 outlined 
the magnitude of the mid-section strains for a series of slab simulations. For an unrestrained 
beam or slab this change in length, or dilation, is often ignored, although Beeby and 
Faithibitaraf (2001) note that this can be unsafe. For a restrained or part restrained structure 
the restraint of this dilation causes some CMA. Another analysis method using this effective 
stain for this second phase is developed and outlined in this chapter, Section 5.4. The section 
reaches the end of this phase typically when the reinforcement reaches yield (εy) or the 
concrete reaches its initial strain limit (εc3) beyond which it has a constant strength. 
 
The third phase again assumes a cracked section, but this time the reinforcement and 
concrete are at yield, the strains are linear, but stresses are non-linear. There is likely to be 
some localised rotations at regions of plasticity (typically at mid span and at restrained 
supports). These are the typical assumptions for sections at the ultimate limit state. Again, the 
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strain at the centroid (εo) is non-zero and an increase in length occurs. The section reaches 
the end of this phase typically when the concrete strain reaches its limiting value (εu), the 
reinforcement fractures or de-bonds, or a shear failure occurs. Some additional failure criteria 
such as rotation limits, ductility and possible buckling instabilities are also investigated. 
 
Figure 5.2. Normalised load-deflection [p-u] diagram for 3-phase behaviour. O-A-B-E for 
unrestrained section with no CMA and O-A-C-D for a restrained section where 
the CMA increases the stiffness of the behaviour and section capacity. 
 
The behaviour of the section can be estimated by calculating the moment rotation (M-ϕ) or 
load-deflection (P-δ) behaviour for each phase. Figure 5.2 shows the normalised P-δ diagram 
for an unrestrained and restrained slab derived from various tests (particularly Figures 2.6 and 
2.24). O-A is the linear phase-1 behaviour of the un-cracked section estimated from a 
conventional linear elastic analysis; this ends at A when the section cracks. A-B is the linear 
behaviour of the phase-2 cracked section which is estimated using the arch geometry or 
effective strain method outlined in this chapter, it ends at B when the section reaches yield, 
this yield point typically being slightly greater for the restrained slab. C-D is the estimated 
behaviour of the phase-3 cracked section using conventional limit techniques which include 
CMA such as those by Mc Dowell, et al (1956); Park (1964a); Rankin and Long (1997) and 
Eyre (1997), the end of phase 3 may be governed by; the limiting compression strains, the 
rotational capacity of the section, or its shear capacity. The overall behaviour of the section is 
O-A-B-D. When the section is restrained the phase-2 and phase-3 behaviours are usually 
slightly stiffer and stronger than in the unrestrained simulations due to the axial load effect. It 
should be noted that the proposed 3-phase analysis method is a step by step linear elastic 
analysis aimed to more accurately represent concrete cracking under multiple loads. It is not 
intended as a fully non-linear analysis as pre and post yielding redistribution (Pisanty and 
Reagan, 2018) of moments and local non-linearity are not taken into account. 
 
Figure 5.3 outlines a flowchart for the 3-phase analysis. There are a number of decision points 
required by the analysis noted on the chart.  
 
 Note 1 asks if the span to thickness ratio (L/h) is greater than 5 (see Section 3.2). From 
tests, FEA and current codes CMA analysis is appropriate for structures with greater L/h 
ratios, alternative analysis methods such as strut and tie should be used for lower ratios.  
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 Note 2 asks if the slab is cracked under load, the 3-phase analysis is appropriate for 
cracked slabs, if the slab is uncracked the conventional phase-1 analysis is used. Further 
definition the cracking limit is made in this chapter (see Section 5.3.9).  
 Note 3 asks if the slab is ductile, as most of the ultimate CMA methods assume ductility but 
codes (BSI,2004a) tend to place limits on rotations. Further definition of the ductility limits 
is made in this chapter (see 5.3.3). 
 
Figure 5.3. Flow chart for 3-phase analysis model. 
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5.3 Arch Geometry Method 
5.3.1 Basis of Method 
 
This section outlines the basis and further development of the arch geometry method 
(Collings, 2002) the method is outlined in a paper reproduced in Appendix 1. The method 
gives a lower bound solution at yield. The methods of Park (1964), Christiansen (1963), 
Rankin and Long (1997), Eyre (1997) are based on ultimate methods and assume significant 
plasticity and hinge rotation. Many of these methods separate the bending and CMA 
components (Equation 2.7). For the Rankin & Long method, the bending capacity is estimated 
and the depth of the section in compression (x) due to bending estimated. The CMA is then 
considered for the section not used in bending (heff = h – 2x). In the Rankin & Long method, 
the compression strut is considered as a pin ended strut (see Figure 2.10). The Collings arch 
geometry method brings the bending and arching component into a single model without 
assuming plastic hinges. The method is outlined in this chapter in terms of the 3-phase 
approach and modified for the serviceability limit state so that the reinforcement is near yield 
or the concrete at εc3 rather than εu.  The method consists of the following steps: 
 
 
 Carry out a conventional linear elastic analysis of the un-cracked phase 1 structure 
(Figure 5.4a), estimate the load that causes cracking; 
 Carry out a conventional linear elastic analysis of the cracked phase 2 structure without 
arching geometry (Figure 5.4b) using cracked section properties, estimate the load that 
causes yielding and the deflection of the structure at this load. The phase 1 or 2 linear 
elastic analysis methods are those commonly used for the design of reinforced concrete 
slabs (Park and Gamble, 2000; Hambly, 1989); 
 Modify the conventional linear elastic analysis by incorporating the internal arch geometry 
of the cracked phase 2 structure (Figure 5.4c), the arching geometry can initially be taken 
from an empirical set of rules (Collings 2002). Estimate the load that causes yielding and 
the deflection of the structure at this load. This analysis will give a lower bound estimate 
of the ultimate flexural capacity of the structure. The analysis can also be used to look at 
serviceability issues such as crack widths and deflections; 
 Carry out a CMA analysis of the phase 3 structure (Figure 5.4d) using McDowell, Rankin 
and Long, Park, or Eyre methods; estimate the ultimate load that the structure can carry. 
This analysis will give an upper bound estimate of the ultimate flexural capacity of the 
structure, it implies significant plasticity and so is not always compliant with modern code 
requirements (BSI ,2004a) see also Chapter 6 section 6.5 for a discussion of code 
requirements; 
 Calculate the shear or punching shear capacity of the structure, note that from the test 
data in Chapter 3 most structures loaded with a line or wheel load fail in shear rather than 
achieving their full flexural-CMA capacity. 
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Figure 5.4. Arch Geometry Analysis method: a) Un-cracked phase 1 analysis; b) 
Conventional analysis assuming cracked section of phase 2; c) Arch geometry 
included in phase 2 analysis; d) Conventional Rankin (or similar) analysis of 
phase 3 CMA. 
 
5.3.2 Validation of Method 
 
The arch geometry method (AGM) is validated in this section with respect to the unrestrained 
and partially restrained reinforced concrete slabs by Taylor (2000; 2001) where the capacity 
was derived from both bending and CMA (tests S7, S8, and S9) see Table 4.1. Note the 
simulation of S10 was not carried out as this 3-phase method is not applicable to unreinforced 
concrete sections.  
 
The control simulations were analysed in SAP2000 (CSI, 2006) as a linear elastic analysis 
using beam elements. Three geometries were used (see Figure 5.5). In phase 1 a standard 
bending analysis with the beam elements along the section centre line and full section 
properties was used. This flat geometry is also used with a reduced EI to estimate the 
unrestrained flexural capacity. In phase 2 the arch geometry was used as Collings (2002) with 
the beam element at 0.2h above the soffit at the support and 0.25h below the top of the slab 
at the load point. For Phase 3 a hinged model as the Rankin method was used with various 
deflections and the arch crown varying from 0.25h to 0.5h.  
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Figure 5.5. Analysis details for phase 1 phase 2 and phase 3 models. 
 
Material modelling for the 3-phase analysis used similar assumptions to the NL-FEA analysis 
in Chapter 4. The steel reinforcement was initially taken as an elastic-plastic material with 
Young’s modulus of 200,000 MPa and a yield strength of 500 MPa. The strength of the 
concrete was modified to account for the brittleness of high strength concrete (η1), concrete 
plasticity (η2) and strain effects (η3) as Equation 4.3 (fc’=68 MPa). The concrete was assumed 
to reach plasticity at a strain of 0.002 and fail at 0.0041, again as used in the NL- FEA 
assumptions of Chapter 4. 
 
The section properties of the slab strips were calculated based on the full section for phase 1 
and on reduced sections for phases 2 and 3. For flexure only assumptions the effective EI of 
the section drops after cracking (Figure 5.5). Eurocode 2 (BSI, 2004a) outlines methods of 
estimating the stiffness of the cracked section (Equation 5.2) it also recommends an initial 
estimate of the cracked stiffness as 30% to 50% of the full stiffness. For phase 2 the 30% 
value seems a reasonable approximation for the simulations (Figure 5.6).  
 
EIeff = EIcr + (1-) EIy              Equation 5.2a 
 
Where EIcr is the full uncracked stiffness, EIy is the fully cracked stiffness at yield and  a 
parameter depending on the stress in the reinforcement σs and the stress at first cracking σcr. 
 
 = (σcr/σs)2                  Equation 5.2b 
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Figure 5.6. M-EI curve for the 475mm wide 150mm section showing un-cracked stiffness 
(EI), cracked stiffness of a flexure only assumption and stiffness of a restrained 
section. The 30% full stiffness line is also given. 
 
The results of the analysis are summarised in Table 5.1. The resultant load deflection curves 
for the 3-Phase analysis are shown in Figure 5.7 with the test results and the previous FEA 
analysis.  
 
Table 5.1  Results of 3-Phase analysis of Taylor tests S7, S8 and S9. 
Slab Strip Analysis 
Phase 
P [kN] N [kN] δ [mm] 
S7 1 15.0 - 2.3 
2 44.9 - 7.0 
S8 1 15.0 - 2.3 
2 56.7 86.7 8.0 
3 244.0 952.0 25.0 
S9 1 30.3 - 0.9 
2 133.0 154.3 3.6 
3 244.0 840.0 25.0 
 
From the load deflection plots it can be seen that the 3-phase AGM analysis is broadly similar 
to the FEA and gives a stiffer response than the tests at yield. The 3-phase method gives a 
more accurate simulation of S8 compared with the FEA. Like the layered shell NL-FEA the 3-
phase analysis does not give a definitive failure mechanism, although the load capacity peaks 
at a deflection of about 25mm it carries load by CMA at deflections of 50mm or more. As with 
the FEA it is likely that limiting strains or shear failure will limit deflections. The method does 
not give predictions of these parameters. However, the third phase assumes hinges at the 
supports and at mid-span and so the inelastic rotations can be calculated during this phase. 
The inelastic rotational capacity of reinforced concrete is reasonably well defined in the 
literature (Eligehausen and Langer, 1986; Haskett et al., 2009) and codes (CEB, 1993; BSI, 
2004a) and so can be used to estimate the ultimate failure load and associated deflection. 
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Figure 5.7. Load-deflection [p-δ] for analysis with test data and FEA results also plotted. 
 
5.3.3 Rotations and Shear. 
 
At the ultimate limit state as concrete and reinforcement strain increases beyond yield some 
inelastic rotation occurs at the position of peak moments. Codes (CEB, 1993; BSI, 2004) tend 
to limit the amount of rotation. The rotation capacity is primarily dependent on the relative 
depth of the compressive zone (x/d), the reinforcement ductility, and to a lesser extent the 
concrete strength and shear span ratio. Eligehausen and Langer (1986) note that there is 
significant variation in the rotational capacity particularly at low x/d ratios. Rotational failure 
tends to occur in three broad ways; crushing of the concrete; fracture of the reinforcement 
and; de-bonding between the concrete and reinforcement (Vistin, et al., 2012). CEB (1993) 
outlines a method of estimating the rotation (ϕs) assuming the reinforcement governs the 
capacity, see Equation 5.3a. Haskett et al. (2009) outline a rigid body mechanism for the hinge 
from which a similar expression can be derived for the concrete rotation (ϕc), see Equation 
5.3b. The hinge length has been studied by a number of researchers (Corley, 1966; 
Panagiotakos and Fardis, 2001) and varies from 0.5 to 1.1d. The hinge length (lp) is taken as 
0.6d as Eurocode 2 (BSI, 2004a). 
 
 𝜙𝑠 = ∫ ଵௗି௫
௟௣
଴ (𝜀𝑠 − 𝜀𝑦)𝑑𝑎            Equation 5.3a 
 
 𝜙𝑐 = ∫ ଵ௫
௟௣
଴ (𝜀𝑐 − 𝜀𝑢)𝑑𝑎             Equation 5.3b 
 
Where εs is the mean strain in the reinforcement, εy is the strain at reinforcement yield, εc is 
the strain in the concrete and εu is the concrete strain at failure.  
 
Figure 5.8 outlines the rotations expected for the 80Mpa concrete, deformed steel 
reinforcement of tests S7, S8 and S9. The Eurocode limits for rotation are also shown. For the 
flexure test S7 with x/d = 0.05 the limiting rotations are likely to be 0.05 to 0.075 radians, giving 
deflections of 36-54mm. With the pre-yield deflection of almost 10mm the expected deflections 
from the analysis are over 50mm, agreeing with the test results. For tests S8 and S9 the axial 
compression from the CMA increases the x/d to 0.1 for S8 and 0.15 for S9. The inelastic 
rotations will give deflections of 25 and 19mm respectively and total deflections of 30mm for 
S8 and 22mm for S9, again these are in good agreement with tests. 
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Figure 5.8. x/d-Rotation limits for fc=80, fy=500, εu=0.0041. 
 
The shear capacity of the section can also be related to the rotation (Rodrigues, Muttoni and 
Fernandez-Ruiz, 2010) as Equation 5.4. For Punching shear capacity, a similar equation was 
outlined in Equation 2.17.  
 
VCSCT   =     0.167b d (fc)0.5             Equation 5.4 
                1+2 ϕ d/(16+dagg) 
 
The test data of Chapter 3 was further analysed, and the normalised data shown in Figure 5.9 
with the two equation limits noted. There is considerable scatter in the results but there 
appears some correlation with the equations. It should be noted that the punching equation 
should be relevant only to 1 or 2-way spanning slabs, not slab strips.  
 
 
Figure 5.9. Strip Test database. Normalised load-Rotation for all data with strip shear 
Equation 5.3 from Rodrigues et al. (2010) and punching shear Equation 2.17 
from Muttoni and Fernandez-Ruiz (2008). 
 
The data was further analysed and selected, tests containing shear reinforcement were 
removed, the data was also sorted to show loading type as this was shown in Chapter 3 to 
have a significant influence. The revised plot of data is shown in Figure 5.10. The data here 
more clearly groups into two sets with the UDL data following the Rodrigues, et al. equation 
(Equation 5.4) and the point loads tending to follow the Muttoni, et al. equation (Equation 2.17) 
the vehicle load occurring in both groups. The data was also sorted into groups by span to 
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thickness ratio (L/h) the plot is given in Figure 5.11. There again is some grouping with low 
span to thickness ratios (L/h<10) following the Muttoni, et al. equation and the higher ratios 
(L/h<30) following the Rodrigues, et al. equation. Intermediate span to thickness ratios 
(L/h<20) has data following both equations. 
 
Figure 5.10. Strip Test database. Normalised load-Rotation for selected data sorted by load 
type with strip shear equation and punching shear equation shown. 
 
Figure 5.11. Strip Test database. Normalised load-Rotation for selected data sorted by span 
to thickness ratio (L/h) with strip shear equation and punching shear equation 
shown. 
 
The Muttoni, et al. shear equation appears to give the best fit to data for point load tests with 
low span to thickness ratios (less than L/h of 10). A revised analysis with reduced EI, rotation 
and shear limits imposed is given in Figure 5.12. Note two shear limits are shown one with the 
aggregate size (dagg) used the other with dagg set to zero assuming shear failure occurs through 
the aggregate (Sigrist, et al., 2013). The rotational shear failure estimate is consistent with the 
test and FEA failures. 
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The 3-phase analysis using the arch geometry method indicates that rotations are important 
in determining ductility and shear failure limits for analysis of CMA. 
 
Figure 5.12. Load-deflection [p-δ] for analysis with test data and rotation and shear limits. 
 
5.3.4 Slenderness Effects 
 
In codes (AASHTO, 2007; UKHA, 2007: HE, 2018) CMA is limited to slabs with a span to 
depth ratio (L/h) of less than 15 to 18. CMA occurs in structures with higher slenderness (Yu 
and Tan, 2013; Punton, 2014). Park and Gamble (2000) noted that the theoretical CMA 
behaviour of more slender structures was slightly different to more stocky structures, the CMA 
occurring at larger deflections, relative to slab thickness (see Figures 2.17 and 3.13). These 
observations are similar to that indicated by the 3-D interaction limits of Figures 3.12, 3.55, 
3.56 and 4.29. Yu and Tan, (2013) and Punton (2014) has noted that CMA can occur in 
structures with span to depth ratios of 50 or more. The database of tests in Chapter 3 shows 
no significant drop in CMA until a span to thickness ratio of about 30 (see Figure 3.26). The 
NL-FEA simulations of Chapter 4 indicate that there is some CMA at higher span to thickness 
ratios (see Figure 4.43). The NL-FEA also noted that many of the stockier simulations failed 
due to crushing, reaching the limiting strain, before the peak CMA load. 
 
The arch geometry method is used to investigate the behaviour of slab strips with increasing 
span to depth ratios. In Chapter 4 a number of simulations of the Taylor tests were carried out 
some considering the behaviour of longer spans. The range of spans is increased using spans 
two to six (2, 3, 4, 5, 6) times the original tests but keeping the depth reinforcement and 
concrete strength constant. The range of simulations are shown in Figure 5.13. Chapters 3 
and 4 showed that loading type has an effect on behaviour and so three load types were used; 
a central point load, twin loads at quarter points (vehicle) and a uniform load (UDL). 
 
In the arch geometry method, the estimated deflection is an important parameter, an initial 
estimate of 0.05h is recommended (Collings,2002). This limit may be reasonable for normal 
span to depth ratios (less than 18) but may underestimate deflections at higher slenderness. 
An unrestrained analysis was carried out to estimate the likely deflections of the simulations. 
The results of the analysis are given in Table 5.2. The arching geometry method assumes a 
0.4h limit to the compression zone with the difference between the springing and crown of the 
arch being 0.55h, hence deflections above this limit will not show CMA. For the point load the 
limit is L/h = 47.5, for the vehicle and UDL it is 57. 
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Figure 5.13. Range of span to depth ratio (L/h) simulated. 
 
The results of the restrained arch geometry analysis and an ultimate Rankin analysis (see 
Appendix D) are given in Table 5.3. The results are shown normalised in Figure 5.14 for the 
applied load and in Figure 5.15 for the CMA force. The rotational limits of the sections are 
determined in line with the method outlined in Section 5.2.3. From the P2/Py in Table 5.3 and 
from Figure 5.14 it is noted that there is a reasonable increase in capacity above the bending 
only analysis at span to depth ratios of up to 28.5, and that failure of these simulations is 
limited by the rotational capacity of the slab strip. From Figure 5.15 it is noted that the arch 
thrust is significantly smaller than the n= 0.4 assumed at the start of the analysis, this is 
consistent with the findings of the NL-FEA in Chapter 4 where simulations rarely reached n= 
0.25. 
 
Table 5.2. Load-deflection results of unrestrained arch geometry analysis of various L/h 
ratios. Note for all load types Py is the total load on the span (P = qL for UDL).  
Load Simulation L/h fc = 80 MPa 
Py kN δy mm δy/h 
Point x1 9.5 94.44 3.78 0.03 
x2 19 47.35 9.94 0.07 
x3 28.5 31.70 33.13 0.22 
x4 38 23.80 58.72 0.39 
x5 47.5 19.05 91.46 0.61 
x6 57 15.88 131.84 0.88 
Vehicle x1 9.5 128.79 2.7 0.02 
x2 19 64.30 6.88 0.05 
x3 28.5 42.64 22.43 0.15 
x4 38 31.95 39.62 0.26 
x5 47.5 25.56 41.41 0.28 
x6 57 21.28 88.53 0.59 
UDL x1 9.5 144.20 2.93 0.02 
x2 19 72.31 7.61 0.05 
x3 28.5 47.94 25.12 0.17 
x4 38 35.89 44.39 0.30 
x5 47.5 28.74 69.21 0.46 
x6 57 23.95 99.42 0.66 
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Table 5.3. Results of restrained arch geometry analysis (P2 and δ2) and Rankin and 
Long method (see Appendix D - P3 and δ3). 
Load Simulation P2    kN δ2   mm P2/Py P3   kN δ3    mm P3/Py 
Point x1 123.73 3.84 1.31 204.6 20.0 2.17 
x2 70.66 14.84 1.49 71.7 28.0 1.51 
x3 40.98 33.16 1.29 39.4 45.0 1.24 
x4 22.66 51.00 0.95 25.5 65.0 1.07 
x5 18.48 51.00 0.97 19.9 65.0 1.04 
x6 7.62 51.00 0.48 17.1 50.0 1.08 
Vehicle x1 167.65 2.51 1.30 431.4 30.0 3.35 
x2 84.15 6.48 1.31 143.4 28.0 2.23 
x3 57.94 20.63 1.36 80.2 40.0 1.88 
x4 38.54 37.93 1.21 56.1 65.0 1.76 
x5 29.1 39.88 1.14 39.8 65.0 1.56 
x6 15.54 51.00 0.73 34.1 50.0 1.60 
UDL x1 190.74 2.944 1.32 407.3 20.0 2.82 
x2 95.00 10.00 1.31 143.4 28.0 1.98 
x3 66.67 24.33 1.39 80.2 40.0 1.67 
x4 43.85 43.69 1.22 56.1 65.0 1.56 
x5 22.16 51.00 0.77 39.8 65.0 1.38 
x6 15.40 51.00 0.64 34.1 50.0 1.42 
 
Figure 5.14. Normalised load-deflection [py-w] curves for the analysis of slab strips of 
various span to depth ratios (L/h = 9.5 to 57). 
 
Figure 5.15. Normalised arching force-deflection [n-w] curves for the analysis of slab strips 
of various span to depth ratios (L/h = 9.5 to 57). 
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Petrou and Perari (1996) noted snap through instability with some geometries. For larger span 
to thickness ratios buckling instability may influence the analysis, although Yi, et al. (2008) 
and Yu & Tan (2003) tested slender beams without significant buckling instability being noted. 
Eurocode 2 (BSI,2004a) notes that these second order instability effects can be ignored if the 
slenderness is less than a limiting value λlim given by Equation 5.5. 
 
λlim = A B C/ √n  = Lo/i.               Equation 5.5 
 
Where A is a creep coefficient, B a coefficient dependent on the reinforcement ratio and C a 
coefficient dependent on the moment ratio. Lo is the effective length of the span and i the 
radius of gyration. For the simulations considered A =0.9 for short term tests with no creep 
effects, B =1.1 based on the test reinforcement and C =0.9 based on the moment ratios. For 
a fixed end slab lo = 0.7L and i =0.29h (solid rectangular section). The nominal limiting L/h 
ratio and the results of the simulations are plotted in Figure 5.16.  From Figure 5.16 it is 
concluded that for the simulations second order buckling effects are not a critical issue for the 
majority of slabs. It is noted that in current codes that a modification of the strut geometry is 
required (typically 1:200), for CMA analysis this will slightly reduce the effect of CMA. 
 
Figure 5.16. Slenderness limits and results of simulation. 
 
From Figure 5.14 and Tables 5.2 and 5.3 it is noted that at the x4, x5 and x6 simulations the 
full flexural capacity is not achieved when the full CMA is achieved and that if combining flexure 
and CMA (as Equation 4.5) a reduction coefficient is required for higher span to depth ratios. 
From the data in Tables 5.2 and 5.3 the reduction in flexural capacity for slabs with a span to 
thickness ratio greater than 33 is estimated as Equation 5.6, this is similar to limits noted in 
Chapter 3, Section 3.5.3 and Chapter 4, Section 4.3.1. 
 
ky = 1.0 or  ଷଷ௛௅   whichever is the smallest.          Equation 5.6 
 
Hendy, Sandberg and Iles (2013) considered a similar problem of a deck slab in a ladder beam 
bridge under compression using a moment magnification method to assess buckling stability 
as Equation 5.7a: 
 
kbcl = 1+ ଵ൫ே஻ ேൗ ൯ିଵ
            Equation 5.7a 
 
Where N is the axial load on the slab and NB is the critical buckling load given by Equation 
5.7b: 
 
NB = EIeff ቄ 𝜋𝐿𝑒ቅ
2               Equation 5.7b 
0
0.25
0.5
0.75
1
0 10 20 30 40 50 60
n
L/h
Equation Limit
0.5 Limit
Simulation
Chapter 5  3-Phase Models 
154 
 
Using the section properties of the simulations with EIeff =0.3EIc (as Section 5.3.2) and the 
axial force (N) from the analysis (Figure 5.14) with Le =0.85L, then the moment magnification 
factor kbcl can be estimated. Figure 5.17 shows the original P/Py ratio (from Figure 5.14) and 
the reduced ratio incorporating kbcl. It can be seen that for the x4, x5 and x6 simulations the 
effects of CMA are not coincident with the maximum flexural capacity and the effects of 
buckling are small, the capacities governed by flexure. 
 
Figure 5.17. Slenderness reduction with span to thickness ratios. 
 
5.3.5 Other Strip Simulations  
 
The above tests and simulations have rotationally fixed supports; the simulation is extended 
to more realistic restraints using the tests analysed by NL-FEA. The first simulation is a slab 
strip is supported on columns and is part of a frame in tests by Vecchio and Tang (1990) (see 
Figure 2.22). The ends of the slab strips are restrained by the webs of a box girder in tests by 
Choi and Oh (2013) (see Figure 2.29). Details of the tests are given in Section 2.41 and 
summarised in Table 4.12. The layouts of the arch geometry method models for these tests 
are shown in Figures 5.18 and 5.19. The Vecchio tests are loaded with a line load (point) at 
mid-span, the Choi tests use twin line loads. 
 
Figure 5.18.  SAP Arch geometry model for Vecchio & Tang (1990) test TV1 and TV2. 
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Figure 5.19.  SAP Arch geometry model for Choi & Oh (2013) test HCase1. 
 
The simulations were analysed in SAP 2000 to determine the behaviour in the first two phases 
and then using the Rankin and Long method to estimate the ultimate behaviour. Limiting 
rotations and shear strengths were also estimated as with the previous simulations. Table 5.4 
gives the results of the simulations of the Vecchio and Tang tests. Figure 5.20 and 5.21 give 
the load-deflection plots and the arch thrust-deflection plots for the tests the 3-phase arch 
geometry method simulations, and the previous NL-FEA. The thrust in Figure 5.21 is split 
between frame action (from flexure of the columns) and a larger CMA force. Table 5.5 gives 
the results of the simulations of the Choi and Oh tests. Figure 5.22 and 5.23 give the load-
deflection plots and the arch thrust-deflection plots for the Choi tests, the 3-phase arch 
geometry method simulations and the previous NL-FEA. The thrust in Figure 5.23 is split 
between the geometric arching (Nf) of the haunches and (Ncma) CMA. 
 
Table 5.4.  Results of arch geometry analysis for Vecchio and Tang strip simulations. 
 
 
 
 
 
 
 
 
 
Figure 5.20.  Load -deflection curves for Vecchio and Tang tests TV1 and TV2 and the 
arch geometry simulations. 
Simulation 
 
P [kN] δ  [mm] M  [kNm] Nf [kN] Ncma [kN] 
Uncracked 
frame 
11.68 0.88 5.00 2.45  
TV1 cracked 40.91 15.34 16.20 9.37  
TV2 cracked 62.01 15.50 17.30 15.63 236.37 
TV2 Rankin 
analysis 
81.96 30.00 17.30 20.30 239.93 
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Figure 5.21.  Arching force-deflection curves for Vecchio and Tang tests TV2 and the arch 
geometry simulations. 
 
Table 5.5.  Results of arch geometry analysis for Choi and Oh strip simulations. 
 
. 
Figure 5.22.  Load-deflection curves for Choi and Oh tests Hcase1 to Hcase3 and the arch 
geometry simulations, with FEA. 
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Hcase1 Uncracked 70.9 1.0 20.0 25.8 - 
Cracked 479.8 30.2 107.0 204.4 - 
Rankin 484.0 50.0 107.0 204.4 15.5 
Hcase2 Uncracked 84.0 1.0 20.0 29.9 - 
Cracked 699.4 29.4 107.0 285.3 - 
Rankin 714.4 50.0 107.0 285.3 30.0 
Hcase3 Uncracked 105.8 1.1 20.0 40.7 - 
Cracked 1019.1 29.6 107.0 442.3 - 
Rankin 1048.5 50 107.0 442.3 42.0 
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Figure 5.23.  Arching force-deflection curves for Choi and Oh tests Hcase1 to Hcase3 and 
the arch geometry simulations. 
 
The load-deflection curves for the arching geometry method of the Vecchio and Choi tests are 
similar to the NL-FEA simulations and tend to give a reasonable prediction for loads below 
yielding of the reinforcement and an underestimate of the ultimate load. The axial load 
estimates in the simulations of the Vecchio and Tang tests (Figure 5.21) show that it has two 
components, part due to the main CMA component and frame action with the columns. For 
the Choi and Oh analysis the frame action from the stiffer webs is larger and is the main source 
of axial load until yielding of the slab, when the CMA force increases rapidly but the frame 
action remains constant (the frame action force is dependent on the moment at the slab-web 
interface, beyond yield there is little increase in this moment). Choi and Oh indicate that all of 
the compression is due to CMA, the analysis carried out indicates that most of the initial 
compression is due to frame action and geometric arching from haunches, with CMA only 
becoming significant at higher loads. 
 
5.3.6 1-Way Slab Simulations 
 
From the theory (Park, 1964; Eyre,1997) in chapter 2, the test data of Chapter 3 and the NL-
FEA of Chapter 4 it is noted there is a difference in behaviour between slab strips and 1-way 
spanning slabs. In this section the one-way spanning slab of Hon; Taplin and Al-Mahaidi 
(2005) is re-analysed using the arch geometry method. The slabs with and without saw-cuts 
are analysed to assist in outlining why these differences occur. The Hon et al. tests are for 
75mm thick slabs spanning 600mm between beams of various width. The beams span 
3,000mm. The tests were originally analysed in the NL-FEA chapter and details of the strip 
tests S1Fd, S2Fa and S4fa with saw-cuts and details of tests S2 and S4 without saw cuts are 
outlined in Table 4.12. 
 
The layout of the arch geometry method models for these tests are shown in Figures 5.24. 
The simulations were analysed in SAP 2000 to determine the behaviour in the first two phases 
and then using the Rankin and Long method to estimate the ultimate behaviour. The tests 
were loaded with a line load (300mm by 50mm) at mid-span for the saw-cut tests and a patch 
load (200mm by 100mm) at mid span for the 1-way spanning tests. The Limiting rotations 
(Equation 5.3) and shear strengths (Equation 2.16) were also estimated. Table 5.6 gives the 
results of the simulations of the Hon, et al. tests. δ1 is the mid span deflection and δ2 the 
deflection of the beam. Figure 5.25 give the load-deflection plots for the tests, the 3-phase 
0
100
200
300
400
0 10 20 30 40 50
Axial
Load 
kN
deflection  mm
HCase1 gaa
HCase1 cma
HCase2 gaa
HCase2 cma
HCase3 gaa
HCase3 cma
Chapter 5  3-Phase Models 
158 
 
arch geometry method simulations and the previous NL-FEA. The deflection plotted is that of 
the slab only (δ1-δ2). 
 
Figure 5.24.  SAP Arch geometry model for Hon, et al. test S1Fd with the saw-cut slab strip 
highlighted. 
 
Table 5.6. Results of phase-1 and phase-2 arch geometry analysis for Hon, et al. 
simulations and CSCT capacity using Equation 2.16. 
 
 
Figure 5.25.  Load-deflection curves for Hon, et al. test and the arch geometry simulations,  
with FEA for S1Fd S2Fd and S2. 
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cracked 102.7 9.1 5.3 7.4 63.6 51.2 
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5.3.7 In-Plane Restraint  
 
The Hon, et al. tests are for a beam and slab structure, more realistic in overall behaviour than 
the slab strips with a defined restraint. The interaction of the CMA with the in-plane restraint 
of the structure can be investigated. The in-plane behaviour of the simulation of S2F in the 
phase 2 analysis is shown in Figure 5.26b. The slab strip is in compression; the adjacent strips 
are in tension; the support beam has deflected in plane transversely; however, there is little 
longitudinal in plane movement. The in-plane behaviour of the simulation of S2 in the phase 2 
analysis is shown in Figure 5.26a. The slab directly under the loads is in compression, slightly 
reduced compared to the slab strip but in two directions; the adjacent strips are again in 
tension; the support beam deflected in plane transversely with some longitudinal in-plane 
movement. 
Figure 5.26. a) In plane forces and b) deflected shape for simulation of S2F slab strip,      
c) In plane forces and d) deflected shape for simulation of 1-way slab S2. 
 
A similar analysis of paired tests of strips and 1-way slabs S1F-S1, S3F-S3, S4F-S4 and S5F-
S5 was also carried out. Two additional simulations with K→0 and K→∞ were also carried out. 
The results of the variation in relative CMA force (n=N/Nmax) and relative moment (m=M/Mmax) 
with relative stiffness is plotted in Figure 5.27. The Figure indicates that the proportion of load 
carried by bending reduces with increasing relative stiffness and that the amount carried by 
axial forces increases. The proportion of the load carried by bending or axial is relatively 
constant above KS /KB of 0.1. The form of this graph is similar to that noted by Collings (2002). 
a)                                              b) 
 
 
 
 
 
 
c)                        d) 
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Figure 5.27. Slab relative CMA force and moment with relative restraint stiffness. 
 
The results of the variation in relative vertical deflection δ/δmax and relative lateral moment 
Δ/Δmax with relative stiffness is plotted in Figure 5.28. The Figure indicates that the vertical 
deflection and extensions reduce with increasing relative stiffness. The vertical deflection is 
relatively constant above KS /KB of 0.2. The extension is a maximum at a relative stiffness of 
about KS /KB of 0.1. 
 
Figure 5.28. Slab in-plane deflection with relative restraint stiffness. 
 
5.3.8  Multiple Load Effects 
 
Theory (McDowell, et al., 1956), tests (Taylor, et al., 2001) the test database analysis (Chapter 
3) and NL-FEA (Chapter 4) indicate that the behaviour of slabs with more than one wheel load 
behave differently from a slab with a single wheel. Figures 3.25, 3.43 to 3.45 and 4.19 outline 
test and NL-FEA results for single wheel, axles or bogie loads. Where the loads are sufficiently 
far apart there will be little interaction. However, BD81 (2007) and CD360 (2017) notes that 
where the slab carries more than one wheel load the punching capacity should be reduced by 
a factor (kw) of 0.65, this irrespective of spacing. This factor is reassessed in this section. 
 
Section 4.5.2 outlined equivalent strips for individual wheel loads based on Westergaard 
(1930) and Lantsoght et al. (2015). It is likely that when the wheel loads are greater than the 
effective width given by Equation 4.9b there will be little interaction, closer than this spacing 
there will be a reduction in load capacity (kw). The effective width is a function of the shear 
span (a) and the wheel size (s) (see Section 4.5.2): 
 
be = 2(a+s) +s               Equation 4.9b 
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Based on this the reduction in capacity can be considered as being proportional to the ratio of 
the wheel spacing (bw) to the effective width (be) as Equation 5.8a when bw is less than be. 
 
kw = 𝑏𝑤/ 𝑏𝑒ൗ                Equation 5.8a 
 
Based on the punching shear perimeter (p) of 2d from the wheel load of Equation 3.3 used in 
the current Eurocode (BSI, 2004a) when the wheels are closer than (ax) Equation 5.9a the 
axle would be treated as one load with a reduced perimeter (pa): 
 
ax = 2s + πd               Equation 5.9a 
 
Based on this the reduction in capacity can be considered as being proportional to the ratio of 
the reduced perimeter (pa) to the original perimeter (2p) as Equation 5.8b: 
 
kw = 𝑝𝑎/ 2𝑝ൗ                Equation 5.8b 
 
Based on the punching shear perimeter of 0.5d from the wheel load of Equation 3.2 used in 
AASHTO (2007) and Equation 3.4 used in CD360 (HE,2017) when the wheels are closer than 
(ax) Equation 5.9b the axle would be treated as one load. The reduction in capacity can be 
considered as being proportional to the ratio of the reduced perimeter (pa) to the original 
perimeter (2p) as Equation 5.8b: 
 
ax = 2s + గସd               Equation 5.9b 
 
Using Equations 5.8a and 5.8b the load variation with spacing for equivalent strips and 
punching using different perimeter assumptions can be determined. Figure 5.29 shows the 
variation in load (kw). The critical spacing ax predicted by Equations 5.9a and 5.9b are also 
shown. 
 
Figure 5.29. Load variation with spacing based on simulations effective width and shear 
perimeters 
 
A series of loads on a simulation of the Hon, et al. (2005) 1-way slab was carried out using 
the arch geometry method to investigate the effect of spacing (see Figure 2.23 for the test 
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layout and Table 4.10 and 4.12 for the test data). Figure 5.30 outlines the location of the 1, 2 
or 3 wheel loads with spacing of 0.5Le to 2Le, where Le is the clear span. Table 5.7 gives the 
estimated phase 2 and phase 3 loads and deflections for various spacing. Figure 5.31 shows 
the analysis results graphically. The phase 3 punching loads are estimated using CSCT 
(Equation 2.17) where the rotation (ϕ) is derived from the 3-phase analysis deflections and the 
effective span. Figure 5.29 plots the load with spacing for the analysis.  
 
 
Figure 5.30. Load locations for 1-way slab with 1, 2 or three loads of varying spacing.      
a) Single load  b) two loads at 3Le spacing  c) two loads at 2Le spacing         
d) two loads at 1.5Le spacing e) two loads at 1Le spacing f) two loads at 0.5Le 
spacing   g) three loads at 0.5Le spacing. 
Edge Beam 
Slab 
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ax 
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Table 5.7. Load- deflection results of multiple load analysis [P in kN, δ in mm] 
Simulation AGM phase 2 R&L phase 3 CSCT phase 3 
P [kN] δ1 -δ2 [mm] P [kN] δ  [mm] P [kN] δ  [mm] 
1 load (a) 100 2.3 130 6 125 5 
2 
Loads  
3L(b) 100 2.3 “ “ “ “ 
2L (c) 100 2.5 120 7 111 6.3 
1.5L (d) 100 2.5 “ “ “ “ 
1L (e) 100 2.6 “ “ “ “ 
0.5L (f) 100 6.6     
3 Load 100 6.9 105 8 97 8 
 
 
Figure 5.31. Load – deflection simulations of 1-way slab with multiple loads and various 
spacing 
 
The results of the simulations using arch geometry method combined with CSCT and the 
Eurocode 2d perimeter method shown in Figure 5.29 give similar results and a reduction factor 
for multiple loads on the slab is approximated by Equation 5.8b. Below a  spacing of ax given 
by Equation 5.9a the two loads may be considered as a single load or a 0.65 reduction factor 
used on one wheel. Above a spacing of be given by Equation 4.9b there is little interaction of 
wheel loads and there is no reduction in capacity.  A linear interpolation for the reduction may 
be used between these limits. 
 
5.3.9 Serviceability Limit State Issues 
 
The broad effect of CMA is to increase the ultimate flexural capacity of the slab such that 
compression or shear failures occur under local wheel loading (see Chapter 4). CMA seems 
to have some beneficial effect at the serviceability limit state (as noted in Section 2.4.2, 3.4.5 
and 4.4). However, there is less evidence for this and significantly less research (as noted in 
Chapters 2, 3 and 4).  The development of CMA noted in Chapter 4 using NL-FEA indicates 
that CMA will reduce deflections and crack widths. Phase 1 and 2 of the 3-phase models 
analyse the serviceability behaviour up to yield of the reinforcement and can be used to 
investigate key serviceability issues such as deflections and crack widths further. It is 
proposed to use the arch geometry method at serviceability. As the arch geometry is a key 
aspect of this method the assumed arch geometry is discussed in more detail prior to 
considering deflections and crack widths. 
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5.3.9.1 Arch Geometry 
The depth of the neutral axis (depth to zero strain) was considered in Chapter 4 using the NL-
FEA method, the normalised depth for unreinforced simulations with a concrete strength (fc) 
of 30MPa and various restraint stiffness were given in Figure 4.70 and those of reinforced 
simulations in Figure 4.71. These Figures are combined and shown in Figure 5.32. A number 
of observations are made from this figure: In the reinforced slabs the neutral axis is deeper 
than the unreinforced slabs, this fits with current theory which has the flexural and CMA 
components as additive. The figure shows phases to the behaviour, the first is a small flexural 
phase with the neutral axis at mid-section, the second has the neutral axis depth reducing and 
the third phase has increasing neutral axis depth. In the simulations shown the FEA data 
indicates that the change between phase 2 and phase 3 is at first yield of the concrete as 
plasticity and non-linear behaviour starts to occur (using the elastic-plastic assumptions of the 
FEA). For the unrestrained reinforced concrete simulations, the shape of the curves is different 
from those with restraint, the unrestrained simulations having a constant neutral axis depth in 
the third ultimate phase.  
 
Using the McDowell, et al. (1956) theory at zero deflection the arch geometry has the depth 
in compression (x) as 0.5h. The depth in compression at the end of phase 3 may also be 
estimated from this theory using the strain parameter (R), see Section 2.3.1 and Equation 2.3. 
As an approximation the normalised force is related to the strain parameter as: 
 
n = 0.314 (1-R)2 + 0.075            Equation 5.10a 
 
With x/h directly related to n, and using a modified strain parameter (R’), see Equation 3.7, 
which allows for the support stiffness: 
 
௫
௛
 = 0.314 (1-R’)2 + 0.075            Equation 5.10b 
 
The theoretical x/h for the simulations derived from Equation 5.10b are plotted on Figure 5.32. 
The theory gives an indication of the initial final x/h ratio, but does not give information of what 
occurs between.  
 
The phase 3 behaviour is based primarily on strength parameters (fc and fy), for the phase 2 
analysis the behaviour depends more on the stiffness (Ec and Es) of the section. For reinforced 
concrete slabs the depth of the section in compression (x) is related to the area of 
reinforcement and the ratio of the elastic modulus of steel and concrete. Equation 5.11a 
(Muttoni and Fernandez-Ruiz, 2008) gives an estimate of the depth in compression, this was 
used to estimate the neutral axis depth for the two reinforcement ratios of the reinforced 
simulations and with a very low reinforcement content the neutral axis depth of the 
unreinforced simulations. The results are plotted on Figure 5.32 and give a reasonable 
approximation of the initial neutral axis depth. α=Es/Ec ; 
 
x = d α ρ {〈1 + ଶ
ఘ஑
〉0.5 -1}            Equation 5.11a 
 
Hong and Ha (2012) also give an expression for the depth of an assumed diagonal strut: 
 
x = d 2 α⦋   {〈αρ〉2 + αρ }0.5 - αρ ⦌           Equation 5.11b 
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Figure 5.32. Normalised depth to neutral axis with normalised deflection for reinforced and 
unreinforced FEA simulations and theory. 
 
The arch geometry initially proposed by Collings (2002) was based on ultimate limit state 
assumptions. For the serviceability limit state the arch geometry may be different, the effects 
of varying this geometry are considered by using the Hon 1-way slab simulation with the 
neutral axis at 0.1h to 0.5h (5 separate analyses) and comparing deflections and the 
proportion of load carried by arching and flexure. Figure 5.33 outlines the proportion of load 
carried by arching and flexure for the various arch geometries. 
 
From Figure 5.33 it can be seen that the effects of arching are greatest with the arch at 0.2h 
to 0.3h. At 0.1h the arch geometry is more pronounced, but the effective area and arching 
force are reduced. At 0.4h the arching force is larger but the arch geometry lower and it carries 
less load. The geometry proposed by Collings (2002) is in the 0.2 to 0.3 range where the 
arching is most prominent. 
 
Figure 5.33. Proportion of load carried by flexure and CMA 
 
5.3.9.2 Deflections 
The current theories (see Chapter 2) and test database (see Chapter 3) indicates that current 
practice gives a reasonable estimate of ultimate flexure, CMA and shear loads and ultimate 
deflections. The theories do not give valid estimates of behaviours at lower loads, particularly 
below the load causing yielding of the reinforcement. Park and Gamble (1980) do not include 
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deflections below yield (see Figure 2.5). Results of tests with restrained and unrestrained slabs 
tend to indicate that CMA increases the stiffness of the slab even at service loads (see Figure 
2.6). The simulations of the Hon, et al. (2005) tests (Figure 5.25) tend to confirm this. The 
various FEA and 3-phase simulations carried out indicate that deflections throughout the 
whole load-deflection range can be reasonably well predicted. A number of authors (Fenwick 
and Dickson, 1989; Hopkins and Park, 1972; Jackson, 1990) have reported differing deflection 
results at low loads when slabs are re-tested (see Figures 2.18, 2.20 and 2.26), this indicates 
that cracking of the slab is important. 
 
The tests by Taylor (2000) (see Figure 2.24 and Table 4.1) have a full load deflection profile 
for tests of various restraints and concrete strengths for a consistent span with a central load. 
The tests were also previously simulated with NL-FEA by Zeng et al. (2008) and in Chapter 4 
of this thesis. The theoretical flexure only capacity of the sections are for a point load of 108 
to 110 kN (Table 4.9). The serviceability limit state would consider loads of between 40% and 
80% of this capacity (BSI, 2004a). A load of 70 kN is used to compare the deflection 
predictions of the analysis and test. Details of the test compressive strength and deflection are 
given in Table 5.8. the deflections at 70 kN for the NL-FEA carried out for Chapter 4, Section 
4.3 are also tabulated. A phase-2 linear elastic analysis of the restrained beam with axial 
restraint, arch geometry and stiffness as outlined in Section 5.3.2 was carried out. The Young’s 
modulus was calculated using Equation 3.1 and is tabulated in Table 5.8 with deflections. 
From the NL-FEA simulations it was noted that the use of the full concrete stress strain profile 
with a high initial modulus gave over stiff results, and that a better estimate of behaviour was 
given by the use of a simpler bi-linear stress-strain profile with the initial linear part represented 
by the compressive strength being achieved at a strain of 0.002 (CEB-FIP,1993). The 
equivalent modulus Ec’ being given by: 
 
Ec’ = ௙௖଴.଴଴ଶ          Equation 5.12 
 
Where fc’ is the limiting compressive strength taking into account brittleness, plasticity and 
strain effects (Equation 4.3). The equivalent modulus and the deflections from a second set of 
analyses are also tabulated in Table 5.8. It can be seen that the use of Equation 5.12 is 
particularly significant for the lower concrete strengths. 
 
Table 5.8. Slab strip simulation using AGM, results at 0.65Py 
 
The deflections at 0.65Py for the Vecchio, Choi and Hon tests, FEA simulations and the phase 
2 analysis have also been extracted and are tabulated in Table 5.9. 
Test Axial 
Restraint 
kN/mm 
fc 
MPa 
fc’ 
MPa 
Deflection [mm] 
at 70kN 
Ec 
GPa 
Ec’ 
GPa 
Deflection [mm] at 
70kN 
Test FEA Full Reduced 
S1 197 25.0 21.5 5.8  23.6 10.8 2.2 4.0 
S2 32.6 28.0 3.3 2.5 27.0 14.0 2.0 3.3 
S3 54.5 46.3 4.0 2.35 34.9 23.1 1.7 2.3 
S5 90.0 76.5 3.9 2.25 44.9 38.2 1.4 1.6 
S9 410 79.0 67.1 5.6 2.15 42.0 35.6 1.5 1.7 
S14 31.6 27.1 2.6 2.55 26.6 13.5 2.1 3.4 
S15 50.9 43.2 4.0 2.25 33.8 21.6 1.7 2.4 
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Table 5.9. Additional slab strip AGM simulation results at 0.65Py 
Test fc   [kN] 0.65Py   [kN] Deflection at 0.65Py  [mm] 
Test FEA Phase-2 
TV1 29.7 47 13.2 14.5 11 
TV2 30.2 47 12.7 14.5 19 
Hcase 1 40.0 176 3.5 4.5 5 
Hcase 2 40.0 297 5 5.8 4.5 
Hcase 3 40.0 570 10 8.5 7 
S2Fa 34.9 45 3 3.1 2 
S2 34.9 90 2.5 3.5 3 
 
The FEA and phase 2 analysis deflections are normalised against the test deflections and 
tabulated in 5.10. The normalised deflections are plotted against compressive strength and 
plotted in Figure 5.34. From the figure there is a large variation in predicted deflections at lower 
concrete strengths from both FEA and the arch geometry method (AGM). At higher concrete 
strengths both the FEA and AGM tend to underestimate deflections. 
 
Table 5.10.  Comparison of serviceability deflections for various tests. 
Test fc [MPa] δ/δT 
FEA Phase-2 full Phase-2 reduced 
S1 25.0  0.379 0.689 
S2 32.6 0.403 0.322 0.532 
S3 54.5 0.587 0.425 0.575 
S5 90.0 0.576 0.3589 0.410 
S9 29.0 0.383 0.267 0.303 
S14 31.6 0.980 0.807 1.307 
S15 50.9 0.562 - - 
TV1 29.7 1.098 0.833 - 
TV2 30.2 1.141 1.496 - 
Hcase 1 40 1.285 1.428 - 
Hcase 2 40 1.16 0.9 - 
Hcase 3 40 0.85 0.7 - 
S2Fa 34.9 1.033 0.667 - 
S2 34.9 1.4 1.2 - 
 
 
Figure 5.34. Comparison of normalised analysis deflections with concrete strength. 
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5.3.9.3 Crack Widths 
In the NL-FEA analysis of Chapter 4 the crack widths were estimated directly from the bottom 
fibre strain extracted from the FEA simulation. Crack widths can be estimated in a number of 
ways; by calculation of a strain at the extreme fibre (similar to the FEA); by calculation of the 
strain at the reinforcement (CEB, 1990; BSI 2004a) or by direct comparison of the 
reinforcement stress with a defined limit (BSI, 2004a). The direct reinforcement stress method 
is approximate, useful for design but not sufficiently accurate for research. The use of the 
extreme fibre strain was the basis of former codes (BSI, 1990) and the method used by a 
number of researchers for calculation of crack widths (Kirkpatrick, et al. 1986; Taylor, et al. 
2007).  
 
The reinforcement strain method is based on CEB-FIB model code (CEB,1990) with some 
limits from current codes (BSI, 2004a). The calculation of crack widths is based on the length 
over which slip between the steel and concrete occurs (ls max) and a strain differential at 
reinforcement level between the mean steel strain (εsm) and the mean concrete stiffening strain 
(εcm). For stabilised cracking a length of 0.667 ls max is appropriate and the crack width (w) 
is: 
 
 
w = 0.667 ls max (εsm - εcm)            Equation 5.13a 
 
ls max  = ఝଷ.଺ ఘ௘௙௙             Equation 5.13b 
 
Where 𝜑 is the bar size and ρeff the area of reinforcement in the tension stiffening area.    (εsm 
- εcm) depends on the stress or strain (εs) in the reinforcement, the concrete tensile strength 
(fct), the area of reinforcement in the tension stiffening area and the modulus of steel (Es) and 
concrete (Ec). Where α is the modular ratio of the steel to concrete. 
 
 
(εsm - εcm) =  εs  - β ௙௖௧ா௦  ఘ௘௙௙ (1 + α ρeff)             Equation 5.13c 
 
Eurocode 2 limits the strain difference to: 
 
(εsm - εcm) =  0.6 εs              Equation 5.13d 
 
For the slab strip tests being considered (Taylor, 2000, Tests S3 and S15) the depth of the 
tension stiffened area is approximately 75mm, ρeff is 0.0094, ls max is 466mm and w = 310 (εs 
- 0.0006). The relationship between crack width and the steel stress is plotted in Figure 5.35. 
The code (BSI,2004a) relationship of stress and crack width are also plotted. 
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Figure 5.35. Relationship between reinforcement stress and crack width for simulations. 
 
The crack width for simulations of S3 and S15 based on the reinforcement stress are 
calculated from the simulation results of Table 5.8, the crack widths are shown in Figure 5.36. 
The crack widths for the similar FEA simulations R-50-1 and R-50-4 (see Figure 4.74) are also 
plotted for comparison. The phase-2 AGM and FEA simulations give similar crack width 
predictions up to approximately 0.5Py above this the AGM gives slightly lower predictions. 
 
Figure 5.36. Development of crack width with load for phase 2 and NL-FEA simulations. 
 
Most tests were aimed at determining the ultimate capacity and the full crack width profile is 
not available. For the Corick and Clinghan’s Bridges noted in Figure 2.31 the crack widths are 
known for loads up to 400kN (Taylor, et al., 2007). The reinforcement stresses and strains are 
derived from the analysis (based on the sub-frame model outlined in Section 5.4.6 and Figure 
5.61) and crack widths calculated at 112.5kN and 400kN, these are compared with the 
published test results in Figure 5.37. 
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Figure 5.37. Load- crack width curves for pre-cracked Taylor tests and phase-2 simulation 
based on reinforcement strain 
 
5.3.10  Whole Bridge Models 
 
The arch geometry analysis method was applied to more complex structures such as a bridge 
deck, the test carried out by Jackson (1990) is used and the analysis compared with tests. 
Test 1 of the two half scale tests carried out by Jackson consists of an 8m span, 4m wide 
simply supported bridge deck formed from four prestressed beams with an 80mm reinforced 
concrete bridge deck over the beams (see Figure 2.26). The beams have a compressive 
strength (fc) of 58 MPa and the slab a strength of 43 MPa. The slab was reinforced with 6 mm 
diameter bars at 125 mm centres giving a reinforcement ratio (ρ) of 0.35%. The reinforcement 
yield strength (fy) was 460 MPa. The bridge deck was tested by loading it with individual wheel 
loads and using multiple wheel loads to represent an HB type vehicle (BSI, 1978). 
 
The layout of the arch geometry method models for these tests are shown in Figures 5. 38. 
Two models were used; the first (5.38a) was a model with the beams under the deck slab, the 
second model (5.38b) was a 2D grillage similar to the models commonly used in design 
offices, with the neutral axis of the beam and slab in the same plane (Hambly, 1989). The 
bridge decks were analysed in SAP 2000 (CSI, 2006) to determine the behaviour in the first 
two phases and then using the Rankin and Long method and CSCT to estimate the ultimate 
behaviour (particularly the likely punching capacity).  
 
Figure 5.38  SAP models for Jackson test 1 a) 3D model b) 2D grillage. 
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5.3.10.1  Single Wheel Load 
A number of single wheel load tests were carried out by Jackson. The single wheel load test 
was simulated in both the 3D and 2D models. For the uncracked phase 1 analysis it was noted 
that with no arch geometry modelled there was an in plane compressive force in the slab from 
frame action (Figure 5.39b), and that the 3D model directly calculates longitudinal 
compressions in the deck slab (Figure 5.39a), whereas the 2D grillage does not. The frame 
action occurs with the slab and beam webs acting as a portal frame (Figure 5.40). There was 
no frame action shown in the 2D analysis. 
 
Figure 5.39.  Model results for point load on uncracked 3D and 2D models                          
a) Axial membrane forces,  b) Transverse bending (due to frame action). 
 
Figure 5.40  Frame Action on Jackson concrete bridge deck. 
 
For the cracked phase 2 analysis a 0.2h neutral axis depth was used with a 5mm estimated 
deflection for the arch geometry (based on tests and Figure 5.40). Table 5.11 gives the results 
of the test and simulation.  The punching capacity using the CD360 method (Equation 3.4) are 
also noted. The results are plotted in Figure 5.41 there is a good agreement between test and 
simulation. The difference in the behaviour of the 3D and 2D simulations was small for the 
single wheel load. 
 
Table 5.11.  Results of arch geometry analysis for single wheel load test simulations. 
Simulation P [kN] δ  [mm] M  kNm] Nf  [kN] V [ kN] 
2D and 3D W1 Uncracked  61 0.8 4.0 - 18.6 
W1 cracked 132 4.5 4.1 286 39.6 
W1 Rankin et al. 151 6.0 4.1 383 45.3 
Restraint moments 
 
          Restraint forces 
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Figure 5.41.  Load-deflection curves for Jackson single wheel test and the arch geometry 
simulations (phase 1 and phase 2), with CD360 punching shear estimates. 
 
5.3.10.2  HB Vehicle Load 
An HB vehicle load test considering a multiple wheel load test was carried out by Jackson. 
The HB load test was simulated in both the 2D and 3D models. Again, for phase 2 analysis 
the 0.2h neutral axis depth was used for the arch geometry. The layout of the HB vehicle load 
is shown in Figure 5.42. Table 5.12 gives the results of the simulations of the Jackson HB load 
tests. Figure 5.43 shows the results of the flexural component; it is noted that the hogging 
effects of flexure are reduced, and deflections of the slab increased due to the multiple wheel 
loads compared to the single wheel load. The results are plotted in Figure 5.43 there is a good 
agreement between test and simulation. 
 
 
Table 5.12.  Results of arch geometry analysis for Jackson test HB vehicle wheel load 
simulations. 
 
 
 
Figure 5.42.  HB wheel load location on models 
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Figure 5.43.  Results of HB vehicle flexure for down stand grillage and 2D grillage, note 
transverse bending shaded red. 
 
Figure 5.44.  Load-deflection curves for Jackson HB vehicle test and the arch geometry 
simulations, with CD360 punching shear estimates. 
 
Comparing the results of Figures 5.41 (the single wheel load) and 5.44 (multiple wheels) it can 
be seen that of the vehicle load is smaller than that of the test for a single wheel. The wheels 
are separated by a distance near the spacing where there is low interaction (see Section 5.3.8) 
and hence the reduced load is not due to the multiple wheel load effects considered in Section 
5.3.8. Jackson (1990) indicates this is likely to be due to global loading effects but notes the 
lack of diaphragm restraints in the test may have influenced the stiffness of the restraint. The 
effects of global moments and deflections are considered further later in this chapter (see 
5.4.5). 
 
5.3.11 Summary of Arch Geometry Method 
 
The arch geometry method (Collings 2002) taking into account some CMA gives an increased 
capacity compared to conventional linear elastic analysis considering flexure only. At ULS the 
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predicted loads are still a lower bound. The assumptions used in the method have been 
verified with tests and NL-FEA. The arch geometry method has been applied to serviceability 
limit state issues of cracking and deformation. An advantage of the arch geometry method 
over those of McDowell, Park, Rankin, Eyre is that when considered as part of a 3-phase 
analysis it can readily be used with current grillage type analysis to give a better estimate of 
both SLS and ULS behaviour. 
 
 
5.4 Effective Strain Method 
 
5.4.1 Basis of Method 
 
This section outlines the development and basis of the effective strain method. The method 
gives a lower bound solution at first yield and at ultimate limit state. Beeby and Zaib (1999) 
noted the longitudinal extension or dilation of reinforced concrete members and outlined a 
method to estimate the lengthening based on early Eurocode methods. Beeby did not explicitly 
use these extensions to directly estimate CMA forces. The use of an effective strain was 
considered in an MSc dissertation Laskar (2013) at the University of Surrey. More recently 
Neville, et al. (2019) proposed a similar strain-based method for building frames. 
 
The method is based on the forces generated by the restraint to the longitudinal expansion of 
the concrete. To estimate the CMA force the amount the slab is likely to extend or dilate is 
required, and the amount of restraint known. The method consists of the following steps: 
 
 Carry out a linear elastic analysis of the un-cracked phase 1 structure (Figure 5.45a), 
estimate the load that causes cracking; 
 Carry out a conventional linear elastic analysis of the cracked phase 2 structure (Figure 
5.45b), estimate the load that causes yielding and the deflection of the structure at this 
load, estimate the dilation caused by the cracking at yield; 
 Modify the conventional linear elastic analysis by incorporating the internal and external 
axial restraints and applying the longitudinal dilations as an effective strain to the loaded 
part of the structure. This analysis will give an estimate of the enhanced flexural capacity 
of the structure, the capacity of the structure at yield will be increased due to the moment-
axial interaction effects (see Section 5.4.3). The analysis can also be used to look at crack 
widths and deflections; 
 Carry out an ultimate flexural analysis of the phase 3 structure (Figure 5.45d) using yield-
line or similar methods (Johansen, 1943; Kennedy and Goodchild, 2004; Gesund and 
Kaushikt, 2018), estimate the increased dilations and increased CMA forces. This 
analysis will give a lower bound estimate of the ultimate flexural capacity of the structure; 
 Calculate shear capacity of the structure, note from the test data in Chapter 3 many 
structures fail in shear rather than achieving their full flexural-CMA capacity. The presence 
of an axial compression in the slab may also increase the shear capacity (BSI, 2004a). 
 
In order to estimate CMA forces estimates of the concrete dilation and external restraint are 
required. 
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Figure 5.45. Effective Strain Analysis method: a) Uncracked phase 1 analysis; b) 
Conventional analysis assuming cracked section of phase 2 with dilation 
included in phase 2 analysis; c) Yield line or plastic hinge analysis with CMA 
forces from dilation included for phase 3 CMA. 
 
5.4.2 Concrete Dilation 
 
The extension of the unrestrained reinforced concrete strip or slab can be obtained from tests 
((Vecchio and Tang, 1990 see Figure 2.22; Sagaseta, 2008; Muttoni, et al. 2008 see Figure 
2.32), derived from NL-FEA (see Chapter 4, Figures 4.65 to 4.67), or estimated as the sum of 
the centroid strains, as Equation 5.14. Where Δ is the total extension of the slab (typically half 
of this total extension occurs at each end of the slab, although this may vary if end restraints 
are different).  εo is the strain at the mid-section of slab. The dilation (εod) is the extension per 
unit length of the slab, Equation 5.15. Some typical dilations are shown in Figure 5.28. 
 
𝛥 = ∫ 𝑥 𝜀𝑜
௟
଴  
ௗఌ
ௗ௫
              Equation 5.14 
 
𝜀𝑜𝑑 =  ௱
௅
               Equation 5.15 
 
Dilation curves obtained from tests are shown in Figure 5.46. There can be some significant 
differences in dilation depending on concrete strength, reinforcement content, the amount of 
shear, the span to depth ratio, and the amount of yield of the reinforcement.  
 
a) 
 
 
 
 
 
 
b) 
 
 
 
 
 
 
 
c) 
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Figure 5.46  Typical measured and dilation for NL-FEA (X32, R32), Vecchio and Tang 
(1990) test TV1 and Sagaseta (2008) tests AG0, AG4 and BL2. 
 
The dilation strain can be calculated directly using cracked, elastic section properties using 
Equation 5.16a. Where z is the lever arm of the section (d - 0.33x) and x is the depth of 
concrete in compression., see Equation 5.11.   
 
εo = ெ௕ ௗ ா௦ ௭ 
଴.ହ௛ି௫
ௗି௫
            Equation 5.16a 
 
The mid-section strain can also be related directly to the strain in the reinforcement as 
Equation 5.16b. 
 
εo = εs ଴.ହ௛ି௫ௗି௫              Equation 5.16b 
 
Beeby and Zaib (1999) outlined that the concrete dilation in the elastic-cracked phase (phase 
2) could be estimated by modifying the elastic strain to allow for initial cracking, de-bonding of 
reinforcement and duration of load using Equation 5.16c. Where β4 is a de-bonding factor and 
β5 a duration factor. σcr is the stress in the steel reinforcement at initial cracking (at the end of 
phase 1) and σs is the stress in the reinforcement at the load stage being considered (within 
phase 2). 
 
εoc = (1 – β4 β5 (σcr/σs)2 ) εo           Equation 5.16c 
 
Cracking due to shear can also cause some dilation. Sigrist, et al. (2013) proposed that the 
mid slab strain, considering shear as a conventional truss model, could be estimated 
approximately using Equation 5.16d. 
 
εo = ଵଶ ௕ௗ ா௦ { 
ெ
௭
+V}            Equation 5.16d 
 
The ultimate dilation strain can be estimated (during phase 3) by considering the ultimate 
concrete strain (Figure 4.16) as defined in Equation 5.16e: 
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εou = εu ଴.ହ௛ି௫௫              Equation 5.16e 
 
x = 1.25 ρ ௙௬
௙௖
 d             Equation 5.17 
 
5.4.2.1  Calculation of Concrete Dilation 
The concrete dilation and extension may be calculated using Equations 5.14 and 5.15 with 
Equations 5.16 and 5.17. To gauge the accuracy of the equations the calculated strains and 
extensions are compared with measured values. Vecchio and Tang tested a restrained (TV2) 
and unrestrained slab strip (TV1). For the slab strip the extensions and strains were measured. 
Figure 5.47 shows the measured and theoretical mid height strains along the length of the 
strip. The mid-section strains are calculated from the reinforcement strains (Equation 
5.16b).The test load is at 55kN this is slightly beyond the yield load at mid span (46kN) and 
so the centroid strain below the load was determined from Equation 5.16c with an ultimate 
strain of 0.0035. The ultimate strain being confined to the hinge region and being largest at 
mid span and reducing to the yield value 0.6d from this maximum (BSI, 2004a). The theoretical 
and measured strains shown in Figure 5.46 are in good agreement, although the location of 
the peak measured strain was slightly away from the support centre.  
 
 
Figure 5.47  Measured mid height strains from TV1 and theoretical mid height strains 
 
The extensions calculated from the strains of Figure 5.47 using Equation 5.14 are given in 
Table 5.13. The extensions are in good agreement with the measured value.  The extension 
at various other loads can also be calculated, Figure 5.48 shows the measured and calculated 
theoretical extensions of the test slab these are also in good agreement with the test. 
 
Table 5.13. Results of various extension [mm] estimates for TV1, at 55kN load. 
 Measured From measured strain Calculated 
Extension mm 1.0 1.64 1.22 
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Figure 5.48.  Measured and theoretical extensions of the TV1 test slab 
 
From Figure 5.47 it can be seen that the variation in strain in the test and calculated 
theoretically are linear, and so at yield the dilation strain can be estimated as Equation 5.18a. 
 
εod = ఌ௬ଶ   ቀ
଴.ହ௛ି௖
ௗି௖ ቁ            Equation 5.18a 
 
The additional strains due to plasticity are confined to the hinge regions and so the additional 
strains can be simplified to equation 5.16b, where nh is the number of plastic hinges: 
 
εod =  εu  ଴.଺ௗ ௛௟ ቀ
଴.ହ௛ି௫
௫
ቁnh           Equation 5.18b 
 
 
5.4.2.2  Calculation of concrete dilation with shear 
From the Sigrist, et al. (2013) Equation 5.19a it can be seen that the shear adds to the bending 
effect. Considering the rotationally restrained slab strips considered by Taylor (2000) the 
moment M at mid span is approximately PL/8 and the shear V is P/2. Assuming that x is 0.3h 
(see Section 5.3.9.1) then d=0.7h and the lever arm z is 0.6h. Using these values of M, V and 
z in Equation 5.10d the strain can be seen to vary as a function of the span to depth ratio (L/h) 
as Equation 5.12a. 
 
εo = ଵଶ ௕ௗ ா௦ { 
௉   ௅
ସ.଼ ௛
+0.5P}      Equation 5.19a 
 
Similarly, equations for slab strips not rotationally restrained can be determined using a 
moment of PL/4, resulting in Equation 5.12b. 
 
εo = ଵଶ ௕ௗ ா௦ { 
௉   ௅
ଶ.ସ ௛
+0.5P}      Equation 5.19b 
 
These equations are simplified to Equation 5.19c, where kv is a coefficient dependent on the 
rotational restraint and the span to depth ratio as Figure 5.49. 
 
εo = kv εs ଴.ହ௛ି௫ௗି௫        Equation 5.19c 
0
10
20
30
40
50
60
70
0 0 . 5 1 1 . 5 2 2 . 5
Lo
ad
KN
Extension [mm]
TV1 calculated
Chapter 5  3-Phase Models 
179 
 
 
Figure 5.49 Variation in shear coefficient kv with rotational restraint and span to depth ratio. 
 
From Figure 5.49 it can be seen that the effect of shear is very significant at low span to depth 
ratios and where there is more rotational restraint. Shear is insignificant at span to thickness 
ratios above 25. 
 
5.3.2.3  Calculation of Concrete Dilation with Flexural Reinforcement Ratio 
The centroid strain εo is dependent on the depth in compression which is dependent on the 
amount of reinforcement (Equation 5.11). As x/h increases so the centroid strain reduces. 
Using the x/h values estimated from Equation 5.11b the variation in relative strain with the 
reinforcement ratio is plotted in Figure 5.50. Figure 5.50 indicates that at low reinforcement 
ratios the centroid strain is high but reduces as the reinforcement increases with no centroid 
strain at 4% reinforcement (see also Figures 3.17 and 4.49 and Equation 4.7). 
 
Figure 5.50  Variation in relative strain with reinforcement ratio. 
0
0.5
1
1.5
2
2.5
0 10 20 30 40 50
kv
l/h
 fix
free
0
0.25
0.5
0 1 2 3 4
εo/εy
ρ %
Chapter 5  3-Phase Models 
180 
 
5.4.3 Moment – Axial Interaction of Reinforced Concrete 
 
The calculation of the bending capacity of a reinforced concrete section can be estimated from 
Equation 5.20a. At serviceability up to yield the modular ratio method can be used with the 
depth in compression estimated from Equation 5.11 with z = d- x/3. At ultimate Equation 5.17 
can be used to estimate the depth to the neutral axis, with z = d-x/2. Similar assumptions can 
be used to calculate the bending capacity with axial loads. Standard solutions are available 
for both methods (Reynolds and Seedman, 1981) as shown in Figure 5.51. 
 
My= z ρ bd fy             Equation 5.20a 
 
Figure 5.51 Standard solutions for normalised moment-axial interaction diagrams a) 
serviceability b) ultimate from Reynolds and Steedman (1981). 
 
The curves in Figure 5.51 are calculated for a large range of steel ratios, most significantly 
larger than considered for the slabs considered in this section. The interaction curves are re-
calculated for the range of concrete compressive strengths (fc =30 to 80 MPa), strains and 
reinforcement contents (ρ = 0.25% to 2.0%) considered in this section. The interaction curves 
are given in Figure 5.52 for serviceability and 5.53 for the ultimate capacity. The serviceability 
limits are a strain of 0.002 for the concrete and 0.0025 for the steel i.e. the materials are 
behaving linearly without yielding or plasticity. The ultimate limits are the same concrete strain 
and effective compressive strengths as assumed for the NL-FEA, a reinforcement tensile 
strength of 500 MPa was used. The normalisations are slightly revised from those in Figure 
5.51 to show relative axial forces and moments similar to the normalisations used in previous 
chapters of this thesis. The axial forces normalised against Nc (see Equation 2.9), the moment 
normalised with My (Equation 5.20a), and with the maximum arching moment Mc (Equation 
5.20b) (McDowell, et al., 1956). 
 
Mc= Nc h/4             Equation 5.20b 
 
From the moment-axial interaction diagrams of Figures 5.50, 5.51 and 5.52 a number of 
relationships are noted. From all curves the higher the concrete strength and lower 
reinforcement ratio the greater the increase in capacity with axial load. From Figure 5.52 b the 
maximum capacity occurs at approximately N/Nc = 0.25. Below this value the capacity is 
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dependent on the reinforcement content, above this the capacity is independent of the 
reinforcement capacity and only dependent on the axial load. From Figure 5.52b at 
serviceability limit state it is noted that at low concrete strength and high steel ratios the 
capacity lines slope back and so an axial force will reduce the moment capacity. 
  
Figure 5.52 Normalised moment-axial interaction diagrams - SLS a) normalised to My       b) 
normalised to Mc. 
  
Figure 5.53 Normalised moment-axial interaction diagrams - ULS a) normalised to My       b) 
normalised to Mc. 
 
The limiting reinforcement ratios are investigated by considering the moment equilibrium as 
Equation 5.21. 
 
My ≥ M + N e             Equation 5.21a 
 
Where My is the yield capacity based on the limiting strain assumptions at serviceability 
outlined in Section 4.4, M is the moment on the slab section, N the axial load applied and e 
the equivalent eccentricity of this force. Using M = T z where T is the tensile capacity of the 
reinforcement, z is the lever arm (z= d-x/3), considering N=T and e= h/2 – x/3; 
 
T ቀ𝑑 − ௫ଵଷ ቁ ≥ Tቀ𝑑 −
௫ଶ
ଷ ቁ  + Tቀ
௛
ଶ
− ௫ଶ
ଷ ቁ          Equation 5.21b 
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The depth in compression for flexure (x1) is estimated from Equation 5.11 in terms of Ec and 
using Equation 5.12 to estimate it in terms of fc.  
 
x1 ≈ 2000 ቀ𝜌 ௗ௙௖ቁ            Equation 5.21c 
 
ρmax = 0.00025 fc            Equation 5.21d  
 
The limiting reinforcement ratio is related to the concrete strength as Figure 5.54. 
  
Figure 5.54 limiting reinforcement ratio for various concrete strengths (fc) above which there 
is no increase in capacity from axial forces at serviceability. 
 
5.4.4 Validation of Effective Strain Method  
 
The effective strain method (ESM) was initially compared to the tests by Vecchio and Tang 
(1992) as the extension was directly measured, this is outlined in Section 5.4.2 above. The 
method was then compared to the series of tests by Taylor (2001) similar to those used in the 
FEA validation of Chapter 4 and identical to the tests used for validation of the arch geometry 
method. The method was verified and compared to unrestrained and partially restrained 
reinforced concrete slabs where the capacity was derived from both bending and CMA (tests 
S7, S8, S5 and S9). Note that again the simulation of S10 was not carried out as this method 
is not applicable to unreinforced concrete sections.  
 
The phase 1 analysis is identical to the arch geometry method phase 1 analysis of Table 5.1. 
to estimate the dilation and extensions a conventional linear elastic analysis without external 
longitudinal restraint is carried out for a simply supported beam (S7) and a rotationally 
restrained beam. The dilations and extensions are estimated at yield and ultimate using 
Equation 5.14 and 5.15; these are noted in Table 5.14. The dilations are plotted on Figure 
5.55 together with the dilation from the equivalent NL-FEA simulation. The calculated dilation 
and that from the FEA are in good agreement. 
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Table 5.14  Estimated dilations for unrestrained slab strips 
 at yield at ultimate 
Simulation Py [kN] Δ [mm] εod  Δy [mm] εod  
S7-simply supported 47.5 1.28 0.0009 7.3 0.0030 
With rotation restraint 93.9 1.46 0.0010 4.0 0.0072 
 
 
Figure 5.55. Normalised load-dilation for unrestrained slab strips, calculated and from NL-
FEA. 
 
The simulations of tests S8, S9 and S5 were carried out, adding in the axial restraint stiffness 
to the previous models. The results for the restrained models with the yield dilation included 
are given in Table 5.15. Py is the flexure only capacity (identical to Table 5.14 results), N is 
the axial force at this load from the analysis, βy is the load modification factor derived from the 
moment-axial interaction diagram of Figure 5.56, and PN is the increased capacity. Δy is the 
total extension of the simulation. 
 
Table 5.15 Results of effective strain analysis 
Simulation K [kN/mm] Py [kN] N {kN] βy PN [kN] Δy [mm] 
S7 0 47.5 0 1 47.5 1.28 
S8 410 47.5 204.0 1.72 79.3 1.0 
S5 197 93.9 123.9 1.43 130.3 1.2 
S9 410 93.9 223.4 1.73 156.7 1.1 
 
 
Figure 5.56 Normalised moment-axial interaction diagrams -SLS for the validation 
simulations 
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The load-deflection results of the phase 2 simulations, and the tests (see Appendix C) are 
given in Figure 5.57. For the phase 3 analysis a strut analysis considering the dilations and 
support stiffness was used. The effective strain method uses the centroid strain to determine 
the dilation, the centroid strain can also be used directly to estimate the shear capacity using 
CSCT (Equation 2.16) and, as with the AGM, rotations can be used to estimate ductility failure 
limits (see Section 5.3.3). The calculated capacity from this third phase is also shown on 
Figure 5.57.    
 
 
Figure 5.57. Load-deflection [p-δ] for ESM analysis with test data and CSCT limit. 
 
5.4.5  Local and Global Effects 
 
In the whole bridge modelling of the arch geometry method analysis (Section 5.3.10), it was 
noted that global effects reduced the capacity of the section from estimates using local loading 
or boundary conditions. Fixed and free ended slab strips similar to those tested by Taylor and 
used to validate FEA, AGM and the effective strain method (ESM) can be used to explore and 
estimate the effects of global moments. Initially consider a fixed end slab strip without in-plane 
restraint with a central load. As global moments (Mg) are applied, causing a rotation of the 
supports the mid span moments increase (Figure 5.58). These flexural models with full and 
zero rotational restraint are identical to the simulations of Table 5.14. MF is the free or total 
moment on the section from the load. For this case when Mg = 0.5MF the fixed end slab 
becomes like a simply supported slab. The reduction factor is: 
 
kg = 1 - ெ௚ெி             Equation 5.22a 
 
Figure 5.58 Moments on a slab strip, top local effects, below with addition of global. 
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For a similar slab with in-plane restraint the flexural capacity is increased by the arching 
capacity MA. The reduction factor is then: 
 
kg = 1 - ெ௚ெிାெ               Equation 5.22b 
 
or using loads 
 
kg = 1 - ௉௚௉ிା௉஺              Equation 5.22c 
 
Figure 5.59 plots the maximum reduction factor for various relative arching to flexure ratios. 
  
Figure 5.59 Coefficient kg for global effects with arching moment ratio. 
 
The reduction factor is considered using S7, S8 and S9 tests from Taylor, et al. and using the 
loads in Equation 5.22. For the fixed end beam of test S9, PF=94kN, PA= 125kN. Hence the 
capacity is 219kN, this is similar to the test load of 223kN. For test S7 where there is no axial 
restraint Pg=48kN, PA=0, Hence using Equation 5.22 the reduction factor on flexure is 0.5 and 
the capacity is 48kN, this is as the flexure test load of 48kN. For test S8 there is axial restraint 
and so Pg=48kN and PA=125kN, using Equation 5.22 the reduction factor is 0.725 of the full 
flexure and arching moment and the estimated capacity 175kN, the actual test load was 
159kN. 
 
The proposed reduction factor of Equation 5.22 for global effects gives reasonable predictions 
for slab strips. 
 
For some bridges, particularly ladder beam type decks the local flexure-CMA-shear will be 
influenced by global stresses or strains. At mid span of a ladder beam deck the stress field 
will be compressive as the global compression from the slab acting compositely with the girder 
and additional compressive forces will be added. Over internal continuous supports the stress 
field will induce global tensions in the slab. These global stresses will affect the point at which 
cracking occurs and the boundary point from phase 1 to phase 2 behaviour. Equation 5.1a 
becomes: 
 
Mcr = 0.167 bh2 fct+σc             Equation 5.1b 
 
Where σc is the stress in the concrete, positive if in compression and negative if in tension. 
 
0
0.5
1
0 1 2 3 4
kg
MA/MF
Mg/MF=0.5
Mg/MF=1 
Chapter 5  3-Phase Models 
186 
 
During phase-2 the global compression will add an additional force. If the force is small, then 
it may be added directly to the CMA force to calculate capacity from the M-N interaction curves. 
If the force is large and similar to that used in post tensioned slabs (σc > 4MPa) the behaviour 
will be slightly different. CMA with post tensioned slabs has been investigated by a number of 
researchers (Savedes, 1989; Weishe, 1992; Ramosa, et al., 2011; Amir, et al., 2014). 
However, this aspect is beyond the scope of this thesis and could be the subject of future 
research. 
 
During phase-2 the global tension field will reduce the dilation strains. In the NL-FEA section 
the strains at which concrete cracking (εct) occurred was assumed to be at 0.00015. From 
Figure 5.54 it is noted that the dilation strain at yield is 0.0003 to 0.005, hence for tension fields 
where the concrete exceeds 2fct to 3fct there is unlikely to be CMA during phase-2 at the 
serviceability limit state. Reinforcement contents are likely to be higher in a tension field, given 
that the larger the reinforcement area the lower is CMA (Figure 5.44), hence where there are 
significant tension fields (such as in slabs of continuous composite bridges over supports) 
CMA cannot be relied on. 
 
5.4.6 Support Restraint 
 
The degree of axial restraint is an important parameter for the development of CMA. If there 
is no restraint, then there will be no CMA the dilation will lead to extensions of the structure. 
For a rigid restraint the axial force (N) induced by the restraint to the dilation or extension can 
be estimated from Equation 5.23. 
 
N = EA εod β10            Equation 5.23a 
 
Where Ec is the Young’s modulus of concrete, A is the full area of the section (b h) and β10 a 
modification factor to allow for reduced areas where the section is cracked in flexure and for 
the reduced E value as concrete stresses increase. Tests by Eyre (1985) indicate that β10 
varies from 0.2 to 0.8.  
 
The axial CMA force in a part restrained slab can be estimated from the stiffness of the slab 
(KB) and the supports (KS). 
 
Using β11 = ௄ௌ௄஻             Equation 5.23b 
 
N= EA εod β10 ଵ
ଵା భഁభభ
              Equation 5.23c 
 
The forces determined from the validation analysis for tests S5 and S9 are used to compare 
analysis with Equations 5.15, using β10 = 0.5. The results are outlined in Table 5.16. 
 
Table 5.16 Comparison of CMA force [kN] with different restraint stiffness. 
Simulation KS KB β11 εod N NFEA 
S5 197 1701 0.12 0.001 128.6 173 
S9 410 1701 0.24 0.001 234.4 201 
R80 855 1701 0.48 0.001 405.1 321 
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The axial forces derived from Equation 5.23 are in good agreement with those from the NL-
FEA analysis (NFEA see Section 4.4.1). Where there is a slab of similar span adjacent to the 
support then the stiffness will be approximately half that of the slab (assuming each adjacent 
span has a similar stiffness to the loaded span). For the example used above this is 
approximately KS = 850 kN/mm. It is noted that this more realistic stiffness was used by Taylor, 
et al. on subsequent tests (Taylor and Mullin, 2006) and is similar to one of the support 
stiffness used in the NL-FEA of Chapter 4. Using an 855 kN/mm stiffness as the FEA the axial 
load from dilation increases further. 
 
The support restraint stiffness was previously estimated for the Hon, et al. beam and slab tests 
with saw cuts using NL-FEA (Section 4.3.4 and 4.5.1) and the arch geometry method (Section 
5.3.6 and 5.3.7). It was noted that for the saw cut tests the CMA force tended to be primarily 
taken by tensions in the adjacent slabs. A similar result is obtained for the effective strain 
model for the SF2 test (Figure 5.60). Hence again with similar slab strips each side the restraint 
stiffness will be approximately half of the slab strip stiffness. Using the typical EA and L from 
the analysis a restraint stiffness of half of the slab strip is 750 kN/mm this is similar to but 
slightly less than the stiffness derived from the modelling and by Hon, et al. (2005).  
 
Figure 5.60. a) In-plane forces and b) bending moments for simulation of S2F slab strip, and 
c) in-plane forces and d) bending moments for simulation of 1-way slab S2. 
 
For the one-way spanning slab, it was previously noted (Section 5.3.7) that the bending is bi-
directional, spanning longitudinally as well as transversely, leading to smaller tensions in the 
adjacent restraint strips. The Hon test S2 was simulated using the effective strain method, the 
resulting axial loads in the model at yield are shown in Figure 5.60c. It should be noted that 
for the effective strain method the axial forces are from the dilation only, whereas for the 
arching method the compression forces from overall bending of the structure are also included. 
There are compressions within the loaded slab strips longitudinally and transversely, but also 
a ‘ring’ of tension in the adjacent slab strips. 
 
The majority of tests noted in Chapter 3 were primarily aimed at defining the ultimate behaviour 
of the slabs. Kirkpatrick, et al. (1986) and Taylor, et al. (2007) outline tests specifically aimed 
Slab strip 
 
 
 
1-way slab 
Chapter 5  3-Phase Models 
188 
 
at looking at the serviceability behaviour of a bridge deck slab. Kirkpatrick carried out tests on 
Clinghan’s Bridge and Taylor on Corick Bridge, both bridges had very similar slab geometries 
and material strengths. Both tests looked at the service behaviour for local loads on a 160mm 
thick slab supported by beams at 2m spacing (giving a clear effective span of 1.75m). 
Concrete strengths (fc) were 42 to 52MPa. Figure 2.31 shows the test setup on the bridges. 
 
In the modelling of the Hon test the location of the adjacent slab strips is arbitrary, chosen to 
reflect the same location as with the saw cut test.  A sub frame representing the slab and the 
supporting beams was modelled as a 3D grillage-frame as Figure 5.61. In the sub-frame the 
in-plane stiffness is provided by the transverse flexure and shear stiffness of the grillage 
elements (Johnson and Collings, 2004). The number of divisions within the grillage did not 
significantly affect the behaviour of the model in terms of the moments near the local load. 
The yield dilations for the Corick Bridge was simulated using the effective strain method. The 
resulting axial loads from the modelling of the dilation are shown in Figure 5.61, these show 
the ‘rings’ of tension (blue) around the load, with the greatest tension in the ring adjacent to 
the load. 
 
Figure 5.61.  Sub frame model for Corick Bridge with bending moments from 100kN load 
and axial forces from imposed dilations. 
 
Considering a large grillage of overall length L and spacing l, the stiffness of the first ‘ring’ is: 
 
k1 = ா஺ଶ௟                Equation 5.24a 
 
The stiffness of the second ‘ring’ is: 
 
k2 = ா஺ସ௟                Equation 5.24b 
 
and the stiffness of the i th ring: 
 
ki = ா஺ଶ௜௟              Equation 5.24c 
 
The total stiffness is the sum of the rings:  
 
K = ∑ k1 k2 ki  = 3.3 ா஺ଶ௟                 Equation 5.24d 
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Eyre (2007a) used a similar elastic method to derive the surround stiffness restraint for CMA. 
Eyre used an equivalent stiffness S including the stiffness of the slab undergoing CMA (Km): 
 
ଵ
ௌ
 = ଵ
௄௦
 + ଵ
௄௠
              Equation 5.25a 
 
S =  ா ௛ ఎ
ଶ ௥௕
              Equation 5.25b 
 
η = 1- ቀ௥௕௥௔ቁ
2              Equation 5.25c 
 
Where rb is the distance from the load to the support and ra is the distance from the load to the 
slab edge. The relative stiffness (S/Ks) of a slab using the elastic method (Eyre, 2007a) and 
the grillage method are compared in Figure 5.62. 
 
Figure 5.62. Variation in relative stiffness (S) estimated by elastic and grillage methods with 
various ring ratios. 
 
5.4.7 1-Way and 2-Way Spanning Slabs 
 
The 1-way spanning slabs of the Hon, et al. (2005) tests considered in the NL-FEA and AGM 
analysis are re-analysed using the ESM for comparison. The results of the SAP analysis are 
shown in Figure 5.60. Table 5.17 outlines the results for tests S2Fa and S2. The uncracked 
(phase 1) analysis is identical to those of the AGM in Table 5.6 as the same grillage is used. 
The results of the phase-2 ESM analysis are similar to those of the AGM. The phase 3 analysis 
results are identical to the AGM as again the same methods are used with the same 
assumptions. The load deflection profiles of the ESM and AGM are as Figure 5.25 
 
Table 5.17. Results of effective strain analysis for Hon, et al. (2005) simulations. 
0
2.5
5
7.5
10
0 3 6 9 12 15
S/
ks
 
ra/rb
Eyre
Simulation P [kN] δ1 [mm] δ2 [mm] M [kNm] Nf [kN] V [kN] 
S2Fa Un-cracked 8.2 0.6 0.4 0.84 2.4 4.1 
cracked 101.4 9.1 5.2 8.4 56.2 50.7 
        
S2 
 
Un-cracked 10.0 0.6 0.4 0.84 2.0 3.7 
cracked 167.9 10.6 6.5 9.4 115.2 43.5 
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The assumption of the analysis is that each beam element behaves as a short strip. For 2-
way slabs the restraint of adjacent concrete may restrain the expansion from that seen in the 
strip tests, FEA and analysis. To investigate the potential restraint the 2-way tests of Muttoni 
Fernandez-Ruiz and Tassinari (2008) are analysed. 
 
 
5.4.7.1 Analysis of Unrestrained 2-Way Slab 
Muttoni, et al. (2008) tested a series of full-size flat slabs with a central support and loads at 
the edges (see Figure 2.33). The tests do not have restraint and so have no CMA; however, 
the extensions of the slab were measured in one of the two principal directions and can show 
the dilation behaviour of a 2-way slab. Muttoni, et al. tested 7 slabs, however the extensions 
were measured on only 4. The test slab is 3m by 3m with 2760mm by 2760mm spans with a 
central load. Material properties and results of the tests are given in Table 5.18. Where ρx and 
ρy are the reinforcement in the main (X) and transverse (Y) directions. PT is the final central 
test load, δ is the vertical deflection at test load and Δ the extension of the slab. 
 
Table 5.18  Test results for 2-way slabs 
Test fcm 
[MPa] 
fy 
[MPa] 
h 
[mm] 
d 
[mm] 
ρx ρy PT 
[kN] 
δ 
[mm] 
Δ 
[mm] 
PT31 66.3 540 250 212 1.48 1.48 1433 12 3.1 
PT32 40.0 540 250 215 1.46 0.75 1157 14 2.5 
PT33 40.2 558 250 212 0.76 0.32 602 29 3.7 
PT34 47.0 558 250 216 0.74 0.74 879 29 7.8 
 
The dilation strain εod for the tests were calculated using Equation 5.15 and are given in Table 
5.19. It is noted that the extensions and dilations of test PT34 are significantly larger than the 
others, the extension and dilation at 0.9PT is significantly reduced and noted in Table 5.19. 
The increase in dilation may be due to concrete plasticity (Equation 5.18b) and significant 
cracking near failure. 
 
Table 5.19  Calculated concrete dilation strains from test results. 
Test εod 
PT31 0.0010 
PT32 0.0008 
PT33 0.0012 
PT34 0.0026 
PT34 (90%) 0.0013 
 
 
Load deflection and load extension diagrams are shown for tests PT31 and PT34 in Figures 
5.63 and 5.64. For test PT33 there was initially an inward dilation, this may be linked to the 
difference in reinforcement content combined with the low transverse reinforcement content. 
As Tests PT32 and PT33 have significantly different reinforcement content transversely the 
cracking and yielding will occur at different loads in the X and Y direction making predictions 
from a linear elastic analysis more difficult. Hence the effective strain method analysis will be 
used on symmetric tests PT31 and PT34 only. 
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Figure 5.63. Load – vertical deflection diagrams in X direction for tests. 
 
Figure 5.64. Load- longitudinal extension diagrams in X direction for tests. 
 
To determine the theoretical dilation the x/h ratios were determined from Equation 5.11 for 
sections below yield (SLS) and from Equation 5.17 for sections at yield (ULS). The slab was 
analysed as a grillage with 600mm wide sections a central support and loads applied at 8 
locations (Figure 5.65). The mid-section or dilation strains at yield for the different sections are 
given in Table 5.20. Figure 5.65 outlines the elastic moments and deflections for the phase 1 
analysis with a 200kN central load. Assuming a concrete tensile strength of 3MPa first cracking 
occurs at a load of 162kN with the cracks occurring on adjacent elements at approximately 
twice this load. 
 
Table 5.20  Calculated x/h and εod   
Test 100ρ x/h εod 
SLS ULS SLS ULS 
PT31 1.48 0.35 0.2 0.0012 0.0052 
PT34 0.74 0.29 0.1 0.0010 0.014 
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Figure 5.65. Moments (Mx) [kNm] and deflections (δ) [mm] for uncracked phase-1 analysis 
 
The dilation load case assumes dilation strains in each element is in proportion to the elastic 
moment of Figure 5.65 with the central element under the load at yield. The dilation extensions 
are plotted on Figure 5.66 together with the elements in tension (red) and compression (blue).  
 
 
Figure 5.66. Extensions [mm] and in plane loads [blue-compression, pink-tension] for 
grillage. 
 
 
The load extension behaviour of the effective strain method for phases 1, 2 and 3 is plotted in 
Figure 5.67 together with the test results for tests PT31 and PT34. The ESM gives reasonable 
predictions of extensions for the two-way slabs and so the method can be used for more 
complex bridge models. The dilation strain estimated from the extension is given in Figure 
5.68. 
1.56mm 
1.56mm 
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Figure 5.67. Load extension diagrams n for tests and effective strain method calculations. 
 
 
Figure 5.68. Normalised Load-dilation diagrams for tests and calculations. 
 
The restraint of the in dilation or in-plane extensions of tests such as PT31 and PT34 above 
is the basis of an enhancement to the hogging regions of flat slab structures (Enipaul, et al., 
2015), see Figure 5.69.  The dilation and restraint will be similar for a vehicle wheel (see Figure 
2.31). 
 
Figure 5.69. Restraint to dilation at hogging region near column head causing radial 
compression near column and circumferential tension in span, based on 
Enipaul et al. 2015. 
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5.4.8  Whole Bridge Models 
 
The effective strain method (ESM) was applied to more complex structures such as a bridge 
deck on beams. The test carried out by Jackson (1990) was used and compared with the 
ESM. The test was an 8m span prestressed beam bridge with a 1m spacing, topped by an 
80mm thick reinforced concrete slab (see Figure 2.27). Details of the test are given in Section 
5.3.10. The loads were individual wheel loads and an HB type vehicle load (BSI, 1978). 
 
The bridge analysis was carried out using SAP2000 and is similar to the analysis used for the 
arch geometry method (AGM) of Section 5.3.10, with identical geometry. The grillage used for 
the effective strain method is a pseudo 3-D grillage, a method between the 2-D and full 3-D 
used for the AGM analysis. The pseudo 3-D analysis has the grillage geometry defined in one 
plane as the 2-D grillage, but the properties of the support beams are projected down by the 
neutral axis depth. This method gives the in-plane compression for the deck slab where it acts 
compositely as the top flange of the beams. However, it does not capture local frame action 
as the webs are not modelled. This intermediate method is common in design offices and is 
suitable for the effective strain method.  
 
The simulations for the phase-1 analysis are an uncracked section analysis with identical 
section and material properties to that used for the AGM analysis of Section 5.3. The 
simulations for the phase -2 analysis used similar section properties to those used in the 
phase-2 AGM analysis. However, the flexural stiffness was revisited, and the reduction of 
stiffness calculated using Equation 5.2. Equation 5.2b was modified to include a load 
coefficient β (BSI, 2004a) as Equation 5.2c. Where β is 1.0 for a single load and 0.5 for multiple 
loading. Assuming the stresses are proportional to the moments, Equation 5.2d was used to 
estimate the section stiffness. 
 
 =1-β (σcr/σs)2              Equation 5.2c 
 
 =1-β (Mcr/Ms)2             Equation 5.2d 
 
The effect of the load coefficient is to reduce the effective stiffness at lower moments or 
stresses. Figure 5.70 shows the reduction in normalised stiffness for various reinforcement 
ratios (ρ) and with multiple or single loading. 
 
Figure 5.70. Normalised M-EI curve for concrete slab with various reinforcement ratios and 
numbers of loadings. 
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The axial stiffness of the cracked slab section was also reduced as noted in tests by Eyre 
(1985) and derived from the compression softening of cracked sections noted by MCFT 
(Vecchio and Collins, 1993). The reduction in axial stiffness is similar to that for flexure. The 
torsional properties of the slab were also reduced to approximate the torsion-less grillage of 
Morley (1986). 
 
5.4.8.1  Single Wheel Load 
A number of single wheel load tests were carried out by Jackson. A single wheel load test was 
simulated in the grillage model. A 100kN wheel load was used. The results of the phase 1 
analysis are plotted in Figure 5.71.  
 
For phase 2 the basic flexural capacity is increased by an additional moment of resistance 
from the axial force at an eccentricity. The axial force is derived from a dilation strain applied 
to the grillage as a load case.  The estimated dilation at yield is 0.001, this is in reasonable 
agreement with tests and simulations (Figures 5.46, 5.55 and 5.68 and Tables 5.14 and 5.19). 
Using Equation 5.18a an average dilation of 0.0005 in the 4 slab elements local to the load 
was determined. The dilation led to a 0.3mm outward deflection of the slab (Figure 5.72) and 
a 115kN axial load.  
 
  
Figure 5.71.  Load-deflection curves for Jackson (1989) single wheel test and the effective 
strain method simulations (phase 1 and phase 2), with CSCT and Rankin and 
Long punching shear estimates. 
 
Figure 5.72.  Extensions and in plane loads for grillage for wheel load. 
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Figure 5.73 outlines a normalised interaction diagram for the slab of the Jackson test, in which 
the normalised flexural capacity (m) increases up to a normalised axial load (n) of 0.45 then 
reduces after n = 0.5. The normalised capacity at n = 0 is m = 1.0. The capacity at n = 0.1 
increases to m = 1.87. The results of the cracked phase 2 analysis are plotted in Figure 5.71. 
The phase 2 flexural capacity of ESM is slightly less than that of AGM (Figure 5.40). 
 
Figure 5.73.  Normalised moment-axial interaction diagrams 
 
The punching capacity using the Rankin and Long (1997) method (Equation 3.4) and CSCT 
method (Equation 2.17) for the phase 3 analysis are also noted on Figure 5.71. There is a 
good agreement between test and simulation. A flow chart of the analysis method for the single 
wheel is shown in Figure 5.74. 
 
Figure 5.74.  Flow chart of ESM 3-Phase grillage analysis method  
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5.4.8.2  HB Vehicle Load 
An HB vehicle load test considering a multiple wheel load test was carried out by Jackson 
(1989). The HB load test was simulated using a grillage model. The layout of the HB vehicle 
load is as shown in Figure 5.42 for the EGM analysis. The results of the phase 1 and phase 2 
analyses are plotted in Figure 5.75.  For phase 2 the basic flexural capacity is increased by 
an additional moment of resistance from the axial force at an eccentricity. The axial force is 
derived from a dilation strain applied to the grillage as a load case. The analysis of the HB 
vehicle was similar to that of the single wheel (Figure 5.74) but with the dilation load case 
covering more elements due to the multiple wheels. The dilation led to a 0.6mm outward 
deflection of the slab as Figure 5.76. Again, the broad pattern of compression local to wheels 
and tensions around the perimeter of the vehicle can be seen. 
 
 
Figure 5.75.  Load-deflection curves for Jackson (1989) HB vehicle test and the effective 
strain method simulations (phase 1 and phase 2), with CSCT and Rankin and 
Long punching shear estimates. 
 
 
Figure 5.76.  Extensions and in plane loads for grillage for HB vehicle load. 
 
The punching capacity using the Rankin and Long method (with a 0.65 factor for multiple 
wheels as Taylor, et al., 2002, see Section 5.3.8) and CSCT method for the phase 3 analysis 
are also noted on figure 5.75. There is a good agreement between test and phase 2 simulation, 
the high punching loads indicate that with the vehicle load the flexural capacity of the slab 
governs.  
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5.4.9 Summary of Effective Strain Method 
 
The effective strain method gives an increased capacity compared to conventional linear 
elastic analysis considering flexure only. It gives similar results to the arch geometry method. 
At ULS the predicted loads are still a lower bound. The assumptions used in the method have 
been validated with tests and verified with NL-FEA. The effective strain method can also be 
extended to consider cracking and other serviceability limit state issues. An advantage of the 
effective strain method over those of McDowell, Park, Rankin, Eyre is that it can readily be 
used with modern grillage type analysis. 
 
 
5.5 Comparison of AGM and ESM Methods 
The arch geometry method (AGM) and the effective strain method (ESM) can be used as part 
of the 3-phase method modelling phase 2. Both give similar results; the similarity of results is 
because both use identical phase 1 and phase 3 analysis and similar elastic-cracked section 
properties for phase 2.  
 
Both AGM and ESM give an increased capacity compared to conventional linear elastic 
analysis considering flexure only. Figure 5.77 plots the results of the AGM phase 2 analysis 
from section 5.3 and the results of the ESM phase 2 analysis from Section 5.4 normalised 
against the conventional flexural yield load (Py). Most results are above 1.0 indicating an 
increase in capacity. 
 
Figure 5.77. Comparison of AGM and ESM phase 2 loads with flexural yield. 
 
However, the phase 2 flexural failure loads are still a lower bound based on a revised elastic 
analysis.  Figure 5.78 plots the results of the AGM phase 2 analysis from section 5.3 and the 
results of the ESM phase 2 analysis from Section 5.4 normalised against the test loads (PT). 
Most results are below 1.0 indicating a lower bound solution  
S8 S9 S5 TV2 S2Fa S2 HC1 HC2 HC3 wheel HB
AGM 1.36 1.49 1.15 1.38 1.07 1.10 1.01 1.01 1.00 1.35 1.14
ESM 2.39 1.55 1.35 1.13 1.53
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Figure 5.78. Comparison of AGM and ESM phase 2 loads with test load. 
 
Both methods use conventional linear elastic analysis software that is readily available. For 
both methods the section properties of the elastic analysis are modified to take into account 
flexural cracking. The geometry of the analysis for the arch geometry method requires the 
model to be modified for each load case, hence it is recommended that the phase 1 analysis 
is used to determine the most critical load cases and that only these critical cases are analysed 
by the AGM. For the ESM additional load cases are required to model the dilation. Each 
additional load case is valid only for a given set of loads with the dilations being input in 
proportion to the moments from the phase 1 analysis. Again, to limit the additional input data 
it is recommended that the phase 1 analysis is used to determine the most critical load cases 
and that only these critical cases are analysed by the ESM. 
 
 
5.6 CMA-Flexure 
Two slightly different assumptions on the way the flexure and CMA share the section have 
been made in the arch geometry method (AGM) and the effective strain method (ESM). These 
are shown in Figure 5.78.  
 
Figure 5.79 Slab forces and stresses at ULS with bending and CMA. a) with maximum 
bending b) with shared stress block.  
S8 S9 S5 TV2 S2Fa S2 HC1 HC2 HC3 wheel HB
AGM 0.31 0.58 0.58 0.73 0.97 0.98 0.80 0.78 0.85 0.74 0.67
ESM 0.62 0.60 0.69 0.62 0.90
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A key equation of CMA is that of Christiansen given in Chapter 2 as Equation 2.7:  
 
PA = Pmax – PB               Equation 2.7 
 
Many test results are normalised based on this relationship, usually with the load due to 
bending being the maximum ultimate load calculated using a yield line or collapse mechanism 
(plastic) method, i.e. PB = Py.  In this equation the arching load is the maximum load less the 
flexural capacity, the arching uses any remaining concrete capacity above the neutral axis 
(Figure 5.77a). Hence PA is based on the arching of a reduced depth slab. This is the basis of 
the Kirkpatrick, Rankine and Long (1997) arching method and used in the Collings (2002) arch 
geometry method. 
 
The calculation of CMA based on a reduced depth leads to some inaccuracies where the 
bending uses significant proportions of the depth. The behaviour of the CMA arching is 
significantly affected by the span to depth ratio. An alternative better way to look at the arching 
is to assume the arching can utilise the full depth of the slab (Figure 5.77b) and that the 
capacity will be based on an unreinforced section of similar geometry. This is the assumption 
in the calculation of the M-N interaction diagrams used in the effective strain methods and 
current Eurocodes (BSI, 2004a).  
 
As the bending and arching share the same compression block the arching capacity will be 
reduced from the arching only capacity PA = kc βPC. The flexural component will also be 
reduced from the maximum capacity as the flexural lever arm reduces slightly, PB = kb Py. This 
reduced flexural capacity is evident from some tests, particularly at higher span to depth ratios. 
A revised Equation 4.6 was proposed in Section 4.3.3: 
 
Pmax = kb Py +kc βPC             Equation 4.6 
 
Where β is the moment factor from Table 3.3. The variation of coefficients kc and kb depend 
on many factors such as reinforcement content, span to depth ratio, restraint as noted in 
Sections 2.6, 3.7, 4.2.4.5, 4.3.1, 4.3.3, 5.3.8 and 5.4.5. Pc is derived using the axial force as 
Equation 2.12. From the database analysis the equation is improved by adding in some factors 
and giving the CMA capacity in terms of deflection coefficient (po) as Equation 2.11.  Based 
on the test data of Chapter 3 and NL-FEA of Chapter 4 and the derived 3-D interaction 
diagrams the factor kc would be the product of coeficients for reinforcement content (kρ) of 
Section 4.3.3; span to depth ratio, concrete strength and restraint (kR’) of Section 3.7 and 4.3.1; 
the rotation (kϕ) of Section 5.3.3; brittleness, placticity and ductility (kη) of Section 4.2.4.5; the 
proximity of other loads (kw) of Section 5.3.8; and the amount of global flexure on the slab (kg) 
of Section 5.4.5; buckling stability (kbcl) of Section 5.3.4: 
 
kc = kη kg kρ kϕ kw kR’ kbcl            Equation 5.26a 
The test data (Figures 3.25 and 3.27) indicates that this relationship is valid for uniform loads 
but not for wheel or point loads where there is less consistency in the data and the limit tends 
to be lower than for UDL loading, the maximum axial in-plane effects are not reached. The 
failure limit is not the direct addition of the flexural and CMA components as equations 2.7 or 
4.6. The limit at low deflections is the βPc limit which is equivalent to the Drucker ultimate 
shear, and the limit at larger deflections is the flexure Py limit or the punching shear limit Pvp.  
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Pmax = Pc β po kc   or  Py or Pvp  whichever is the greater.        Equation 5.26b 
 
5.7 Flat Strut and Tie Model 
5.7.1 General Method 
 
The Rankin and Long strut method (see figure 2.11) was used to calculate the phase 3 load 
deflection results for a number of the tests used for validation of the 3-phase methods (see 
Appendix D). The published method (Rankin and Long 1997) is based on the superseded 
code BS400 (BSI, 1990). The NL-FEA of Chapter 4, 3-phase arch geometry and strain 
methods together with the above equations of this chapter can be brought together to develop 
the Rankin and Long strut method into a strut and tie model for a relatively flat geometry, the 
flat strut and tie method.  
 
The material properties are updated from fcu and εc of Equation 2.15 to the fc’ and εc of the NL-
FEA taking into account the various brittleness, plasticity and strain coefficients (Section 
4.2.4). The strut geometry is updated to use the estimated arch geometry of the AGM and the 
elongations of the struts using the ESM. Details of the updated method are outlined in 
Appendix E. 
 
5.7.2. Verification of Flat Strut & Tie Method 
 
The flat strut and tie method was used to estimate the load deflection curve and failure 
mechanism of the unreinforced test S10 (Taylor, 2000) used in the NL-FEA validation of 
chapter 4. Identical sections, restraints and material properties are used as in the FEA. the 
results of a series of analyses with strains increasing from 0.001 to 0.004 are plotted in Figure 
5.80 with the S10 test and NL-FEA results. The FST method closely follows the NL-FEA results 
for the CMA. 
 
Figure 5.79  Load Deflection plots for test S10, FEA and strut method. 
 
The flat strut and tie method was used to estimate the load deflection curve and failure 
mechanism of the reinforced test S9 (Taylor, 2000) used in the NL-FEA validation. Identical 
sections, restraints and material properties are used as in the FEA. the results of the analysis 
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are plotted in Figure 5.80 with the S9 test and NL-FEA results. The flat strut and tie method 
gives loads greater than the NL-FEA for the combined CMA-flexure simulation.  
 
Figure 5.80  Load Deflection plots for test S9, FEA and strut method. 
 
5.7.3 Summary of Flat Strut and Tie Method 
 
The flat strut and tie method developed the strut model of McDowell, et al. (1956) and Rankin 
and Long (1997) with the properties of the NL-FEA analysis and using CMA-flexure interaction 
as developed with the AGM and ESM rather than the simple addition of CMA to flexure. The 
method gives reasonable predictions for both unreinforced and reinforced struts compared 
with tests and NL-FEA. It therefore supports the other methods. 
 
 
5.8 Summary and Conclusions 
The 3-phase model considers an initial un-cracked phase (similar to conventional flexure 
analysis), during this phase the slab can be analysed by conventional linear elastic methods. 
A second phase in which the concrete is cracked but the section still behaves essentially 
elastically the flexural strength is supplemented by compressive membrane action. The third 
phase assumes a cracked section, but with the reinforcement and concrete are at yield, the 
strains are linear, but stresses are non-linear the capacity is limited by shear or ductility 
requirements. Most other CMA theories consider only phase 3. The non-linear FEA (NL-FEA) 
has shown that some CMA occurs during phase 2 and is likely to be beneficial at the 
serviceability limit state. 
The proposed 3-phase analysis method is a step by step linear elastic analysis aimed to more 
accurately represent concrete cracking under multiple loads. It is not intended as a fully non-
linear analysis as pre and post yielding redistribution (Pisanty and Reagan, 2018) of moments 
and local non-linearity are not taken into account. 
Figure 5.3 outlined a flow chart for the 3-phase model for compressive membrane action. It 
noted that the transition from phase 1 to phase 2 was when the section cracked and that 
further definition of the cracking would be made, the investigations indicate that the cracking 
limit is defined by a load combination (ME) that causes cracking that exceeds twice the tensile 
strength of concrete or twice the cracking moment. This limit is compatible with Eurocode 4 
(BSI, 2005c) where similar cracking limits of concrete are defined. An updated version of 
Figure 5.3 with the additional and refined limits is given as Figure 5.81. 
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Figure 5.81. Flow chart for 3-phase analysis model. 
In addition, from the test data (Chapter 3) and analysis carried out in Chapter 5 a limit to the 
slenderness of the slab was determined, with no reduction in flexural-CMA capacity for slabs 
with a span to thickness ratio less than 33. The flow chart also required that the slab was 
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ductile, from the analysis a key aspect of ductility is that the x/h ratio should be less than 0.25. 
Limits to CMA were also determined in Equation 5.21d and Figure 5.54 were defined limits of 
reinforcement, above which CMA would not occur.  
The three-phase analysis method can be extended to more complex structures such as a 
bridge deck. Both the arch geometry method and the effective strain methods could be used 
at phase 2, both methods give an increased capacity compared to conventional linear elastic 
analysis considering flexure only. The three-phase method can also be extended to consider 
cracking and other serviceability limit state issues. An advantage of the three-phase method 
using the arch geometry method or the effective strain method over those of McDowell, Park, 
Rankin, Eyre, etc. is that it can readily be used with modern grillage type analysis. 
 
Objective E (see Section1.3) was to validate the Arch Geometry Method (AGM) developed 
previously (Collings, 2002), to improve it and verify the method against FEA and tests. This 
was carried out in chapter 5. The arch geometry method previously was based on an ultimate 
limit state approach as other CMA theories but has also been extended to cover serviceability 
aspects. 
 
Objective F (see Section 1.3) to develop an Effective Strain Method (ESM) for the analysis of 
CMA, clearly define the method, validate it and verify it against FEA tests. This was carried 
out in chapter 5. In developing the effective strain method, the 3-phase model for CMA was 
also developed the ESM being used in phase 2 when some cracking has occurred causing 
dilation of the concrete. 
 
Objective G (see Section 1.3) to compare the arch geometry method (AGM) and effective 
strain method (ESM), was outlined in chapter 5.  The 3-phase analysis model using AGM and 
ESM show that restraint is derived from the slabs adjacent the loaded span. The restraint can 
be considered as a series of rings around the load. The grillage analysis can reasonably model 
the in-plane restraint if the in-plane properties are modelled. 
The research indicates that over a wide range of tests and simulations the typical mid-section 
strain was 0.001 when a 500MPa reinforcement is used and that an average dilation strain of 
0.0005 could be used as an initial estimate of average dilation. This conclusion is similar to 
that noted by Sigrist (2013) for use with CSCT. 
The 3-phase model was used to investigate global effects on CMA and punching shear 
capacity. The modelling of the Jackson (1990) bridge test showed a significant reduction in 
capacity due to global effects. A reduction coefficient for global effects was derived. 
The 3-phase analysis model using AGM and ESM show that restraint is derived from the slabs 
adjacent the loaded span. The restraint can be considered as a series of rings around the 
load. The grillage analysis can reasonably model the in-plane restraint if the in-plane 
properties are modelled (Figures 5.73 and 5.76). 
Rather than assuming a separation of flexure and CMA effects it was concluded that a better 
way to consider arching is to assume both flexure and CMA use the same stress block, leading 
to a revised equation for the capacity with reduction factors for reinforcement, span to 
thickness ratios and restraint. 
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6. Codes & Compressive Membrane Action  
6.1 Introduction 
In this chapter the knowledge and findings from the previous chapters on theory (Chapter 2), 
testing (Chapter 3) and analysis of compressive membrane action (CMA) (Chapters 4 and 5) are 
brought together to critically evaluate existing code requirements in order to propose a tentative 
Annex to the Eurocodes to allow a reliable use of CMA. Initially the existing codes (AASHTO, 
2007; CD360, 2017) are considered and the results of the summary of Chapter 2 and the 
comparison with tests in Chapter 3 noted.  
A review of the current requirements of Eurocode 0 (BSI, 2002a), Eurocode 1 (BSI, 2003a) and 
Eurocode 2 (BSI, 2004a and BSI, 2005b) is carried out. The testing in Chapter 3 and the NL-FEA 
of Chapter 4 note that the type of loading is important and so a review of the Eurocode loads of 
Eurocode 1, Part-2 (BSI, 2003a) is carried out. The review of Eurocode 2, Part-1 (BSI, 2004a) 
and Eurocode 2, Part-2 (BSI, 2005b) notes that many clauses of the code for materials, analysis, 
detailing, ultimate limit states (ULS) and serviceability (SLS) requirements can be applied to 
designs considering CMA. Two tentative Annex are proposed. Annex X uses the empirical 
methods of AASHTO and CD360 updated to define material, geometry and restraint requirements 
that allow for CMA without direct calculation for specific load types and bridge layouts. Annex Y 
outlines a broad method for consideration of CMA. 
 
6.2 Current Codes 
A number of codes contain information relevant for the design of structures using CMA. These 
codes have been outlined in Chapter 2 and the current code methods compared with tests in 
Chapter 3. This chapter briefly recaps on these codes and CMA, then looks in more detail at the 
current Eurocodes and CMA. It outlines the content of the Eurocodes relevant to CMA in design 
and looks at methods complying with these criteria. Finally, a tentative Annex to Eurocode 2-2 is 
outlined: 
 
The CEB-FIB Model Code 90 (1993) has been used in this thesis, particularly for the chapter on 
Finite Element Analysis. However, this code is more relevant to research and as a basis for other 
codes rather than being used in the design of structures. The Model Code 90 is being superseded 
by CEB-FIB Model Code 2010 (CEB-FIB, 2012a and CEB-FIB, 2012b). The CEB-FIB Model Code 
is not reviewed further in this chapter. 
 
The American AASHTO standard (2007) includes CMA as a basic assumption for bridge decks 
for a range of structures, spans, slab depths and reinforcement ratios (see Table 2.1). The 
designer has a choice of using a simple CMA approach using isotropic reinforcement option or a 
more complex and conservative bending analysis, this approach has been relatively successful 
in providing a safe and economic design method for smaller simpler bridges. A summary of 
existing codes and standards was outlined in Section 2.4 of this thesis, a comparison of test 
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results with some existing code requirements are outlined in Section 3.5. In general, the AASHTO 
rules give a safe and conservative result compared with tests. 
 
The UK code BS5400 (BSI, 1990) does not specifically incorporate CMA, however, the Highways 
Agency (now Highways England) has published a number of documents outlining the use of 
BS5400 on UK highway projects, one of these documents BD 81 (UKHA, 2007) outlines the use 
of CMA for the design and assessment of UK bridges. This standard uses a similar semi empirical 
approach to AASHTO with assumptions for a range of structures, spans, slab depths and 
reinforcement ratios (see Table 2.1), these are similar to but not identical to the AASHTO 
assumptions. However, BD81 also requires a conventional elastic analysis to be carried out to 
determine the global bending effects (with local bending neglected). This additional requirement 
was based on the research of Jackson (1990). BD 81 gives the local capacity of the slab as a 
punching shear capacity using the Rankin, et al. (1997) method (Equation 3.4) which takes CMA 
as an equivalent additional reinforcement ratio.  A summary of existing codes and standards is 
outlined in Section 2.4 of this thesis, a comparison of test results with the code requirements are 
outlined in Section 3.5. In general, the BD81 rules give a reasonable result compared with tests. 
 
In the UK for the design of new structures BS5400 is withdrawn and Eurocodes are used. 
However, at the time of writing (2019), for the assessment of existing structures BS5400 is still 
used in many circumstances to provide continuity with previous assessments and official load 
rating of bridges. BD81 is now superseded by CD360 (HE, 2017) which is formatted more for 
compatibility with Eurocodes, although the methods used remain almost unchanged from BD81. 
It is noted that in CD360 the key informative document on CMA is by Collings & Sagaseta (2015a). 
 
The Eurocodes with their 10 volumes some of these with 20 parts, each with their own National 
Annex, some with 370 separate clauses or sub clauses, amounting to some 5000 sheets of paper, 
can seem a daunting document. The words of Isambard Kingdom Brunel regarding rules for the 
design of bridges are relevant; he was concerned that to “lay down rules to be hereafter observed 
[will] embarrass and shackle the progress of improvements of tomorrow by recording and 
registering as law the prejudices and errors of today“ (Vaughan, 1991). To avoid the Eurocodes 
from shackling the designer the documents must be understood and they must keep up with 
current developments in theory, analysis, testing, monitoring, etc. This chapter reviews and looks 
at a number of the Eurocode volumes relevant to bridge design with CMA and outlines which 
parts of the various volumes are relevant.  The Eurocodes are themselves being updated 
(Goodchild, 2016) and changes to NL-FEA and shear and punching shear may be made. The 
tentative Annex outlined in this chapter are based on the current generation of Eurocode but are 
written such they can also be applicable to the second generation. 
 
6.3 Eurocode 0 Basis of Design 
Eurocode 0 (BSI, 2002) is a relatively compact document of only one part. It outlines the basis of 
the Eurocodes, the fundamentals around which the others are based. Section 1 of Eurocode 0 
gives definitions of terms used in the code and the key symbols used. Similar symbols are used 
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(with some simplification) in this chapter and defined in the Notation section in Chapter 1. Section 
2 of Eurocode 0 defines a number of requirements including the design life, for bridges this is 
notionally 100 years, longer than that used in the same codes for building structures which have 
a notional design life of 50 years. The UK the National Annex (BSI, 2005) for this section modifies 
this life to 120 years, a figure that has been used in the UK for a number of decades. Section 3 of 
Eurocode 0 outlines the principles of limit state design. Section 4 of Eurocode 0 outlines the basic 
definition of actions (that they are based on time, i.e. permanent (G), variable (Q) or accidental 
(A)), materials and geometric data. Section 5 of Eurocode 0 describes structural analysis and 
design assisted by testing. Design assisted by testing is an important concept as noted particularly 
in a previous chapter on NL-FEA analysis of CMA. The theoretical models must be based on 
reality. Significant failures have occurred in the past where the current theory and reality diverge 
(Collings, 2008), and often such complex models must be calibrated by testing.  
 
Section 6 of Eurocode 0 outlines the basic partial factor method for loads and actions, or effects 
(E) and resistance (R). Stated simply, the design resistance (Rd) should be larger than the design 
effects (Ed): 
 
Ed ≤ Rd          Equation 6.1 
 
The characteristic action effect is multiplied by various partial factors (usually to increase it) for 
the design situation, where γf is a load factor and ψi a variability factor, the various traffic loading 
actions are defined in Section 6.4.1 of this thesis. The design resistance (Rk) is the characteristic 
strength of the materials being designed divided by a partial factor (γm) (usually to reduce it for 
the design situation). CMA using conventional theories (McDowell, Park, Rankin and Long, Eyre, 
etc, see Chapter 2) and the arch geometry method (AGM) of Chapter 5 will increase the resistance 
of the slab. For the effective strain method (ESM) of Chapter 5 the effective strain is treated as 
an action and will require a load factor, it also increases the slab resistance.  In this thesis the 
partial factors on load and materials have not been considered as simulation of actual tests has 
been the primary requirement. The partial factors are considered in this chapter for use with code 
provisions. 
 
Eurocode 0, like other Eurocodes, contain a number of annexes. These do not have the same 
status as the main body of the code but contain relevant data that may be used with the code. 
They are normally classed as informative (giving additional information), or normative (giving 
standard methods that could generally be used). Annex A1 and A2 outlines values of partial 
factors and variability factors for load combinations of actions for various building and bridge 
types.  
 
6.4 Eurocode 1 Actions on Structures 
Eurocode 1 has ten parts outlining the various actions to be considered when designing a 
structure. Table 6.1 outlines the various parts to Eurocodes 1. It outlines the relevance of each 
part (high, medium, low) to the consideration of CMA in bridges. Eurocode 1 and its various parts 
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together with the factors from Eurocode 0 will generally give enough information for the designer 
to determine the value of Ed in Equation 6.1. 
 
Table 6.1  Eurocodes 1, title, parts and relevance to CMA 
BS EN No Eurocode Volume title Part No Part title Relevance 
1991-1-1 1 Actions on 
structures 
1-1 Densities, self-weight 
and imposed loads for 
buildings 
M 
1991-1-2 1-2 Actions on structures 
exposed to fire 
L 
1991-1-3 1-3 Snow loads L 
1991-1-4 1-4 Wind actions L 
1991-1-5 1-5 Thermal actions M 
1991-1-6 1-6 Actions during execution L 
1991-1-7 1-7 Accidental actions M 
1991-2 2 Traffic loads on bridges H 
1991-3 3 Actions induced by 
cranes and machinery 
L 
1991-4 4 Silos and tanks L 
 
 
Eurocode 1, Part 1.1: general actions – densities, self-weight and imposed loads for buildings 
(BSI, 2002) is useful for self-weight effects in bridges and for imposed loads on buildings, 
however, as this thesis primarily considers CMA effects in bridges this part is not of the highest 
relevance as these effects are typically small compared to imposed highway loads. Section 5 of 
Part 1.1 outlines some requirements specifically for bridges and Annex A outlines densities to be 
used in calculation of the structure self-weight and non-structural permanent loads. Eurocode 1, 
Part 1.5 General actions – Thermal actions (BSI, 2009) outlines temperature actions to be 
considered, Section 6 of this part is specific to bridges. If CMA is considered using the effective 
strain method (as Chapter 5) then local temperature effects may need to be considered as 
reduced temperatures may cause tensile strains reducing the overall CMA derived from the 
effective strain. Eurocode 1, Part 1.7: General actions – Accidental actions (BSI, 2010) is also 
relevant to the robustness of the structure and the prevention of collapse of part or all of the 
structure, particularly for impact loads.  
 
Eurocode 1, Part 2 outlines traffic loads on bridges, it is highly relevant for the use of CMA as in 
previous chapters of this thesis it has been shown that the amount of CMA depends upon the 
type of loading applied. This part is considered in further detail in the next section. Eurocode 1, 
Part 3 and 4 deal with actions induced by cranes and machinery and on silos and tanks, these 
are not within the scope of this thesis. 
 
6.4.1 Eurocode 1-2 Traffic Loads 
 
The theory, tests (Figure 3.25) and simulations using NL-FEA (Figure 4.19) has shown that the 
type of loading is important in understanding the behaviour of a slab with CMA. The loads within 
Eurocode 1-2 are generally not simple UDL or single wheel loads and are more complex mixes 
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of these load types. The various loads are outlined in more detail below such that the mix and any 
proximity coefficient (Figure 5.29) is clear. 
 
Eurocode 1: Actions on structures- Part 2 (BSI, 2003) outlines traffic loads on bridges from roads 
and railways and is a key document for the bridge designer. Section 4 outlines actions specifically 
for road bridges; Section 5 outlines actions on footbridges, and Section 6 actions on railway 
bridges. CMA is appropriate for all types of bridge, however, the transient loads on highway 
bridges are particularly suited to the consideration of CMA. 
 
For the local design of slabs, the vehicle wheel, axle or bogie loads are applicable for CMA. 
Eurocode 1-2 outlines a number of load models, LM1, LM2 and LM3 are particularly relevant. 
Load model 1 is a combination of uniform loadings and multiple axle (bogie) loads in each lane 
as outlined in Figure 6.1 with the uniform load a maximum of 9 kPa in one lane and the axle loads 
300kN maximum (giving 150kN wheel loads). 
 
Figure 6.1 Load Model 1 from Eurocode 1-2. 
 
Both the UDL and axle loads have individually been used in theory (see Section 2.3) and tests 
(Figure 3.9), for some bridge geometries there will be a good confidence in the extent of CMA. 
However, there is likely to be significant global effects for some bridge geometries (see Section 
5.4.5) and so there is likely to be less confidence in the extent of CMA with LM1. 
 
Load model 2 is an axle load of 400kN composed of two wheels each of 200kN maximum, this is 
often referred to as a tandem load (Figure 6.2). This type of load is used in theory (see Section 
3.2) and has been extensively tested (Figure 3.21), there is little global effect with LM2 and so 
there is likely to be a high degree of confidence in the extent of CMA. 
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Figure 6.2 Load Model 2 from Eurocode 1-2. 
 
Load model 3 is a special vehicle loading. In the UK LM3 Special Vehicles (SV) are defined in the 
Eurocode 1-2 National Annex (BSI, 2003). A series of SV are defined for SV-80 (an 80-tonne 
vehicle) up to an SV-360 (a 360-tonne vehicle). The SV-80 and SV-100 are generally applicable 
to most UK trunk roads and motorways. SV-196 upwards are only considered on designated 
heavy load routes. LM3-SV80 is shown in Figure 6.3. The loads for LM3-SV100 and SV196 are 
similar to those of SV80 but have increased axle loads of 165kN and more axles for the SV196. 
The loads for SV250 and SV350 are similar but have 225kN axles.  
 
 
Figure 6.3 Load Model 3 vehicle SV80 from Eurocode 1-2-NA. 
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The LM3 load is similar to the line loads used in theory and in the test data, or can be assessed 
as a multiple wheel load as Section 5.38, there will be some global effects, but for an SV vehicle 
alone there is likely to be a good degree of confidence in the extent of CMA with this loading. 
When the LM3 loading is used in combination with LM1 type loading there is likely to be less 
confidence in the effects of CMA due to the increased global effects. 
 
All the load models contain wheel loads of various sizes. Eurocode 1 also contains advice on the 
spread of load from the wheel through the surfacing and through to the mid surface of the concrete 
slab (Figure 6.4). Although not stated in Eurocode 1 it is assumed that the spread through the 
slab is for flexural effects such as moment rounding (Guyon, 1974; Collings, 2005) but is not 
applicable for punching shear (where the spread is defined at the top surface of the slab). 
 
Figure 6.4 Dispersal of concentrated loads from Eurocode 1-2. 
 
An analysis for the different types of loading for various spans was carried out based on the 
Westergaard (1930) effective width (be) basis using Equation 4.9a. A 200mm slab with 100mm 
of surfacing was assumed throughout. Figure 6.5 shows the equivalent load per linear meter of 
slab (Total load/effective width). The LM2 axle gives the maximum load at small spans less than 
1.75m. The LM1 loading gives maximum load at spans above 1.75m where two adjacent wheels 
from different vehicles can be coexistent.   
 
Figure 6.5 Equivalent load with span for LM1, LM2 and LM3. 
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The local moments from the loads are calculated, the different load types are normalised using 
the moment factor (β) outlined in Table 3.3 and previously used to normalise the various test load 
results. Figure 6.6 shows the normalised moments with span and the different load types. The 
LM2 axle gives the maximum normalised moment at spans less than 3.0m.   
 
Figure 6.6 Equivalent load with span for LM1, LM2 and LM3. 
For use with CMA the LM2 wheel load will give the critical patch loading for slabs spanning less 
than 4.6m [2.3 x 2]. It should be noted that the LM2 wheel is not square or circular but rectangular 
with a greater width transverse to the direction of movement. This shape introduces some 
complications and uncertainties for the distribution of shear stresses around the wheel (Sagaseta, 
2014). Eurocode 1 offers an approximation for the wheel as a square patch load. For use with 
CMA the LM3 wheel load will give an approximate line loading for slabs spanning less than 5.3m 
[2.65 x 2]. The intensity of the line load varies from 55kN/m for SV-80, 70 kN/m for SV-100& SV-
196 and 75kN/m for SV-250 & SV-350. The LM1 loads of UDL and bogie loads is typically less 
severe locally than LM2 and LM3 loads for smaller spans. However, LM1 loading may induce 
larger global bending effects on some bridges. 
6.5 Eurocode 2 Concrete Structures 
Eurocode 2 has four parts outlining the various types of concrete structure. Table 6.2 outlines the 
various parts to Eurocode 2. It outlines the relevance of each part (high, medium, low) to CMA 
effects in bridges. Eurocode 2 and its various parts will generally give enough information for the 
designer to determine the value of Rd in Equation 6.1.  
 
Table 6.2  Eurocodes 2, Title, Parts and Relevance to CMA in Bridges 
BS EN No Eurocode Volume title  Part No Part title Relevance 
1992-1-1 2 Design of 
concrete 
structures 
 1-1 General rules – rules 
for buildings 
H 
1992-1-2  1-2 Structural fire design L 
1992-2  2 Bridges – design and 
detailing rules 
H 
1992-3  3 Liquid retaining and 
containing structures 
L 
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Eurocode 2: Design of concrete structures has four parts. Eurocode 2, Part 1.1: General rules – 
Rules for the design of building this is useful giving the basic requirements, including Section 3 
on materials and Section 5 on analysis, both affect CMA. Section 6 of this part outlines the 
methods for determining Rd for the ultimate axial, shear and bending resistance in concrete 
elements. Section 7 of Eurocode 2 outlines serviceability issues for concrete, the control of 
cracking being particularly important.  
 
Eurocode 2: Design of concrete structures, Part 2, Concrete Bridges - Design and detailing rules 
is useful but needs to be read in conjunction with Eurocode 2, Part 1.1 as it refers to that 
extensively. Section 3 outlines the properties of concrete to be used in design. Section 5 outlines 
structural analysis requirements for concrete structures. Eurocode 2, Part 2 also contains a series 
of Annex. Eurocode 2, Part 3 gives specific rules for liquid retaining structures and not considered 
in this thesis. 
 
6.5.1 Eurocode 2 (Section 3) Materials  
 
The tests described in Chapter 3 to verify and validate methods of determining CMA are generally 
based on one or two tests and a representative value of the cylinder strength or modified cube 
strength used. For real structures there is usually a much larger amount of concrete with more 
variability and the strength (fcm) is the cylinder strength. Equation 6.2 is a common expression 
used with Eurocode 2 for estimating the characteristic strength based on a 95% fractile (fck) from 
the cylinder strength tests (in MPa units): 
 
fck = fcm – 8          Equation 6.2 
 
The modulus of elasticity (Young’s modulus) is defined in Eurocode 2 between stresses of zero 
and 0.4fcm by Equation 6.3. This is compared in Figure 6.5 to the equation by Hognestad, et al. 
(1955) used in previous chapters to define the elastic modulus for tests and analysis. 
 
Ecm = 22 {௙௖௠ଵ଴ } 
0.3            Equation 6.3 
 
 
Figure 6.7 Variation of elastic modulus with strength Hognestad and Eurocode 2. 
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Three stress strain models are outlined in Eurocode 2; an idealised stress-strain profile a 
parabolic-rectangle relationship and a bi-linear stress strain relationship. Based on the work on 
NL-FEA in Chapter 4 the use of a bi-linear stress strain relationship for concrete is recommended 
for accuracy and simplicity for analysis of CMA.  
 
 
The elastic strain limit (εc3) and ultimate strain (εu3) are defined in Eurocode 2. Table 6.3 outlines 
the code strains and the strains used for the NL-FEA in Chapter 4 for comparison.  It should be 
noted that for the NL-FEA the design elastic modulus is lower than Ecm and can be estimated from 
Equation 6.4. Values of Ecd using the stress-strain limits of Table 6.3 are noted on Figure 6.7 for 
comparison. 
 
Ecd =  ௙௖ௗఌ௖ଷ             Equation 6.4 
 
Table 6.3  Elastic limit and ultimate strains from Eurocode 2 and used in NL-FEA 
Cylinder strength 
fcm [MPa] 
32 52 80 
fck   [MPa] 24 44 72 
εc3 0.00175 0.00175 0.0022 
εCFEA 0.0020 0.0020 0.0020 
εu3 0.0035 0.0035 0.0026 
εUFEA 0.0072 0.0052 0.0042 
 
 
The stress strain models for reinforcement are also defined in Eurocode 2, Section 3 and Annex 
A3. A simple bilinear relationship is applicable for analysis and design unless strain hardening 
effects are to be considered at higher stains.  
 
Eurocode 2, Section 3 also defines the basic rectangular stress distribution used to calculate the 
ultimate capacity of flexural and axial-flexure sections. A strength reduction factor η is used for 
concrete characteristic strengths above 50 MPa, it varies linearly from 1.0 at 50MPa to 0.8 at 
90MPa. It is noted that in Eurocode 2 the linear stress distribution is assumed to be over a 
distance of λx. Typically λ=0.8 for concrete below 55MPa. This assumption is slightly different to 
that used in most CMA theory where λ=1.0. Hence some of the limits are modified, for example 
the CMA force- deflection interaction limit of Figure 2.9 and 3.12 is curtailed. 
 
The rectangular stress distribution in Eurocode 2 is similar to that used by researchers such as 
Eyre (1985), Rankin (1997), etc. However, there is a small difference in that the stress block 
occupies only 0.8 of the depth to the neutral axis and so the assumption that the full plastic stress 
block can occupy 0.5d or 0.5h as a maximum is not achieved and the N-δ and P-δ curves will be 
truncated at low deflections. There is a further reduction in the size of the stress block at higher 
concrete strengths above 50 MPa. 
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6.5.2 Eurocode 2 (Section 5) Structural Analysis  
 
The purpose of structural analysis is “to establish the distribution of either internal forces and 
moments, or stresses, strains and displacements, over the structure” and the “analyses shall be 
carried out using idealisations of both the geometry and the behaviour of the structure” (BSI, 
2004). The code also gives the definition of a slab as a member for which the minimum dimension 
is not less than 5 times the overall thickness, this was used as one of the criteria for test selection 
in Chapter 3 of this thesis.  
 
Second order effects are important for a proper assessment of CMA and Eurocode 2 notes they 
shall be taken into account where they are likely to affect the overall stability of a structure or the 
attainment of the ultimate limit state. As CMA is sensitive to the structures geometry geometric 
imperfections should be considered. The recommended value for imperfection is 1/200. For CMA 
analysis this means that additional modifications to arch geometry or to section eccentricities need 
to be considered (depending on the method used). The code notes imperfections do not need to 
be considered at the serviceability limit state. 
 
Eurocode 2 outlines a number of analysis methods; linear elastic, elastic with redistribution, plastic 
analysis (which includes strut and tie methods), non-linear analysis and the consideration of 
second order effects. All are applicable to CMA analysis to some extent. 
 
For linear analysis uncracked sections may be assumed. However, the code also requires that 
for serviceability a gradual evolution of cracking should be considered and that at the ultimate 
limit state a reduced stiffness corresponding to cracked section may be assumed. These 
assumptions are compatible with the three-phase approach outlined in Chapter 5 of this thesis. 
 
For plastic analysis methods such as Eyre (1997), Rankin and Long (1997), etc. ductility 
requirements are defined, primarily limiting rotations and depths to the neutral axis. The limits to 
rotation in Eurocode 2-2 for bridges are more onerous than in Eurocode 2-1.1 with the maximum 
depth to the neutral axis (x/d) being 0.3 rather than 0.45. The limiting rotations vary with the shear 
span ratio (λ) as Equation 6.5 and x/d. Where a is the shear span - the distance from the face of 
support to the edge of the load. Figure 6.6 outlines the limiting rotations and x/d values for 
concrete slabs with concrete strengths of 50MPa or less assuming a wheel or line load LM2 or 
LM3 near the centre of the slab (see Section 6.3.1). 
 
λ=௔
ௗ
            Equation 6.5 
 
The limiting x/d and rotation limits for various shear span ratios of Figure 6.8 are transferred to 
the normalised N-δ limit diagram in Figure 6.9. Assuming d=0.8h to 0.84h as noted in the tests of 
Chapter 3 then the x/d limit translates to an x/h limit and N/Nmax limit of approximately 0.25 and 
all values of N must be below this. Assuming the loading is a central patch or line load, that there 
is some continuity and that the shear span is about 40% of the span then the rotational limits for 
various shear span ratios are plotted. 
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Figure 6.8 Limiting rotations for different span to depth ratios using Eurocode 2 method. 
 
 
Figure 6.9. Normalised N-δ diagram with rotation derived limits. 
 
These limits can be presented in a 3-D interaction diagram similar to those developed in Chapters 
2, 3 and 4. The 3-D interaction diagram is shown in Figure 6.10. It is noted that this diagram 
shows reduced CMA capacity at low shear span ratios because of ductility requirements, this is 
consistent with the test data of Figure 3.13 and 3.14 and the NL-FEA of Figures 4.29 and 4.45. 
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Figure 6.10. Normalised thrust-deflection-shear span ratio limits [n-u-λ] of Eurocode 2. 
 
The ductility rules for plastic analysis also limit the area of tensile reinforcement, the limit is based 
on an x/d limit, the limit is plotted against concrete strength in Figure 6.11. Typically, with high 
strength steel reinforcement (fy=500MPa) the limit is below 1%, with mild steel reinforcement 
(fy=250MPa) the limit is below 2%. 
 
Figure 6.11. Maximum reinforcement for ductility with plastic analysis. 
 
For Non-linear analysis Eurocode 2-2 requires that the model can appropriately cover all failure 
modes and that the concrete tensile strength is not utilised as a primary resistance mechanism. 
The layered shell NL-FEA of Chapter 4 with the use of CSCT fulfils this requirement. 
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6.5.3 Eurocode 2 (Section 6) Ultimate Limit States  
 
The range of strain distributions for flexure at the Ultimate limit state (ULS) are given in the code.  
Eurocode 2 states that when determining the ultimate flexural resistance of reinforced concrete 
cross-sections, the following assumptions are made: 
 plane sections remain plane.  
 the strain in bonded reinforcement, whether in tension or in compression, is the same as 
that in the surrounding concrete. 
 the tensile strength of the concrete is ignored. 
 the stresses in the concrete in compression are derived from the design stress/strain 
relationship. 
 the stresses in the reinforcing are derived from the design stress-strain curves. 
These assumptions are identical to the assumptions used in NL-FEA and other ultimate (elastic 
and plastic) methods and are applicable for analysis of CMA. 
 
Where there is a compressive force on the section the geometric imperfections are supplemented 
with additional limits. The minimum eccentricity is h/30 or 20mm whichever is greater. CMA is an 
internal force derived from cracking and dilation, not an external load. The buckling instability of 
slab strips was considered in Section 5.3.4 and not found to be critical for slabs with a span to 
thickness ratio of 33 or less. Hence the large geometric eccentricities are not considered relevant 
and the normal 1;200 of Eurocode 2, Section 5 (see Section 6.5.2) is appropriate. 
 
Shear or punching shear is often the critical failure mode when CMA increases the flexural 
capacity of a slab (as noted in the database figures 3.25 and in the NL-FEA Figure 4.46). 
Eurocode 2 considers shear and punching in two very similar equations. The shear resistance is 
calculated at a section d from the support or line load face. For punching shear, the design shear 
resistance (VRdp) is given by Equation 2.17. The punching shear resistance is calculated at a 
section 2d from the support or line load face. 
 
The equations for shear and punching are almost identical and differ only in the coefficient k1 and 
k2. The man difference in the code’s treatment of these two types of shear is in the shear plane 
distance from the load or support where the shear is calculated. It is noted that in the current 
Eurocode 2 the 1d and 2d distances are larger than the typical 0.5d used in modern shear 
methods. 
 
The punching equation (Equation 3.3) was used in a comparison of test results with the code 
requirements as outlined in Section 3.5. In general, the Eurocode 2 rules give an over safe and 
conservative result unless the axial part of the equation was included. 
 
Eurocode 2 uses strut and tie models for the design of concrete in shear and for the sizing of 
shear links. Eurocode 2 also permits strut and tie models to be used for design at the ultimate 
limit state for cracked slabs and beams near supports or concentrated loads and where plain 
strain assumptions are valid. Models with stress fields similar to elastic theory are preferred. The 
strut and tie models consist of struts representing compression stress fields and ties representing 
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tension reinforcement. In areas of cracking the strength of the concrete strut is reduced such that 
the limiting stress (σRd) is given by Equation 6.6a. This reduction is similar to the reduction of 
strength of concrete in compressive struts used in the NL-FEA of Chapter 4 (Equation 4.3). 
 
σRd = 0.6 ν fcd       Equation 6.6a 
 
ν = 1- ௙௖௞
ଶହ଴
           Equation 6.6b 
 
Eurocode 2 provides additional rules for membrane elements and notes that where plastic 
analysis has been carried out and that there is yielding of reinforcement the maximum concrete 
compression (σcd max) is: 
 
σcd max = (1- 0.032 [θ-θel]) ν fcd        Equation 6.6c 
 
Where θ is the angle of the plastic compression field and θel is the inclination of the principal 
compressive stress from elastic analysis (in degrees). The maximum θ-θel angle is defined in the 
code as 15 degrees. These assumptions are similar to the assumptions and reduced factors 
considered by Equation 4.3 in the NL-FEA chapter. 
 
6.5.4 Eurocode 2 (Section 7) Serviceability Limit States  
 
Eurocode 2 outlines a number of requirements at the serviceability limit state (SLS) these include 
limits to concrete and reinforcement stresses, methods for calculating crack widths and methods 
of calculating deflections. 
 
The limits on concrete stresses are 0.6 fck which is equivalent to a strain of approximately εCSLS = 
0.001 using the bi-linear stress strain curves. The limit for reinforcement stress at serviceability is 
0.8 fy equivalent to a strain εSSLS = 0.002. 
 
The limits on reinforcement and concrete stresses and the resulting strains can be used to 
determine the maximum tensile force (FT) and compressive force (FC) in the section at SLS, 
assuming: 
 
NMAX = FC – FT          Equation 6.7a 
FC = 0.33 bd 0.6 ௙௖௞ଶ          Equation 6.7b 
FT = ρ bd 0.8 fy         Equation 6.7c 
 
When NMAX = 0 the critical reinforcement ratio (ρcrit) will be estimated, above this CMA is unlikely, 
below this there is capacity and CMA can occur.   
 
ρcrit = 0.125 ௙௖௞௙௬          Equation 6.7d 
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A similar set of assumptions can be made from the ULS stresses and strains of Section 6.3 to 
give: 
FUC = η αcc λ x b ௙௖௞ఊ௖          Equation 6.7e 
FUT = ρ bd ௙௬ఊ௦          Equation 6.7f 
 
For C50/60 concrete the x/d limit is 0.3 and the critical reinforcement ratio: 
ρcrit = 0.184 ௙௖௞௙௬          Equation 6.7g 
 
For 55 MPa concrete and above the x/d limits are reduced to 0.15 and the critical reinforcement 
ratio for C90/100 concrete: 
ρcrit = 0.073 ௙௖௞௙௬           Equation 6.7h 
 
The variation of ρcrit with concrete strength for fy = 500 MPa is shown in Figure 6.12 using 
Equations 6.7d, 6.7g and 6.7h. Above the line (the shaded area) little or no CMA will occur. It is 
noted that for structures with a concrete strength below 50MPa the SLS requirements govern. 
These limits are similar to those noted in Figure 5.54. 
 
 
Figure 6.12 Limiting reinforcement ratio with concrete strength using SLS and ULS criteria. 
 
Eurocode 2 outlines methods to control cracking these are; the provision of minimum 
reinforcement areas; control of cracking without direct calculation; and control by calculation of 
crack widths. Crack widths vary between 0.2mm and 0.4mm depending on the structure type and 
durability requirements, for bridge deck slabs a value of 0.3mm is typically appropriate. 
 
The minimum area of reinforcement is defined by Equation 6.8. Where kc is typically 0.4 for slabs, 
k is a size coefficient of 1.0 for slabs with h less than 300mm, 0.65 for slabs with h greater than 
800mm with intermediate valued interpolated linearly. Act is the area of concrete in the tensile 
zone, fct is the tensile strength of the concrete and σs the stress limit in the reinforcement typically 
between 200 and 400 MPa. 
 
As min σs = kc k fct Act         Equation 6.8a 
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fct = 0.3 fck 0.667   for fck less than 50MPa    Equation 6.8b 
fct = 0.25 fcm 0.667  for fck greater than 50MPa    Equation 6.8c 
 
Conservatively assuming Act = 0.4 bd and σs is 200MPa: 
ρmin = ଴.଴ସଷ ఙ௦ fck
0.667   for fck less than 50MPa    Equation 6.8d 
 
ρmin = ଴.଴ଷ଺ ఙ௦ (fck-8)
0.667   for fck greater than 50MPa    Equation 6.8e 
 
Figure 6.13 plots the minimum reinforcement requirements with concrete strength (fck) and with 
the reinforcement stress at SLS. These limits are the minimum limits for the slab when CMA 
carries the load and only nominal reinforcement is required. 
 
Figure 6.13 Minimum reinforcement ratios with concrete strength and steel stress after 
cracking 
 
Other current codes such as AASHTO and CD360 tend to specify a minimum value of 
reinforcement area not specifically related to the depth. Since the concrete in the tensile zone 
(Act) is primarily related to the cover to the reinforcement a minimum amount of reinforcement can 
be derived, from Equation 6.8a assuming that for a slab the tensile zone will be approximately 
100mm (assuming 50mm cover) plus the bar diameter. Using a C50/60 concrete the 
reinforcement is a function of the steel reinforcement stress as outlined in Table 6.4. 
 
Table 6.4  Minimum reinforcement requirements (1) using Equation 6.8, (2) using without 
calculation rules of Eurocode 2, (3) crack width by calculation. 
σs  [MPa] As min (1) 
[mm2] 
Bar size ϕ 
[mm] 
Bar spacing 
[mm] 
As min (2) 
[mm2] 
wk (3) 
 [mm] 
200 1017 25 250 1950 0.208 
220 889 20 225 1394 0.241 
240 788 16 200 1005 0.277 
280 651 12 150 747 0.314 
320 561 10 100 780 0.301 
0
0.25
0.5
0 30 60 90
10
0ρ
fck
200
300
400
Chapter 6  Codes & Compressive Membrane Action 
222 
 
In Eurocode 2 cracks can be controlled within the defined limits without direct calculation by 
limiting stresses. The stresses are limited based on bar size (the larger the bar size the lower the 
stress) and bar spacing (the larger the bar spacing the lower the stress). Table 6.4 outlines the 
bar size and spacing limitations from Eurocode 2 from the without calculation rules for slabs. The 
minimum resulting reinforcement is also tabulated. The areas given by the without calculation 
rules are always larger than the minimum areas, by a significant margin at larger bar sizes. 
 
Direct calculation of crack width (wk) is made using Equation 6.9a, where sr max is the crack 
spacing, εsm is the mean strain in the reinforcement and εcm the mean concrete strain between 
cracks. The direct calculation of crack widths was carried out in Chapter 5 using the similar 
Equation 5.13a: 
 
wk = sr max (εsm - εcm )          Equation 6.9a 
 
From Chapter 5 it was noted that for part restrained slabs with less than the critical reinforcement 
area the difference in mean strains was always governed by the reinforcement strain (0.6 εs) see 
Equation 5.13d.  The crack widths calculated for the stress and reinforcement given in Table 6.4 
is also noted in Table 6.4 for a 40mm cover. The crack widths are approximately 0.3mm but 
exceed these limits for the smaller reinforcement areas, indicating that at SLS a minimum area of 
reinforcement of approximately 700mm2/m is required.  
 
Deflection control is the final SLS criteria, generally it is not necessary to calculate deflections as 
simple criteria like limits to span to depth ratios are usually adequate. If calculated a deflection of 
span/250 is noted in Eurocode 2-1 as a limiting criterion. For slabs the range of span to depth 
ratios is typically between 10 and 25 (Beal, 2009 and Figure 1 of the Preface of this thesis) 
towards the lower end with high reinforcement contents and towards the upper end with lower 
reinforcement contents. Table 6.5 outlines span to depth ratios for various reinforcement ratios, 
these are also given as span to thickness ratios to be consistent with the limits typically used with 
CMA. These values are larger than those of typical slabs (Figure 1) and so deflections are not 
normally a critical SLS criterion for bridge deck slabs. 
 
Table 6.5. Span to depth ratios for deflection. 
100ρ L/d L/h 
0.5 30 25 
1.0 23 19 
1.5 18 15 
 
When calculating deflections members not loaded above the level that would cause cracking may 
be considered uncracked. The cracking moment (Mcr) was noted in Chapter 5 as Equation 5.1a 
and 5.1b.  When the section is cracked, but not fully cracked at SLS (if crack widths are complied 
with) then the section will behave between cracked and uncracked and deflections can be 
estimated as: 
 
δ = ζδII + (1 – ζ) δI             Equation 6.10b 
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Where δ is the estimated deflection, δI is the deflection of the uncracked section and δII  is the 
deflection of the cracked section. 
 
ζ = 1- β  (𝑀𝑐𝑟 𝑀ൗ )
2                Equation 6.10c 
 
Where β is a coefficient of 1.0 for a single loading or 0.5 for repeated loading, recommended for 
wheel, axle or vehicles on a bridge. Note this is identical to the method used in Chapter 5 to 
estimate the reduction in stiffness of the slab (Equations 5.2c and 5.2d). 
 
6.5.5 Eurocode 2 (Sections 8 & 9) Detailing  
 
Eurocode 2 outlines a number of detailing requirements relevant to the design of slabs and CMA. 
The minimum reinforcement content is defined as: 
 
As min = 0.26 b d ௙௖௧௙௬           Equation 6.11a 
ρmin = 0.26 ௙௖௧௙௬           Equation 6.11b 
but not less than: 
ρmin = 0.0013           Equation 6.11c 
 
For compression members like columns and walls the minimum total reinforcement (in both 
faces) (Ast) is defined as a function of the compression force (NEd): 
  
Ast = NEd ଴.ଵ௙௬ௗ         Equation 6.12a 
For CMA NEd will be a maximum of 0.5 fcd bd and the minimum reinforcement estimated as: 
ρmin = 0.009 ௙௖௞௙௬           Equation 6.12b 
 
The maximum reinforcement content is also defined in Eurocode 2 as: 
As max = 0.04 b h           Equation 6.13a 
 
Which for typical slabs with covers of 35-50mm with d ≈ 0.84h gives: 
ρmax =  0.044           Equation 6.13b 
 
Limitations on reinforcement spacing are also given. For slabs this is typically 400mm, however, 
in areas with concentrated loads, like vehicle wheels, this is reduced to 250mm maximum. 
 
The various minimum and maximum reinforcement requirements outlined above are summarised 
in Figure 6.12. CMA will occur within the limits of maximum and minimum reinforcement. There 
is more scope for CMA at higher concrete compressive strengths and lower reinforcement 
strengths and areas.  
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Figure 6.14 Summary of minimum and maximum reinforcement. 
 
For slabs in buildings Eurocode 2 also stipulates rules for proportioning ties to increase 
robustness and reduce susceptibility to progressive collapse. A number of tie forces from 70kN 
to 150kN are specified depending on the location. Park (1965), Hopkins et al. (1972), noted that 
although CMA led to reduced reinforcement in the slab some additional reinforcement was 
required at the perimeter to act as a tie. This observation was made prior to the Ronan Point 
collapse (Russell, et al., 2019) which led to the requirement for ties in UK structures. The 
Eurocode 2 tie requirement is also likely to partially satisfy the CMA tie requirement possibly 
making the use of CMA more economic. However, this is for future research and not part of this 
thesis which is aimed at bridge deck slabs. For bridge deck structures with CMA a nominal tie 
force greater than the 150kN is considered appropriate, it is likely to be nearer the 400kN of the 
LM2 load based on the slab behaviour of 1-way spanning slabs (Sections 4.5, 5.3.6, 5.3.7, 5.3.8, 
5.3.10, 5.4.6 and 5.4.8). 
 
6.6 Considerations for a Tentative Annex for use of CMA with Eurocodes 
 
Prior to outlining tentative Annex for the use of CMA with the Eurocodes, the important 
considerations are outlined as follows: 
 
 AASHTO and CD360 both use a semi-empirical method of allowing for CMA. This approach 
is a simple way of allowing for CMA within strictly defined parameters. A simple approach 
would be beneficial for use of CMA with Eurocodes. 
 The punching capacity of a concrete deck slab using current Eurocode methods with CMA 
considered to provide axial enhancement has been shown to give a safe and reasonable 
approximation to the slab capacity (see Section 3.5.1). The punching capacity should use 
code requirements rather than propose different methods. 
 The presence of CMA is dependent on the amount of restraint and definitions of the restraint 
should be included. 
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 The presence of CMA is dependent on the amount of reinforcement, the draft code should 
include limits (maximum and minimum) for the reinforcement amounts for which CMA can be 
reliably assumed. 
 The amount of CMA is dependent on the slab span to thickness ratio, the draft code should 
include limits (maximum and minimum) for the span to thickness (span to depth or shear span 
to depth) ratios for which CMA can be considered. 
 Current codes specify limits to geometry, minimum thickness of slab and maximum span, 
these, or revised limits, will need to be included in a new draft code. 
 The amount of CMA is dependent on materials (concrete and reinforcement strength) and 
limits for the materials should be included for which CMA can be considered. 
 The amount of CMA is dependent on the type of load (point load, line load, axle, bogie or 
UDL) the tentative Annex should take into account these different loads. 
 Ductility is an important requirement for slabs and should be included in the draft code. 
 Robustness and in particular tie forces or minimum reinforcement and diaphragms between 
elements should be considered in the tentative Annex. 
 The limits to stress and strains at SLS and ULS for use with CMA should be confirmed or 
defined. 
 
6.7 Tentative Annex for Use of CMA with Eurocodes 
 
Based on the previous research carried out (Chapter 2), past test data (Chapter 3), the analysis 
of structures with CMA by various methods (Chapters 4, 5 and 6), the review of other codes using 
CMA (Chapter 2), the review of test results with code requirements (Chapter 3) and the review of 
the current Eurocodes two tentative Annex to Eurocode 2-2 are outlined in this section. The first 
Annex X is for the design of bridge deck slabs for local loads using CMA, this is similar to other 
current codes such as AASHTO in that it defines a set of criteria which if satisfied the user can be 
confident that CMA will occur, and enhancement can be taken for localised loads such as the axle 
load of LM2  of Eurocode 1-2. The second Annex Y is a more general set of advice for bridge 
deck slabs under the more general loads of LM1 or LM3 where there is an interaction of local and 
global effects. A short commentary outlining the background to the particular clause is given in a 
box after the clause. 
 
6.7.1 Proposed Annex X (Informative) Design of Bridge Deck Slabs for Local Loads using 
CMA 
 
X.1 General 
(1) For the purpose of this section bridge deck slabs may be of uniform thickness or they may 
be haunched (thickening towards the beams). The slab thickness (h) shall be the minimum 
thickness within the span. 
The wording is similar to that for flat slabs of Eurocode 2-1 Annex I, Clause 1.1 (1) 
 
(2) Concrete bridge decks should be on insitu concrete beams, precast concrete or steel 
girders. 
The requirement is similar to that used in AASHTO, to exclude slabs on timber beams. 
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(3) Bridge deck slabs complying with the criteria in Sections X.2, X.3 and X.4 may be analysed 
for the local effects of BS EN 1991-2 type LM2 wheel or axle loads for punching shear 
only.  
LM2 axle loading has little global bending effects and so only local effects need to be 
considered.   
 
 
X.2 Geometric Limits 
(1) The clear span (Lc) of the deck slab does not exceed 4.0m. Where the clear span is the 
clear distance between beam web faces at the beam web interface (see Figure X.1). For 
steel girders and precast beams with thin top flanges the flange should be ignored. For 
precast beams with stocky flanges or widening of the web the clear distance between 
widened part may be used. 
 Figure X.1 [6.15] Definition of Lc. 
Based on tests spans of up to 6m have been shown to have CMA, AASHTO uses a 
limit of 4.2m and CD360 has a limit of 3.7m. The analysis of Eurocode 1 loads in 
Figure 6.6 indicates that the LM2 wheel/axle load is likely to be critical up to at least 
3.0m (see Figures 6.5 and 6.6). The definition of the clear span is similar to that of 
AASHTO and CD360. 
 
(2) The supporting beams shall be monolithic with the slabs and connected by reinforcement 
for concrete beams and by shear connectors for steel girders. The reinforcement or 
connectors should be capable of resisting a tie force of 300 kN/m. 
The deck slab and beams should be tied together, slabs sitting directly on beams 
without connection are not considered appropriate for consideration of CMA.  The tie 
force is based on the ring tie likely to be developed by an LM2 load on a slab up to 4m 
span. It is twice the tie force defined for building columns in Eurocode 2-1, Clause 
9.10.2.4 (2) (see Section 7.4.5). 
 
(3) The span to thickness ratio of the deck slab (Lc/h) is greater than 6 and does not exceed 
25. 
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Test results and analysis from Chapters 4 and 5, and the code requirements for ductility 
of Section 7.4.2 indicates that deck slabs with low span to thickness ratios behave in a 
brittle manner, AASHTO currently stipulates a minimum ratio of 6. Test results and 
analysis from Chapters 4 and 5 indicates that CMA occurs in slabs with span to 
thickness ratios up to about 30. However, current codes limit ratios to 18 (AASHTO) 
and 17 (CD360). The value of 25 is based on Eurocode 2, Table 7.4N assuming 1.0% 
reinforcement.  
 
(4) The skew angle of the deck slab is less than 25 degrees. 
Tests (Bakht and Aganval, 1995; Ebeido and Kennedy, 1996) indicate CMA will occur 
on skew slabs. Current code limits are 25 degrees (AASHTO) and 20 degrees (CD360), 
this limit is retained. 
 
(5) The minimum depth of the deck slab (h) is 160mm. 
Tests indicate CMA occurs in thinner slabs (see Chapter 3, Section 3.3); however, 
modern bridge deck slabs are seldom this thin given modern cover requirements. 
Current code limits are 175mm (AASHTO) and 160mm (CD360), the current UK limit is 
retained. 
 
(6) The bridge should be a beam and slab type or a ladder beam type of less than 50m span. 
CMA should not be assumed for continuous ladder beam deck slabs over continuous 
supports where tensile stress fields occur.  
The 50m span is based on current definitions of UK structures that are more complex 
and require independent checking. For larger spans the global effects become 
important and need to be considered and the requirements of Annex Y should be 
followed. The requirement for not assuming CMA over supports is based on tests of 
slabs with tensile stress fields (Girolami, et al. 1970; FIB, 2000) and from the 3-phase 
theory in Chapter 5, Section 5.4.5. 
 
 
X.3 Material requirements 
(1) The concrete shall be in accordance with BS EN 1992, Clause 3.1. The characteristic 
concrete strength (fck) shall be a minimum of 30MPa. 
Tests indicate CMA occurs in slabs with lower strengths (Figure 3.21), however, theory 
indicates CMA is reduced with lower strength (Section 2.3.1). Modern bridge deck slabs 
are seldom low strength given modern durability requirements. Current code limits are 
28MPa (AASHTO) and 32MPa (CD360), similar values are maintained.  
 
(2) The reinforcement shall be in accordance with BS EN 1992, Clause 3.2.  
Tests indicate CMA occurs in slabs reinforced with a variety of steel strengths, plain or 
deformed bars and non-metallic reinforcement, however, for this Annex conventional 
reinforcement only is considered. 
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(3) Four layers of isotropic reinforcement shall be provided. The minimum reinforcement ratio 
shall be 0.3% in each direction. The minimum area of reinforcement in the bottom layer in 
the direction of the span shall be 700mm2/m. 
The four-layer isotropic reinforcement is based on AASHTO requirements and also 
avoids the plain concrete classification of Eurocode 2. The 0.3% limit is also as CD360 
and covers all grades of concrete to Eurocode 2 rules. The 0.3% limit specified is greater 
than the minimum requirements noted in figure 6.14.  The minimum area is greater than 
the 570mm2/m of AASHTO and likely to be greater than the 750mm2/m in both faces 
required by CD360. The increased bottom reinforcement is based on the behaviour of 
the 1-way slabs of the NL-FEA and 3-phase analysis in Chapters 4 and 5. 
 
(4) The spacing of the reinforcing bars shall not be greater than BS EN 1992-1, Clause 9.3.1.1 
(3) assuming vehicle wheels are concentrated loads. 
This clause limits spacing to 250mm rather than the 400mm general limit. Current code 
limits are 450mm (AASHTO) and 250mm (CD360). 
 
(5) The maximum reinforcement is given by Equation X.1. For reinforcement ratios greater 
than this any CMA should be neglected. 
 
 ρmax = ௙௖௞଼௙௬       X.1 
 
CMA does not occur at higher reinforcement ratios, see Section 6.5.4. Equation X.1 is 
Equation 6.7d of Section 6.5.4. 
 
X.4 Restraint Requirements 
(1) The slab extends at least 1.0m beyond the edge beam web, or the slab extends 3h beyond 
the edge beam if there is a parapet beam with a minimum area of 0.125 m2. 
Current code limits are 5h (AASHTO) and 1.0m (CD360), with AASHTO giving an 
additional requirement of 3h plus a parapet upstand. Tests by Hon et al. with and without 
cantilevers analysed in Chapter 4, see Figure 4.52, indicate that this requirement may 
be conservative. However, the ring requirements around the load of Section 5.4.6 
indicate that some edge structure is needed. 
 
(2) Cross frames or diaphragms are present at supports. 
Current codes (AASHTO and CD360) both have this requirement. The Hon et al. tests 
and simulations of Chapter 4 used diaphragms. The Jackson tests and simulations of 
Chapter 5 did not use diaphragms. Both tests were satisfactory for localised effects, 
however, the special HB vehicle loads caused significant deformation at the beam ends 
due to the lack of diaphragms, and so diaphragms or a down-stand beam should be 
provided at ends of slabs. 
 
(3) For bridge deck slabs external ties, cross frames, diaphragms or internal ties within the 
deck slab shall be able to carry the tie force defined in X.2 (2). 
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Tie requirement in current codes are variable with internal types typical for concrete 
bridges and external for steel bridges. These are defined more consistently in terms of 
a tie force as in slabs in buildings.  
X.5 Limit State Requirements 
(1) At the ultimate limit state, the punching shear capacity of Equation 6.47 from BS EN 1992-
1 should be satisfied. Where global compression enhancement effects near mid span or 
global tension reduction effects over intermediate supports then this shall be considered 
in the estimation of the punching capacity. 
Punching failure is the assumed primary mode of failure where global effects are small. 
Tests analysed in Chapter 3 indicate the use of the punching capacity without 
considering CMA will give safe but conservative capacities. The use of CMA axial stress 
improves punching estimates (see Section 3.5 of Chapter 3) 
 
(2) The spread of the load through the surfacing and slab to the centroid of EN 1991-2 Clause 
4.3.6 should be modified such that the spread is taken through the surfacing to the top of 
the slab, with the shear perimeter calculated from this dimension. 
The spread of load noted in Clause 4.3.2 of Eurocode 1-2 assumes a flexural failure 
and spread through to the centroid of the slab, this is not considered appropriate for 
punching or CMA where cracking is likely to significantly raise the neutral axis of the 
sections and where the punching perimeter is defined on the slab top. 
 
(3) In the absence of a more accurate calculation of the in-plane CMA force and provided the 
criteria of X.2, X.3 and X.4 are satisfied σcp in the estimate of punching shear capacity may 
be taken as: 
 σcp = 
଴.଻ ௉
௣ ௗ
 ௅
௛
  but not greater than 0.2 fcd  X.3 
Where P is the wheel load and p the length of the assumed shear perimeter around the 
wheel load. 
Equation X.3 is derived assuming; the load spread is approximately equal in all 
directions (a worst case assumption as if there were more force spread in the clear span 
direction the force would be greater); that the CMA is at a depth approximately half that 
of the maximum permissible (a worst case assumption as greater depths lead to greater 
forces, also this is similar to typical measured values from Chapter 3, Figure 3.42); that 
d= 0.84 h.  
 
6.7.2 Proposed Annex Y (Informative) Design of Bridge Deck Slabs for Local and Global 
Loads using CMA 
 
Y.1 General 
(1) For the purpose of this section bridge deck slabs may be of uniform thickness or they may 
be haunched (thickening towards the beams). Where haunches are considered the 
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geometry should be such that the assumed compression strut remains within the section 
along the span, see Figure Y.1.  
 
Figure Y.1 [6.16] Analysis of slabs with haunches. 
The wording is similar to that of Annex X with an additional restriction on haunches. 
Haunches were investigated in Sections 3.4.8 and 4.3.2 of this thesis. 
 
(2) Bridge deck slabs complying with the criteria in Sections Y.2, Y.3 and Y.4 may be analysed 
for the local effects of CMA together with global effects of BS EN 1991-2 type LM1 and 
LM3 loads at the ultimate and serviceability limit states. 
LM1 and LM3 UDL and vehicle loads will induce local and global effects which need to 
be considered (see Section 5.4.5 and 6.4.1 of this thesis.   
 
Y.2 Geometric Limits 
(1) The clear span (Lc) of the deck slab does not exceed 6.0m. Where the clear span is the 
clear distance between beam web faces at the beam web interface (see Figure X.1). For 
steel girders and precast beams with thin top flanges the flange should be ignored. For 
precast beams with stocky flanges or widening of the web the clear distance between 
widened part may be used. 
Based on tests spans of up to 15.45m have been shown to have CMA (See Table 
2.1), Collings and Sagaseta (2015a) recommend that the span length could be 
increased beyond the 3.7- 4.2m limit of current CD360 and AASHTO codes. 
 
(2) The supporting beams shall be monolithic with the slabs and connected by reinforcement 
for concrete beams and by shear connectors for steel girders. The reinforcement or 
connectors should be capable of resisting the tie force derived from analysis or a tie force 
of 300 kN/m whichever is the greater. 
The wording is similar to that of Annex X with an additional restriction on ties from an 
analysis (NL-FEA or 3-phase analysis).  
 
(3) The span to thickness ratio of the deck slab (L/h) is greater than 6 and does not exceed 
30.  
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The wording is similar to that of Annex X with a relaxation on the span to depth ratio if 
analysis is used. The L/h limit of 30 is based on that of the simple span to depth ratios 
for deflection given in Eurocode 2. 
 
(4) The skew angle of the deck slab is less than 25 degrees. 
The wording is identical to that of Annex X. 
 
(5) The minimum depth of the deck slab (h) is 160mm. 
The wording is identical to that of Annex X. 
 
Y.3 Material requirements 
(1) The material requirements shall be as Annex X, Clause X.3 (1), (2), (3), (4), (5). 
The wording is identical to that of Annex X. 
 
Y.4 Restraint Requirements 
(1) The restraint requirements shall be as Annex X, Clause X.4 (1), (2), (3). 
The wording is identical to that of Annex X. 
 
(2) The restraint to in plane CMA forces shall be derived from analysis of the beam and slab 
system considering the axial, shear and transverse flexural effects. 
The degree of restraint can be calculated using NL-FEA (Chapter 4), a 3-phase grillage 
or linear FEA analysis (Chapter 5) or based on methods outlined in by Eyre (2007a), 
Taylor, et al. (1992), Hon, et al. (2005) Collings (2002) or noted in Chapter 5.  
 
Y.5 Analysis Requirements 
 
(1) The analysis for determining if the use of CMA is appropriate shall follow the 
requirements of Clause 5.1. Initially a linear elastic analysis assuming uncracked 
sections may be used. A cracked analysis considering the change effective stiffness, 
the change in neutral axis location and the change in length from crack dilation may 
be used if appropriate. The flow chart of Figure Y.2 outlines advice for the use of 
various types of analysis. Where Mg is the global component of ME.  
 
Notes for Figure Y.2. 
 
Note 1: If ρ is greater than ρcrit then slab has a large amount of reinforcement and flexure likely to 
be critical as there is less scope for CMA to occur. 
Note 2: If ME is not greater than 2MCR at the Characteristic load combination then the slab may 
not be cracked, CMA may not occur and the conventional linear elastic analysis 
assuming uncracked sections remains appropriate. 
Note 3: Where the global moments form a significant proportion of the flexural capacity at ULS 
the benefits of CMA will be reduced and design using conventional linear elastic analysis 
assuming uncracked sections remains appropriate.  
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Note 4: Where LM2 effects are critical the simplified design method using CMA of Annex X may 
be used.  
The flowchart is an extension and clarification of the method of designing for global and 
local effects separately outlined in CD360 and based on the analysis carried out in 
Chapters 4 and 5 and from the tests of Jackson outlined in Chapters 2 and 3. The limits 
for note 1 are based on Section 6.4.4. Note 2 is based on the analysis of Chapter 5 and 
the cracking limits of Eurocode 4. 
  
Figure Y.2. [6.17] Flowchart for analysis. 
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(2) The spread of the load through the surfacing and slab to the centroid of EN1991-2 Clause 
4.3.6 should be modified such that the spread is taken through the surfacing and the 
section to the cracked neutral axis at SLS and to the top of the slab at ULS. 
The wording is similar to that of Annex X but modified to clarify SLS and ULS 
requirements. 
 
 
Y.6 Limit State Requirements 
(1) At the ultimate limit state, the punching shear capacity of Equation 6.47 or the shear 
capacity of Equation 6.2 from BS EN 1992-1 should be satisfied together with the 
consideration of global effects. 
The wording is similar to that of Annex X with the shear added as this may be more 
critical for LM3 type loads. 
 
(2) At the ultimate limit state, the maximum CMA axial force NE should be limited to 0.25NRd. 
The limit on CMA force is to satisfy the ductility requirements of Clause 5.6.3 and is also 
discussed in Chapter 5 and Section 6.4.2. 
 
(3) At the ultimate limit state, the maximum rotation should satisfy the requirements of Clause 
5.6.3. 
The limit on rotation is to satisfy the ductility requirements and is also discussed in 
Chapter 5 and Section 6.4.2. 
 
(4) At the serviceability limit state, the effects of CMA may be considered in calculating strains, 
stresses, crack widths and deflections. 
 Stresses should be within the limits of Clause 7.2. 
 Crack widths may be deemed to be less than 0.3mm if reinforcement stresses are 
less than 300MPa. 
 Deflections due to live loads should be less than span/250. 
The limits on strains are outlined in Section 6.5.1, crack width and deflection 
requirements are discussed in Section 6.5.4 of this thesis. The 1/250 limit of EC2-1 is 
also used in Sections 3.4.5 and 3.5.3 of this thesis and gives deflections within the 
range of the full scale tests noted in Chapter 2 (Figures 2.15, 2.24, 2.28 and 2.31). 
 
 
 
6.8 Examples of the use of Tentative Annex X & Y 
 
Two examples of bridges where CMA could be used for design or assessment in accordance with 
Annex X & Y are outlined below. The first is the half scale precast concrete beam deck tested by 
Jackson (1990) which has clearly demonstrated a significant amount of CMA. The second is the 
Bray Bridge a larger steel concrete composite girder with a more slender slab in which CMA is 
less certain. Relevant details of the bridges are outlined in Table 6.6. 
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Table 6.6  Bridge Details for use with Annex X and Y. 
Bridge detail Test Bridge (Jackson,1990) Bray Bridge 
Type Single span precast concrete 
bridge 
Three span steel-concrete 
composite bridge 
Beam or girder span 8.0m 82.0m 
Deck slab span 1.0m c/c  Lc = 750mm 3.81m c/c Lc = 3795mm 
Deck slab thickness 80 mm 215 or 275mm 
Concrete strength fcu=53 fck = 34.4 fck=40 
Reinforcement strength fy=460MPa fy=230MPa 
100ρ 0.35  
 
6.8.1 Annex X 
 
For annex X a series of criteria are to be complied with if CMA is to be considered. The criteria of 
Section 6.6 Annex X, Clauses X.2 to X.4 are tabulated in Table 6.7 together with those of the 
bridges considered as examples. A RAG (Red, Amber, Green) method is used to show 
compliance (or otherwise) with the requirements. 
 
Table 6.7  Annex X criteria compliance for examples. 
Annex X Clause Test Bridge RAG Bray Bridge RAG 
X.1 (1) Concrete bridge 
deck slab 
Concrete deck of 
uniform thickness 
 Concrete deck of 
uniform thickness but 
with small thickening 
at girders. 
 
X.1 (2) On concrete beam 
or steel girders. 
Precast beams  Steel Girders  
X.2 (1) Clear span does 
not exceed 4.5m 
0.75m < 4.0m  3.81m < 4.0m  
X.2 (2) Monolithic  Connected by 
reinforcement 
 Connected with shear 
connectors 
 
X.2 (3) Span to thickness Lc/h = 9.4 < 25  Lc/h = 13.8 < 25  
X.2 (4) Skew angle Zero  Zero  
X.2 (5) Minimum depth 80mm <150mm 
However, as a half 
scale test thickness 
would be 160mm. 
 275mm>160mm  
X.3 (1) Concrete strength fck =34.4MPa > 30  fck=40MPa > 30  
X.3 (2) Reinforcement type fy = 500MPa  fy=500MPa  
X.3 (3) Isotropic 
reinforcement 
4 layers  4 layers  
X.3 (4) Bar spacing 125mm <250mm  125mm <250mm  
Chapter 6  Codes & Compressive Membrane Action 
235 
 
However, as a half 
scale test this is at the 
limit of spacing. 
X.3 (5) ρcrit 0.3<0.86%  1.7>1.0%  
X.4 (1) Edge cantilever 500mm <1000mm 
However, as a half 
scale test length would 
be 1000mm. 
 1700mm >1000mm 
 
 
X.4 (2) Support 
diaphragms 
None, however, 
additional 
reinforcement is 
provided 
   
Annex X Clause Test Bridge RAG Bray Bridge RAG 
X.4 (3) Ties Using reinforcement.  Using reinforcement 
and bracing. 
 
X.4 (4) R factor R = 0.03 < 0.26  R = 0.06 < 0.26  
X.5 (1) Punching capacity Vmin = 48 kN 
VRDv = 90 kN 
 Vmin = 480 kN 
VRDv = 760 kN 
 
X.5 (3) Compressive 
stress 
σcp = 3.5 MPa  σcp = 0.0 MPa  
 
From Table 6.7 it is noted that the Bray Bridge has a significant amount of reinforcement provided 
by conventional analysis which is above the critical reinforcement and so no enhancement of the 
capacity from CMA can be expected. For the Test Bridge no diaphragms are provided at supports 
and so CMA should not be assumed for design. The test noted that for local loads CMA was 
present, but for larger vehicles which induced global effects there were significant movements as 
the result of the vehicles due to the lack of diaphragms. 
 
6.8.2 Annex Y 
 
For Annex Y the initial compliance criteria are similar to those of Annex X, structures complying 
with annex X will be suitable for the broader effects of Annex Y. A linear elastic analysis of both 
the Jackson test Bridge and Bray Bridge were carried out using grillage models (Figure 6.18). 
The moments resulting from LM1, LM2 and LM3 load combinations are outlined in Table 6.8. The 
examples with 2.0, and 4.0m spans are at the lower and higher ends of typical bridge deck slab 
spans and so broader conclusions on the likely cracking of slabs can be drawn. 
 
Table 6.8 Results of Linear Elastic analysis moments [kNm/m] (unfactored) 
Load Model Test Bridge  
ME (Mg) 
Bray Bridge  
ME (Mg) 
LM 1 17.8 (3.3) 34.7 (8.6) 
LM 2 17.0 (2.0) 40.7 (7.5) 
LM 3 19.6 (4.2) 60.3 (20.2) 
Mcr 10 23 
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The moments in Table 6.8 are used to estimate the cracking limits for concrete deck slabs. Figure 
6.19 outlines the likely range of bridge deck thickness that would be cracked or uncracked for 
various spans and concrete tensile strength, moments for other spans are estimated based on 
the two grillage results. For both the examples the bridge should be considered cracked. 
 
Figure 6.18 Grillage model for Bray Bridge 
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Figure 6.19 Span to thickness plot for various concrete strengths outlining likely cracked and 
uncracked regions. 
 
The reinforcement ratios, and moment ratios of the examples are outlined in Table 6.9 to allow 
comparison with the progression through the flowchart of Figure 6.17. A RAG (Red, Amber, 
Green) method is used to show compliance (or otherwise) with the requirements in a similar way 
to that used for Annex X. 
 
Table 6.9 Annex Y flowchart progression 
Annex Y Requirement Test Bridge RAG Bray Bridge RAG 
      
Note 1 
reinforcement 
limit ratio 
ρ / ρcrit 0.3/0.85 =0.35<1 
Low 
reinforcement 
area provided. 
 1.7/1.5= 1.12>1 
Too much 
reinforcement 
provided. 
 
Note 2 cracked or 
uncracked 
ME/Mcr 17.8/10= 1.78>1 
Bridge cracked 
 40.7/23 = 1.76>1 
Bridge cracked 
 
Note 3 moment 
ratios 
ME/Mg 19.6/4.2=4.67>1 
Global effects are 
small 
 60.3/20.2=2.99>1 
Global effects are 
small 
 
Note 4 load 
model ratios 
LM2/LM3 17.0/19.6=0.87<1 
LM2 load effects 
not critical design 
case. 
 40.7/60.3=0.67<1 
LM2 load effects 
not critical design 
case. 
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From Table 6.9 it is noted for both bridges that LM3 load effects are slightly larger than LM2 and 
so further consideration of this load case is required. For Bray Bridge the LM3 flexure effects 
dominate and give the high reinforcement requirements.  
 
The results of the analysis on the Test Bridge and Bray Bridge is that: 
 The 0.3% reinforcement provided in the test bridge is less than the minimum specified by the 
draft Annex and does not give the full capacity when considering global effects. The bridge 
would be satisfactory with the nominal minimum reinforcement of the draft Annex. 
 The 1.7% reinforcement used in the Bray Bridge was derived from conventional uncracked 
analysis considering both local and global flexural effects. The 1.7% means no CMA can be 
assumed.  
 
6.9  Summary & Conclusions 
 
Objective H was to review current codes using CMA, use the test database to validate key aspects 
of these codes and to develop a tentative standard suitable for use with current Eurocodes. The 
initial code review was carried out in Chapter 2 and an analysis of code requirements (particularly 
for punching shear) was carried out in Chapter 3. The main review of Eurocode requirements was 
outlined in this chapter. 
 
Current codes AASHTO (2007) and CD360 (2017) consider the design and assessment using 
CMA in a largely empirical way. Eurocodes 0, 1 or 2 (BSI, 2002a; BSI, 2003a; BSI, 2004a) do not 
currently consider compressive membrane action. In this chapter two tentative Annex have been 
proposed; one is largely empirical developing AASHTO and CD360  requirements for restricted 
bridge types and slab geometry; the other is more rigorous to apply a NL-FEA or a 3-Phase 
analysis (as Chapters 4 and 5 of this thesis) for use in a wider range of bridge types and slab 
geometries and load types. 
 
Eurocode 2 gives various minimum and maximum reinforcement ratios that can be applied to 
compressive membrane action and providing limits outside of which CMA is unlikely to occur or 
to be insignificant. Figure 6.12 defines these limits. 
 
The use of compressive membrane action may involve plasticity at the ULS and so the Eurocode 
2 limitations on rotations and x/d for ductility should be applied. The application of these rules 
leads to a limitation on the axial force that can be considered, it was noted in the test data of 
Chapter 3 that the majority of the practical slab geometries have forces below this limit. The 
ductility requirements also lead to a 3-D interaction diagram similar to those of Chapters 3 and 4.  
 
The Eurocode 2 rules for Strut & Tie analysis should be applied to the arch geometry for slabs 
with span to thickness ratios of 6 or less. 
 
For longer span slabs or more complex bridges the empirical methods of Annex X are not 
appropriate, and the methods outlined in Annex Y should be used. Methods of analysis (based 
on NL-FEA of Chapter 4 or the 3-phase method of Chapter 5) appropriate for the estimation of 
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compressive membrane action are outlined in Annex Y, the geometric, material and other 
requirements for these analysis methods is defined. 
 
The loads typically considered in tests and used in many simulations are simple line, wheel or 
uniform loads. For the loads of Eurocode 1 the highway vehicle loads are normally more complex 
mixtures of all load types and the loads cause differing relative local and global effects. Eurocode 
1 has three Load Models, LM1, LM2 and LM3: 
 LM1 is a combination of uniform loading (up to 9kN/m2) and multiple axle (bogie) loads (up 
to 300kN). Both the UDL and axle loads have individually been used in theory and tests, for 
some bridge geometries there will be a good confidence in the extent of CMA. However, there 
is likely to be significant global effects for some bridge geometries and so there is less 
confidence in the extent of CMA with LM1. 
 LM2 is an axle load (400kN) with two wheels. This type of load is used in theory and has 
been extensively tested, there is little global effect with LM2 and so there is likely to be a high 
degree of confidence in the extent of CMA. 
 LM3 is a special vehicle load with multiple axles. The LM3 load is similar to the line loads 
used in theory and in the test data, or can be assessed as a multiple wheel load as Section 
5.38, there will be some global effects, but for an SV vehicle alone there is likely to be a good 
degree of confidence in the extent of CMA with this loading. When the LM3 loading is used 
in combination with LM1 type loading there is likely to be less confidence in the effects of 
CMA due to the increased global effects. 
 
An analysis of these loads indicates that the local effects of the LM2 axle load governs the design 
for slab spans of less than approximately 3m and that the punching shear capacity is likely to 
govern the design. Hence an empirical design framework (as the Annex X proposed) is 
appropriate for bridges within defined geometric limits. The empirical method proposed draws 
significantly from current codes but is tailored to Eurocode loads and material definitions. 
 
The material models used in Eurocode 2 are similar to those used in theory (Chapter 2), with NL-
FEA (Chapter 4) and with the 3-phase method outlined in Chapter 5.  
 
The proposed Annex are compatible with the current Eurocodes (BSI, 2002a; BSI, 2003a; BSI, 
2004a) and will enable the consideration of the benefits of compressive membrane action in 
design. The proposed Annex are also aimed to be compatible with the 2nd generation of 
Eurocodes. 
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7 Summary & Conclusions     
7.1 Research Aims 
The natural arching action within structures due their geometry and restraint has been used for 
millennia; with modern, mainly linear elastic computerised methods (grillage and FEA) this 
capacity is often neglected. Methods of taking Arching action and CMA into account have been 
developed over the last 50 years; however, the methods are usually complex, have a high degree 
of uncertainty, are only applicable at failure, or are not compatible with modern computerised 
analysis methods. In this project computer-based methods based on a relatively simple 3-phase 
approach have been developed to allow the full behaviour of slabs with CMA to be modelled at 
both the serviceability and ultimate limit state with a high degree of consistency. 
 
This research project also aimed to give designers the ability to more readily visualise and use 
arching and compressive membrane action in the design of bridges: “to unlock the potential of 
membrane action” (Jones and Morrison, 2005). Visualisation of CMA in the form of coloured 
graphs of the test database, the visualisation of interaction limits as 3-dimensional diagrams, the 
visualisation of stresses in finite element analysis or the combined visualisation of forces and 
deformation shapes of grillages have been used towards this aim. It is also expected that the 
publication of a number of papers (see Appendix A) outlining the research will assist with 
unlocking the potential of CMA. 
 
 
7.2 Summary 
Compressive Membrane Action (CMA) in concrete slab like structures is derived from the restraint 
to expansion of strains caused by cracking of the concrete, and the CMA enhances the collapse 
load compared with theory derived using only bending and shear. Empirical methods of allowing 
for the enhancement of arching action have been made since the development of reinforced 
concrete in the early 20th century. Empirical methods are valid within strictly defined material 
properties and geometries. This century empirical methods of allowing for CMA have been 
incorporated into design codes in a limited way. In this thesis the empirical methods of AASHTO 
(2007) and CD360 (HE, 2017) have been updated and extended based on the results of the test 
database (Chapter 3), the NL-FEA (Chapter 4) and a 3-phase approach (Chapter 5).  
Towards the end of the 20th century theoretical descriptions of CMA and flexure at ultimate 
collapse loads were developed (McDowell, et al., 1956; Christiansen, 1963; Park, 1964a; Eyre, 
1997; Rankin and Long, 1997).  The Theories by McDowell, Park, Rankin, etc. (plasticity theory) 
and Wood, Roberts, Eyre, etc. (Flow theory) use now outdated assumptions regarding stress 
blocks and limiting stresses and strains. The theories can be improved by the consideration of 
brittleness, plasticity, stress field inclination and limits of ductility as used for NL-FEA. The theories 
give reasonable estimates of the ultimate capacity for uniform loads but are less reliable for wheel 
loads. Better predictability can be achieved by considering additional failure types such as 
concrete crushing, shear and punching.  
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The various methods of dealing with punching have been reviewed, all provide reasonable 
estimates for single wheels in slabs without additional stress fields or global influences. For bridge 
deck slabs with multiple wheel loads, additional stress fields and global flexure effects the critical 
shear crack theory (CSCT) methods appear the most appropriate and has been used in this 
research to define the likely shear failure with layered shell elements in non-linear finite element 
analysis and in the proposed 3-phase model for CMA.  
There is less data on serviceability as most research to date has been on understanding the 
ultimate collapse mechanisms. It was conjectured that CMA and Arching Action in concrete slab 
like structures will improve the serviceability behaviour (reduced deflections and smaller crack 
widths for example) compared with those derived using only bending and shear. A 3-phase model 
for considering CMA has been developed in this thesis (see Chapter 5) and it allows the modelling 
of CMA at the serviceability limit state. The 3-phase model, NL-FEA and the limited tests available 
indicate that the above conjecture is valid.  
From the literature review a large database of tests which include CMA were catalogued. There 
have been almost 1300 tests involving CMA over the years, these have covered a significant 
range of structure layouts, material properties, data reliability, etc.  A set of criteria has been 
developed as part of this thesis for evaluating the usefulness of the tests. The classification refines 
methods developed for previous shear databases. The tests are classified into four classes A, B, 
C, D. To evaluate the classification a set of criteria were developed. The criteria cover geometry, 
section properties, materials, results, scale and consistency. Of the tests 182 do not fulfil the 
evaluation criteria and were not used further. Most of the tests were classified as B or C with only 
25 tests fulfilling the requirements of class A. The class A tests are used to validate Finite Element 
(Chapter 4) and 3-phase analysis methods (Chapter 5). The database was analysed (Chapter 3) 
and used to confirm existing theories and draw new insights of behaviour.  
It is important for the economic and efficient design of new structures, and the accurate 
assessment of the safety of existing structures, that the behaviour of restrained or part restrained 
concrete structures be fully understood at both service and ultimate loads. 
 
7.3 Conclusions 
7.3.1 Conclusions from the Database 
In previous work the load-deflection curves are usually normalised with respect to the bending 
capacity of the slab using yield line theory, other normalisations, with concrete capacity (Eyre, 
2000) or moment ratio (Rankin and Long, 1997) have been used. Each normalisation has 
advantages and disadvantages. The use of a normalisation combining the concrete capacity and 
the moment ratio was developed such that the full range of load types and span configurations 
could be compared; the CMA capacity is bounded by Equation 2.11; this was found useful for 
visualising behaviours. Figure 3.11 and 3.15 show the basic normalisations, if the data is further 
sorted other trends are apparent: 
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1. When the data is sorted by load type (Figure 3.21), there is a clear separation in the data with 
point loads tending to be below the normalisation boundary (po) line defined by Equation 2.11 
and uniform loads above the line. Most point load tests failed in shear or punching prior to 
achieving full capacity and most uniformly loaded slabs achieved full CMA capacity, hence 
there is also a similar separation of failure types (Figure 3.23). 
 
2. Theory (Eyre, 1997, Park and Gamble, 2000) indicates a difference in behaviour between 
slab strips and 1 and 2-way spanning slabs at increasing deflections. The database was 
sorted into slab strips and 1 and 2-way spanning data as shown in Figures 3.31 and 3.35. 
The difference in behaviour was confirmed with the slab strips tending to fail at lower relative 
deflections. A similar behaviour was seen in the NL-FEA simulations (Figure 4.76). 
 
3. The test data analysis indicates there is a significant reduction in the relative capacity with 
increasing reinforcement. From the tests a 2% maximum reinforcement was estimated as a 
reasonable limit (Figure 3.17). Below this limit some CMA is likely to occur, above it the CMA 
is negligible. The limit was further defined in the NL-FEA (in Equation 4.5) and the 3-phase 
analysis (Equation 5.21). 
 
4. Theory (McDowell, et al., Park, Eyre, Rankin and Long, etc.) indicates that the span to 
thickness ratio (L/h) of the slab has an effect on the CMA capacity. Current codes place limits 
on L/h (Table 2.1). The test database showed enhancement of the normalised load to a L/h 
of 30 (Figure 3.13 and 3.14). With CMA thrusts enhancements to an L/h of 40 were present 
(Figure 3.26).  The NL-FEA were used to consider the limit for an unreinforced slab strip and 
confirmed CMA at higher L/h ratios. The 3-phase method confirmed no reduction in flexural-
CMA capacity for slabs with a span to thickness ratio less than 33. 
 
5. The test database results for CMA axial thrust, deflection and span to thickness ratio were 
plotted in conventional graphs (Figures 3.11, and 3.26), It was noted that these could be 
combined to a single 3-Dimensional diagram (Figure 3.55). Other 3-D diagrams for 
reinforcement content (Figure 3.56), Strain parameter (R) (Figure 3.12) are also proposed. 
These diagrams outlining limits to the thrust-deflection equation (Equation 3.6b). 
 
7.3.2 Conclusions from the NL-FEA 
A series of non-linear Finite Element Analysis (NL-FEA) using the concrete damaged plasticity 
model in ABAQUS was used to estimate the combined bending and CMA response of slab strips. 
Through thickness and layered shell NL-FEA simulations were made. From a comparison of the 
NL-FEA simulations it was concluded that, providing consideration of tensile strains through its 
depth are made, the layered shell NL-FEA can give a reasonable simulation of actual behaviour 
for most situations. However, it was also concluded that some benchmarking against tests is 
essential. The NL-FEA was used to confirm the conclusions noted in the database. In addition, 
the NL-FEA was used supplement the test data where there was insufficient test data: 
1 The first area considered was that of the unreinforced slab strip. Thirteen simulations were 
run based on variations of test S10 by Taylor (2000). The simulations looked at the effects 
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of variations in compressive strength, restraint stiffness and span to depth ratio. The 
simulations confirmed the span to depth ratio influence on behaviour for slabs with in-
plane restraint. The simulations were able to predict the failure type based on the 
simulations reaching the limiting strain. 
 
2 The test data is mainly for un-haunched slabs but there was some haunched test data. 
For short haunches there seems little effect on load capacity, for longer haunches there is 
a more significant effect. The non-linear FEA was used to investigate the effects of 
haunches on unreinforced slab strips. The simulations conclude that haunches should be 
greater than 10% of the length of the span, as small haunches had little influence on the 
failure load. Larger haunches had a more significant effect on the slab strip capacity, and 
a relationship with haunch size was established (Equation 4.4). 
 
3 There is limited test data on cracking and the development of CMA. The non-linear FEA 
simulations indicate that the development of CMA occurs at the initial stages and does not 
start at reinforcement yield, as assumed in many CMA theories. The rate of increase in 
strain is related to deflection rather than load. The rate of development of the strains vary 
significantly with the span to depth ratio of the slab strip. The reduced strains of the 
restrained slabs lead to some reduction in crack widths. 
7.3.3 Conclusions from the 3-Phase Method 
Current theories consider CMA at failure assuming significant cracking and plasticity of the 
concrete and yielding of any reinforcement, they give little insight to the behaviour prior to failure.  
The behaviour of many tests showing; cracking, pre-yield and post yield behaviour; supplemented 
by the insights into CMA development from the NL-FEA led to the proposal of the 3-phase method 
to better assess CMA. Conventional linear elastic analysis can be used for the pre cracking phase 
(phase-1). The McDowell, Rankine, Park or Eyre methods (supplemented as noted in Section 
7.2) can be used for phase 3. For phase 2 the arch geometry method was revised and improved, 
and a new effective strain method developed: 
1 An advantage of the three-phase method using the arch geometry method or the effective 
strain method over current theory (those of McDowell, Park, Rankin, Eyre, etc.) is that it 
can readily be used with modern grillage type analysis. 
2 The three-phase analysis method can be extended to more complex structures such as a 
bridge deck. Both the arch geometry method and the effective strain methods could be 
used at phase 2, both methods give an increased capacity compared to conventional 
linear elastic analysis considering flexure only.  
3 The degree of in-plane restraint has an effect on the behaviour of a slab; accurate 
estimates of the restraint stiffness were difficult for many tests. The NL_FEA simulations 
were run with a range of defined restraints and confirmed that the effect of restraint was 
as the various theories (McDowell, Parke, Eye, etc.). The 3-phase analysis model using 
AGM and ESM show that restraint is derived from the slabs adjacent the loaded span. The 
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restraint can be considered as a series of rings around the load. The grillage analysis can 
reasonably model this in-plane restraint if the in-plane slab properties are modelled. 
4 The 3-phase method also confirmed the requirement that the slab be ductile, from the 
analysis a key aspect of ductility is that the x/h ratio should be less than 0.25. 
5 Rather than assuming a separation of flexure and CMA effects it was concluded that a 
better way to consider arching is to assume both flexure and CMA use the same stress 
block, leading to a revised equation for the capacity with reduction factors for 
reinforcement, span to thickness ratios and restraint and confirming Equation 3.6. 
7.3.4  Implications on Codes of Practice 
Current codes AASHTO (2007) and CD360 (2017) consider the design and assessment using 
CMA in a largely empirical way. Eurocodes do not currently consider CMA. The current codes 
can be developed and updated for use with Eurocodes. The work presented supports that clauses 
covering CMA can be introduced in Codes of Practice. 
 
7.4 Further Research 
 
This thesis concentrates on unreinforced and reinforced concrete slabs and the effects of CMA, 
but the theory and conclusions can be extended to fibre reinforced concrete structures and 
structures reinforced with non-metallic reinforcement. Some tests are included in the database 
and some preliminary NL-FEA simulations of non-metallic bar reinforcement carried out; however, 
a more detailed study could be the subject of future research. 
CMA with post tensioned slabs has been investigated by a number of researchers (He, 1992; 
Marshe and Green 1999; Hwang, et al., 2010; Amir, 2014). Some tests are included in the 
database and some preliminary analysis of compressive stress fields with the effective strain 
method carried out. A key consideration is that the onset of cracking is delayed (Equation 5.1b). 
However, this aspect is beyond the scope of this thesis and could be the subject of future 
research. 
CMA will likely occur in lightweight concrete, however, the different Ec values, increased creep 
effects, etc. mean that the rules and requirements will be different from conventional reinforced 
concrete and are for future research, they are not covered by the scope of this thesis. 
 
A research aim of this study was to investigate how the various assumptions and parameters for 
the NL-FEA change predictions of the load-deflection function of the slab strips, with and without 
CMA, such that it can be confidently used in further research and in the design of structures as 
required by the Eurocode. A draft paper has been prepared based on the research and it is 
proposed to carry out further research and publish a paper on this aspect.  
 
Chapter 7  Summary & Conclusions 
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The Eurocode 2 tie requirement is also likely to partially satisfy the CMA tie requirement for local 
loads, possibly making the use of CMA more economic for slabs in buildings. However, this is for 
future research and not part of this thesis which is aimed at bridge deck slabs. 
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This paper outlines a relatively simple method for
designing reinforced concrete slabs utilising in-plane
membrane action. The method utilises and modifies
existing analysis techniques commonly used in design
offices for the design of bridge decks. The method
indicates that lower reinforcement requirements can be
justified for some constrained slab panels. Two examples
are provided to demonstrate the method and compare
results with conventional methods.
1. INTRODUCTION
Modern bridge analysis
1
tends to be dominated by shear and
bending effects, and given that the majority of recent
structures are beams or slab forms, this focus is
understandable. Structures utilising in-plane strengths (either
tension or compression) have proved economic and the section
thickness is significantly reduced from those structures
designed using bending and shear (see Fig. 1 for example).
Many beam and slab bridges have an inherent reserve of in-
plane strength not currently tapped.
The in-plane strength of beam and slab structures has been
known about for some time. The author recalls a discussion
many years ago with Gordon Little
2
where he intimated that
our methods of analysis and design were conservative, as tests
indicated that at failure significant membrane resistance
develops in restrained structures. Since then the author has had
a suspicion of relatively complex plate analyses for the design
of bridge decks. More recently, discussions with Robert Benaim
highlighted that the use of a tied arch model had been
proposed by Guyon
3
for prestressed concrete some years ago.
Recent research by Mufti et al.,
4
Taylor et al.,
5
Kikpatrick et
al.
6
and others has indicated that in-plane arching action
Road level
Road level
25·0 m
16·7 m
(a)
(b)
Impact clearance diagram Rail clearance diagram
300 mm thick concrete archRail support zone diagram
Fig. 1. A74 rail bridge typical section of: (a) conforming design; (b) alternative design. The arch has a span-to-
thickness ratio of 60; beams have a ratio nearer 20.
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exists and can be harnessed
for a more economic design
of constrained slab panels.
The research indicates that
significantly less reinforcing
steel than given in current
design codes could be used to
carry vehicle loads. In the UK
to date there has been little
use of the enhanced in-plane
strength of restrained slabs to
design structures. Recent
testing work by the Building
Research Establishment
7
on full-scale building slab panels has
again highlighted the additional in-plane strength. This paper
outlines a relatively simply design method utilising the in-
plane strength. The method utilises current elastic analysis
methods and current design codes.
8
The method is applicable
to the design of bridge decks where the loading is of a
relatively short duration and the axial shortening effects of
creep and shrinkage effects can be ignored.
Analysis of beams or slabs usually uses a one- or two-
dimensional model utilising beam or plate elements and
usually considers shear and bending only. Arching action
assumes a compression diagonal restrained by the adjacent
concrete, a tie through the slab or a combination of both
(Fig. 2). The proposed method utilises the beam model but takes
into account the variation in the compression zone across the
span and the in-plane stiffness of the adjacent structural
elements.
2. DESIGN METHOD
The proposed method is similar to current analysis methods.
The global analysis of the bridge is carried out using a grillage
or frame analysis in the conventional way. For smaller
concrete or steel multi-beam structures this will be
conservative as it will ignore any global arching action (Fig. 3).
For larger steel ladder beam or concrete box structures the
global arching is small and the assumptions less conservative.
Local effects are estimated using a modified plane frame
analysis using the internal arch geometry and the in-plane
resistance of the adjacent bridge deck (Fig. 4).
The arch geometry is estimated by using the properties of a
cracked section; this will tend to raise the geometry near mid-
span (where the load is applied) and lower it at supports. In
reality, the structure may not be cracked if the restraint is large
and the use of a cracked section merely approximates the
internal arch geometry. The geometry of the arch will typically
take a form with the neutral axis being 0·1–0·4h below the
compressive face where h is the slab thickness. With practice
the designer will be able to estimate the geometry reasonably
accurately without extensive iteration. Estimation of the
geometry will define the effectiveness of the analysis. Deep
short-span slabs will carry more load in arching than shallow
long-span slabs which will show a greater bending action.
Profiling of the slab can significantly improve the arch
geometry.
The effect of restraint on the slab panel varies with the position
of the load. Loads applied near the edges of a slab will have far
less restraint than those at the centre. The analysis method is
therefore more appropriate for (HB) or abnormal vehicles
applied to the carriageway and less appropriate for accidental
vehicles mounting footways. The method is not appropriate for
the cantilever portion of the deck slab, although the cantilever
may be used to provide the in-plane restraint.
The slab restraint may come from two primary modes. The first
comes from the in-plane stiffness of the slab and the second
from ties across between supports. Research has indicated that
the reinforcement in the slab can provide some tie restraint;
however, this may be dependent on the geometry of the slab
and the reinforcement. For the design method proposed, the tie
restraint is not specifically
accounted for; a minimum tie
reinforcement is included to
provide robustness. The
effectiveness of the external
restraint only will be used to
determine the extent of
arching action. Numerical
modelling of a typical
225 mm thick deck slab
spanning 3 m was carried out
with various external
restraint conditions; the
results are shown in Fig. 5.
Where the restraint is stiffer
than approximately
100 kN=mm some arching
will occur but the majority of
Fig. 2. Local arching action in a concrete deck slab.
Fig. 3. Global arching action in a concrete deck slab.
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load is still carried by shear and bending. Above approximately
10 000 kN=mm almost full arching will occur and a rigorous
estimation of the external restraint is not required. Between the
two values there is a mixture of arching and bending action,
the amount of arching being dependent on the relative stiffness
of the beam and the restraints. A conservative (i.e. low)
estimation of the stiffness should be made for design purposes.
The proposed method of design is carried out as follows.
(a) Estimate global effects from a conventional analysis.
(b) Estimate the initial arch geometry for local loads.
(c) Estimate arch restraints.
(d ) Model local arching action.
(e) Add the local and global effects and check the section
capacity for combined axial and bending effects.
( f ) Review the effective slab depth in compression and the slab
deflection to check the arch geometry.
(g) Repeat local analysis with a new geometry if required.
(h) Check the punching shear capacity of the slab using
conventional techniques; the slab capacity should be taken
as the lower of the arching or punching loads.
The arch will spring from the beam; the compression zone will
be in the lower part of the slab. The springing point is taken
near the neutral axis of a cracked concrete section; initially,
this may be estimated at about 0·2h above the support. The
shape of the arch will depend upon the loads being applied and
the shape of the slab. For a
single wheel load the arch
will consist of two members;
for a two-axle bogie the arch
may consist of three
members; for a multi-axle
vehicle the geometry will be
more complex. In all cases
the geometry of the arch will
follow approximately the
form of the free bending
moment diagram. The crown
of the arch will occur near
mid-span or adjacent to the
wheel. A compression will
occur in the upper part of the
slab. The crown is taken to occur at the neutral axis less the
deflection of the slab; initially, this may be estimated at about
0·25h.
The arch restraint is derived from the in-plane stiffness of the
slab; the amount of restraint is primarily derived from the slab
geometry. For loads near the centre of the bridge the restraint
is largest; as the load approaches the edges of the slab the
restraint reduces. Diaphragms or beams along the direction of
arching can also assist in providing an additional tie restraint.
An approximation of the restraint can be made by considering
the shear deformation of a panel (see Appendix 1), by
considering the in-plane bending stiffness of a panel,
7
or by
carrying out a simple finite-element analysis. However, for
most slabs where the edge distance is greater than the span of
the slab, or greater than the width of the axle or vehicle load,
then the restraint stiffness is approximately
K ¼ Eh1
where E is Young’s modulus and h is the slab thickness.
Where arch thrusts are resisted by ties in the structure, the
stiffness of the tie may be important
K t ¼ 2AE
L
2
where A is the tie area and L is the slab span.
For short span slabs the design method may show no steel is
required. Research has indicated that under these conditions
failure of the slab may occur by a punching shear failure; the
shear capacity of the slab should be determined. The slab
reinforcement should be the largest of that determined by
arching analysis or that determined from punching shear. To
ensure robustness of the slab a minimum amount of
reinforcement of 0·0012bh should be provided in the bottom of
the slab.
3. DESIGN EXAMPLES
The first design example is a steel ladder beam bridge with a
225 mm deck slab spanning 4 m between transverse cross-
beams (Fig. 6). The slab is designed to carry 45 units of HB and
Fig. 4. Typical modelling for a slab using conventional beam analysis and using
arching action
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Fig. 5. Variation in moment and axial thrust with
external restraint stiffness
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the critical design loading is assumed to occur with two axles
near the mid-span of the slab.
Analysis of the slab using a conventional influence surface
method indicates a hogging moment of 50 kNm=m and a
sagging moment of 80 kNm=m. Based on these moments the
calculated steel requirements are 715 mm2=m adjacent to the
beams and 1170 mm2=m at mid-span.
The use of cracked section properties with the neutral axis
lowered to 0·2h above the beam near supports and raised to
0·25h below the top of the slab at mid-span adjacent to the
loads creates a three-segment arch geometry (Fig. 7). The
stiffness of the external restraint is governed by the in-plane
stiffness of the adjacent bays of slab; the tie stiffness of the
slab and main beams is large and in this example may be
ignored. The restraint stiffness is estimated from equation (1),
with E ¼ 34 000 MN=m2, h ¼ 225 mm and K ¼ 7600 MN=m.
Analysing the slab arching using the derived geometry and
restraint indicates a hogging moment of 38 kNm=m at the
support and 65 Nm=m at mid-span; the thrust in the arch is
210 kN=m. Based on these forces the calculated steel
requirements for the slab are 230 mm2=m at the support and
620 mm2=m at mid-span; these areas are significantly less than
those calculated ignoring in-plane effects. The punching shear
stress is approximately 0:7 N=mm2 using the shear design rules
in BS 5400;
8
the calculated steel requirement is 630 mm2=m if
no links are to be provided. The neutral axis of the slab is
calculated at 25 mm (or
0·12h) above the compression
face at the support. At mid-
span the neutral axis is at a
similar depth and the
deflection of the slab less
than 5 mm, hence the initial
estimate of geometry is
slightly conservative. There is
no need to reanalyse with
revised geometry as the shear
capacity of the slab is
governing the reinforcement
requirements.
The second design example
looks at the arching action in
the profiled transversely spanning slab of a concrete box
girder. The slab has two cantilevers of 4·5 m span and an
internal slab spanning 10·5 m. The slab varies in thickness
from 550 mm adjacent to the webs, to 250 mm at the end of
the haunch and 315 mm at mid-span (Fig. 8). The slab is
designed to carry 30 units of HB, the critical design loading is
assumed to occur with a 30-unit vehicle in one lane and a
25-unit vehicle in the other.
Analysis of the slab using a conventional line beam or
influence surface method indicates a hogging moment of
505 kNm=m on the 550 mm slab and a sagging moment of
110 kNm=m where the slab is 265 mm thick. The analysis also
gives a 50 kN=m tension in the slab due to the inclination of
the webs. Based on these forces the calculated steel
requirements are 2700 mm2=m for the 550 mm slab and
1400 mm2=m for the 265 mm slab.
The shape of the slab with fillets and tapers already forms a
shallow arch shape. The use of cracked section properties with
the neutral axis lowered near supports, kept unaltered at the
end of the haunch near the point of contraflexure and raised at
mid-span enhances the arch geometry. The stiffness of the
external restraint is governed by the in-plane stiffness of
the cantilever slab and a tie formed by the slab around the
vehicle. Because the cantilever span is less than the internal
span, the restraint will be lower than normal. The restraint
stiffness is estimated from Appendix 1 as K s ¼ 1:6EhC=D, with
E ¼ 34 000 MN=m2, C ¼ 4:5 m, D ¼ 10:5 m and h ¼ 250 mm,
19 750 mm
Concrete slab
depth 225 mm
WPM
CJ
Surfacing
Cross-beams at 3·8 c/c
Main steel beams
Precast
edge beam
Fig. 6. Steel–concrete composite ladder beam deck
HB vehicle
4000 mm
Fig. 7. Line beam model for ladder beam deck
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giving Ks ¼ 5800 MN=m. The tie restraint K t is 19 800 MN=m
and the total restraint K ¼ 4500 MN=m.
Analysing the transverse arching using the derived geometry
and restraint indicates a hogging moment of 245 kNm=m on
the 550 mm slab and 75 kNm=m on the 265 mm slab; the
thrust in the arch is 550 kN=m. Based on these forces the
calculated steel requirements for the internal slab are
980 mm2=m for the 550 mm slab and 430 mm2=m for the
265 mm slab; these areas are significantly less than those
calculated ignoring in-plane effects.
For this example loading of the cantilever footway by an
accidental vehicle generates a moment of 420 kNm=m and a
steel requirement of 2300 mm2=m. In the structure there are no
transverse beams or diaphragms to carry the in-plane loads
and so the slab must carry the tie forces immediately adjacent
to the vehicles. It is likely that the tie force will be of a similar
magnitude to that of the arch thrust; consequently, the steel in
the 260 mm slab must carry the 570 kN=m tension giving a
requirement of 2400 mm2=m. Hence for this example the final
steel areas in the slab are only marginally reduced from those
ignoring in-plane effects.
4. SUMMARY
This paper outlines a method of analysis for slab structures in
bridge decks that takes into account in-plane ‘arching’ effects.
The method utilises current analysis and design tools with only
minor modification. The method of analysis generally results
in a lower reinforcement requirement than conventional
techniques for the interior bays of multi-beam or ladder beam
decks where external restraint can be relied upon.
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6. APPENDIX 1. APPROXIMATE ESTIMATE OF
RESTRAINT STIFFNESS
The restraint provided by adjacent slab panels may be
estimated in a number of ways: by considering the panel as a
beam,
7
by considering shear deformation, or by the use of
finite-element plate modelling. An approximate method using
a simplified shear deformation is given below. Ks is the slab
stiffness, t is the applied shear stress, E and G are Young’s and
shear modulus respectively, h
is the slab thickness, R is the
applied load, and A, D, C and
Q are geometric parameters
defined in Fig. 9.
Q ¼ t=G3
Q ¼ 2A=D4
t ¼ R=Ch5
Rearranging and solving for A yields
A ¼ DR=2GCh6
K s ¼ R=A7
Assuming G ¼ 0:4E for concrete gives
K s ¼ 1:6EhC=D8
Where the span and depth of restraint are similar and the tie
restraint large
K ¼ Eh9
19 600 mm
550 mm 265 mm
11 000 mm
SOP
2·5%
C L
Fig. 8. Concrete box deck
D/2
R/2
Q A
C
Fig. 9. Diagram for approximate method
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‘Compressive membrane action’ is 
the internal arching within a concrete 
slab or beam derived from the restraint 
to expansion caused by cracking of the 
concrete. It can significantly enhance 
the load capacity of a structure. 
Methods of considering compressive 
membrane action can be complex. 
Past analysis has tended to separate 
bending and compressive membrane 
action, making its use difficult in 
designs based on common linear-
elastic methods. 
Compressive membrane action is 
often considered for military or blast-
resistant structures and more recently 
in the consideration of progressive 
collapse, where conventional plastic 
methods are appropriate. It is used in 
the assessment of bridge deck slabs, but 
much less often for design of slabs in 
buildings and bridges. 
Design of slabs to American 
Association of State Highway and 
Transportation Officials standards 
using empirical methods requires a 
reinforcement volume of only about 
0·3% when considering compressive 
membrane action, but about 1·7% if 
the design is based on conventional 
analysis. Eurocode 2 (BSI, 2004) is less 
clear.
ICE-funded research
The use of compressive membrane 
action in routine designs for buildings 
and bridges has the possibility of 
producing cost savings and lower 
greenhouse gas emissions by reducing 
the material content in structures. 
A research project by Collings R&D 
and The University of Surrey supported 
by the Institution of Civil Engineers 
(ICE) research and development 
fund is looking at compressive 
membrane action, in particular to assist 
visualisation in a modern design and 
analysis context. 
A paper reviewing research over the 
last century or more has been published 
in ICE’s Bridge Engineering journal 
(Collings and Sagaseta, 2015), while 
papers on other aspects of compressive 
membrane action are currently under 
peer review in other ICE journals.
In real structures, compressive 
membrane action occurs with other 
membrane forces from frame action – 
restraint from columns, walls and so on – 
and from geometric arching in haunches 
and other shaping of the slab. Another 
paper in Bridge Engineering (Ziad and 
Collings, 2016) outlines how these 
various membrane effects were used in 
the assessment of a major bridge. 
Database of tests
As part of the ICE-funded research, 
a database of tests carried out on 
structures utilising compressive 
membrane action has been collected, 
classified and analysed. The results yield 
some interesting insights into failure 
types, loading configurations, inelastic 
rotations and serviceability behaviour. 
In particular, the results indicate 
that many of the empirical limitations 
on span-to-depth ratios and so on 
that were previously used are too 
conservative. Eurocode 2 makes 
no specific mention of compressive 
membrane action; however, its 
more theoretical methods allow the 
possibility of compressive membrane 
action when concrete cracking is 
considered. 
For future use of compressive 
membrane action in design, the non-
linear finite-element method offers 
potential. Research on the use of 
relatively simple and widely available 
layered-shell finite elements, which 
dilate longitudinally as the concrete 
cracks, gives a good prediction of 
compressive membrane action using 
the simplified linear-elastic–plastic 
material model of Eurocode 2. 
It is hoped the research will help to 
‘unlock the potential of membrane 
action’ (Jones and Morison, 2005: 
p. 139) and the use of compressive 
membrane action in Eurocode designs
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It is over a century ago that testing of reinforced concrete slabs by the pioneers of the material such as Lord, Turner
and Maillart showed that restrained slabs could carry significant loads. Since that time the interest in and knowledge
of the internal arching, or compressive membrane action, that enhances the strength of reinforced concrete has
waxed and waned. In this paper, definitions of key terms such as arching action, compressive membrane action and
geometric arching are given. A review of key twentieth century research and testing is also given, with particular
emphasis on aspects related to bridge decks. The more recent advances in compressive membrane action and
punching shear are then outlined. A graphical summary of key tests is presented, together with an initial analysis of
these data. The current American, British and European bridge codes incorporating compressive membrane action are
reviewed and the major differences outlined in the light of this recent research. Finally the key issues are summarised
and a few thoughts on future research and the codification of arching action and compressive membrane action are
given.
Notation
a shear span
b width
d depth from compression surface to centre of tensile
reinforcement
fc concrete compressive strength (cylinder strength)
fct concrete tensile strength
fn mathematical function
h depth of slab
k non-dimensional coefficient as defined in text
n normalised axial compression (see Equation 2)
L effective span
Mc cracking moment of slab or beam
My yield moment of slab or beam
N horizontal arching force
PA capacity due to arching action (see Equation 1)
PB bending capacity of slab
Pmax maximum vertical applied load
PT test load on slab
PV shear capacity of slab
VMC2010 shear capacity based on FIB model code MC201
γc partial safety factor
δ deflection of slab or beam
εo strain at centreline of slab or beam
εs strain in reinforcement
εu ultimate concrete strain
θ inclination angle of an effective strut
ρ reinforcement ratio
ψ rotation
1. Introduction
It is over a century ago that testing of reinforced concrete slabs
by pioneers of the material such as Lord, Turner and Maillart
showed that restrained slabs could carry significant loads.
Since that time the interest in and knowledge of arching action
or the compressive membrane action (CMA) that enhances the
strength of concrete slab-like structures has waxed and waned
(see Figure 1). Perhaps this is another example of the cyclic,
generational nature of knowledge (Collings, 2008); although in
this case resulting in a conservative, overdesigned rather than
unsafe paradigm.
There have been a number of previous summaries of CMA,
the 1971 ACI special publication bringing together research by
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Brochie and Holley (1971) and Tong and Batchelor (1971),
among others. This spurred on research in North America to
produce the Ontario Highway bridge code by the end of that
decade (OMTC, 1979). A more recent review of CMA was by
Taylor et al. (2002), where a summary of twentieth century
research was set out. CMA and punching shear share similar
concepts. Many slabs with CMA fail in punching shear (see
Section 5). The FIB report 12 (FIB, 2000) summarises the
largely empirical status of punching shear at the end of the
twentieth century; this FIB document is generally contempor-
ary with the Taylor et al. (2002) review. In this current review
the key CMA and punching shear research of the twentieth
century is again briefly discussed on a decade by decade basis.
There has been some interesting research in both CMA and
punching shear since these summaries, and the two are conver-
ging on similar strut and strain related models. The key
twenty-first century research carried out to date is outlined
and discussed in this paper. There is much data on CMA from
past tests, most from the mid-twentieth century. In this paper,
the data are brought together and for the first time plotted to
show key trends. The current theories are discussed in the light
of these data. Since the development of ‘steel-free’ bridge
decks (Bakht et al., 1998) there has been research into fibre-
reinforced concrete or the use of polymer bar reinforcement
with CMA – Cho et al. (2014), for example. This paper con-
centrates on reinforced concrete slabs and the effects of CMA.
There is also research on prestressed or post-tensioned slabs
with CMA; again this research is not considered unless it has
a relevance to reinforced concrete. Research is an important
requirement, but for CMA to be used to its fullest extent in
producing more economic or more environmentally friendly
structures (and both tend to require less materials (Collings,
2005)) some codification is necessary. A review of major US
(Aashto, 2007), UK (UKHA, 2002) and European (BSI, 2005)
code rules for the design of slabs is conducted, comparing
their requirements. The final section of the paper is a summary
of key points and a look towards the future with an aim to
‘unlock the potential of membrane action’ (Jones and
Morrison, 2005).
2. Definitions
Before outlining past and current research and practice a defi-
nition of key terms is outlined. The authors are keen to differ-
entiate compressive membrane action from geometric arching
action within the general arching action term.
Arching action: the phenomenon in which loads are trans-
mitted by compression within the structure (see Figure 2).
Depending on the shape and form of the structure, this
arching action may be from geometric arching action, com-
pressive membrane action, or both.
Boundary restraint: this is the restraint generated at the bound-
ary of a deck slab by adjacent members and which can be
assumed to limit the in-plane expansion of the deck, see
Figure 2.
Compressive membrane action: the arching derived from the
restraint to expansion caused by cracking of the concrete.
Prior to cracking (up to a moment, Mc) the slab can be con-
sidered as an elastic isotropic slab with no CMA. Beyond Mc
cracking of the concrete causes a migration of the neutral axis,
which is accompanied by in-plane expansion of the slab at its
centreline. It is this natural tendency to expand that, if
restrained, produces CMA (see Figure 3). The development of
CMA enhances the strength of the slab.
Effective span: this primary or effective span is taken as the
clear span for slabs monolithic with walls or beams (see
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Figure 2) and as the distance between beam web centrelines for
slabs supported on steel girders or precast concrete beams.
Geometric arching action (GAA): this is the arching action
derived from the uncracked geometry or shape of the structure,
it is also known as frame action (Hambly, 1989). The greater
the shaping of the structure, the more GAA occurs (El-
Mezaini, et al. 1991). Examples are traditional jack arch
bridge deck structures (Thomas and Short, 1952), the use of
haunches or other shaping in modern box girder structures
(Collings, 2002), or the shaping of the slab as shown later in
Figure 5 (Bakht and Mufti, 1998).
Punching shear failure: this is the radial shear around a lo-
calised load like a heavy wheel.
Shear span: this is the distance from a wheel load to the
support, see Figure 2.
3. Review of twentieth century research and
theory
In the early part of the twentieth century, during the initial
development of reinforced concrete, Turner and Eddy (1909)
visualised the behaviour of their flat slab designs as a mixture
of a slab in bending and a flat dome. Maillart used low
bending coefficients in his slab designs (Furse and Marti,
1997). Both Turner and Maillart used empirical methods
which were often validated by testing of the structures, and the
structures always carried significantly more load than they
were designed for. Both engineers’ designs were not limited to
slabs in buildings. Gasparini (2002) outlines details of three
slab bridges with spans up to 8·4 m (27 feet, 6 in) constructed
from 1910 by Turner; the arch bridges of Maillart are more
widely known (Billington, 1974). In the 1920s Westergaard
and Slater (1921) defined a flexural theory for slabs; they
acknowledged the effects of arching, but did not incorporate it
into their theory. Ingerslev (1923) first proposed a yield line
method of analysis at this time also.
In Russia Gvodzev (1936) outlined an increase in slab capacity
due to CMA, but his paper was not translated into English
until 1960. Johansen’s extension of yield line theory was pub-
lished in 1943, but not translated into English and more
widely used until the 1960s (Johansen, 1943). In the 1950s a
number of large-scale tests were carried out. The destructive
test on the Old Dental Hospital in Johannesburg reported by
Ockleston (1955) is the most well known. In this test, collapse
loads of 3–4 times those predicted by yield line theory were
obtained. McDowell et al. (1956) outlined a theory for strength
enhancement of masonry due to CMA. Ockleston then
appreciated that the extent of strength enhancement in his tests
was caused by CMA (Ockleston, 1958b).
Since the 1950s there have been a number of attempts to
develop theories for CMA. Christiansen (1963) developed a
theory for one-way slabs and Park (1964a), who was a major
contributor at this time, developed a rigid plastic method using
yield line patterns for two-way spanning slabs. He looked at
long-term effects on CMA (Park, 1964b), and the stiffness
required to develop CMA (Park, 1965). Park’s equations are
relatively long and complex, but today are readily solved using
simple spreadsheets. Wood and Armer (1968) and Pucher
(1964) developed the Westergaard (1930) purely elastic bending
methods of analysis, which are popular in the UK and Europe.
It is interesting to note that in his tests Armer (1968) acknowl-
edges the influence of CMA on the ultimate capacity; however,
like Westergaard before, he did not include it in his theory. At
about this time Leonhardt (1964) was carrying out shear tests
on slabs and outlining internal struts and arches primarily to
understand shear failure. By the end of the 1960s it was gener-
ally appreciated that CMA enhanced the capacity of the slab
over that of the theoretical bending capacity; that the effects of
shrinkage or other initial gaps affect the degree of restraint;
and that the effects of creep offset the benefits of CMA for
permanent loads. Theories for analysis of CMA were devel-
oped, the rigid plastic method of Park (1964a, 1964b) probably
being the most influential in subsequent decades.
In 1971 a series of papers on CMA, including papers by
Brochie, Holley, Tong and Batchelor and others, was published
in a special edition of the ACI journal (ACI, 1971). Further
tests by Batchelor and others (Batchelor and Hewitt, 1976;
h d
(a) (b) (c)
fct fy
0·85 fcεu
εo
Figure 3. Typical slab strains and stresses during three phases of
CMA: (a) uncracked; (b) cracked but elastic; (c) plastic post-yield
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Batchelor and Tissington, 1976; Batchelor et al., 1978a;
Csagoly et al., 1978) on bridge deck ultimate strength were
carried out. The effects of fatigue strengths of decks with
CMA were also confirmed (Batchelor et al., 1978b). These
tests led to the incorporation of rules for the use of CMA in
bridge decks in Canada (OMTC, 1979).
In the UK, Eyre and Kemp (1983) outlined a graphical sol-
ution to CMA. Kirkpatrick et al. (1984) outlined tests on a
concrete bridge and the influence of CMA on serviceability
(Kirkpatrick et al., 1986). This work led to the Northern
Ireland amendment of the UK bridge design code (DENI,
1986) utilising CMA. Guice and Rhomberg (1988) carried out
tests on fully restrained and partly restrained slabs. Further
tests (Guice et al., 1989) were then carried out where the hori-
zontal force of the CMAwas measured. Fenwick and Dickson
(1989) outlined the results of tests on slabs with varying
degrees of restraint; all failed in a punching shear mode.
Christiansen and Frederiksen (1983) proposed the relative
capacity due to arching as Equation 1, allowing the arching
(PA) and bending (PB) components to be compared. This
allows the arching and bending to be calculated separately,
although it adds to the difficulty of gaining an accurate esti-
mate of the enhancement of strength, as there is some uncer-
tainty in the bending capacity for many structures due to the
variation in the slab thickness, strength of concrete, bond con-
ditions and detailing of reinforcement and strain hardening of
the reinforcement.
1: PA ¼ Pmax  PB
Vecchio and Tang (1990) published the results of an instrumen-
ted test of a scale model of a one-way spanning building slab
with a high span to depth ratio (L/h=30). Lahlouh and
Waldron (1992) also outlined tests of slabs as part of a frame-
work and noted the forces from CMA. Through the 1990s in
the UK Eyre and Kemp (1994) continued their research into
CMA, highlighting that the axial stiffness of the cracked slab
with CMA was significantly less than the full uncracked slab
stiffness. Eyre (1997) outlined a more direct method for calculat-
ing safe strengths. Eyre (2000) in his paper on plain (unrein-
forced) concrete slabs removed the complication of the CMA
bending interaction and simplified the analysis further. He
developed a simple bounding to the limits of CMA, see
Equation 2 (and Figure 7, later). In Canada, research also
turned towards unreinforced concrete slabs or ‘steel-free bridges’
(Bakht et al., 1998), to enhance the durability of bridge decks.
The Institution of Civil Engineers supported a seminar to high-
light the topic to a wider audience (Prichard et al., 1998).
2: n ¼ N=085fcbh ¼ 05 05δ=h
The work of Rankin and Long (1997) continued at Queen’s
University, Belfast. Tests on restrained slabs using high-
strength concrete were published (Rankin et al., 1991). The
Belfast team made a summary guide to CMA for the UK con-
crete bridge development group (Taylor et al., 2002) and also
made a contribution to the UK codification of CMA in
bridges in BD81 (UKHA, 2002). This standard takes a differ-
ent course in the use of CMA from the previous Canadian,
Northern Irish and the more recent Aashto (2007) standard.
BD81 requires the analysis of the global behaviour of the
bridge; this aspect influenced by the work of Jackson (1990) is
based on a test of a scaled bridge model.
Many researchers of CMA have also researched punching
shear and its interaction with CMA; Long (1975), Batchelor
and Tissington (1976), Vecchio and Collins (1988), Chana and
Desai (1992) and Kuang and Morley (1992), among others.
Where CMA is present, slabs often tend to fail in punching
shear rather than flexure. In the USA the shear rules are gener-
ally derived from the work of Moe (1961). In the UK the work
of Regan (1981) is more influential. FIB report 12 (FIB, 2000)
summarises the research on punching shear, primarily for flat
slab structures, it is contemporary with the guide to CMA
(Taylor et al., 2002). FIB 12 notes that there is a wide scatter
of test results and that the variation in code provisions is unsa-
tisfactory. Both the US and UK methods for determining the
punching shear capacity of a restrained slab tend to be conser-
vative over a wide range of parameters; the coefficient of vari-
ation is relatively large (Collins et al., 1996; Rankin and Long,
1987). It was noticed that punching shear strength tends to be
higher where CMA is present; the variation in increase is
similar to that for structures with increased reinforcement.
Kirkpatrick et al. (1984) proposed considering CMA as an
effective increase in reinforcement; this method is the basis of
the BD81 (UKHA, 2002) code capacity. Modified compression
field theory (MCFT) and the basis of the critical shear crack
theory (CSCT) had been proposed by this time. At the end of
the twentieth century, both bending and shear capacity for
simple slab systems were relatively well defined. However, the
status of shear and bending on restrained slabs was still mainly
empirical and had a high variation compared with tests.
Finite-element (FE) analysis of restrained slabs was started in
the 1970s, Cope and Rao (1977) being one of the earliest. Fujii
(1981) and Lahlouh and Waldron (1992) used FE to visualise
the principal compressive stress distribution and directions of
the CMA in their tests. However, most of the FE work has
been carried out more recently in the twenty-first century, due
to the significant increase in computing capacity.
4. Recent research
In the twenty-first century a number of researchers have con-
tinued their research into CMA and punching shear. Eyre has
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looked more at surround stiffness (Eyre, 2007a) and CMA in
ground slabs (Eyre, 2007b). Taylor et al. (2003) have continued
testing slabs, looking at high-strength concrete and fibre-
reinforced concrete, a variation on the steel-free deck concept.
With today’s increased computing power it is now much easier
to model CMA. Zheng et al. (2009) at Queen’s, Belfast have
successfully modelled more representative real structures. FE
modelling of some of the physical tests carried out over the
years has also been attempted (Zheng et al., 2008). More
recently, they have modelled punching shear with FE (Zheng
et al., 2012). However, FE representations still tend to overesti-
mate the stiffness of CMA and are not yet a practical tool for
design.
Collings (2002) proposed a method for analysis of CMA,
GAA and bending together, using conventional proprietary
software and common analysis methods such as grillage, and
so on (Hambly, 1989). A major problem with the standard
methods of Park (1964a), Christiansen and Frederiksen (1983),
Eyre (1997) and Rankin and Long (1997) is that they treat the
bending and CMA as separate effects with different models. In
Collings’ method the bending and arching are combined and
analysed within the same model; the amount of CMA
enhancement varies with the relative stiffness of the effective
arch and beam, it is not constant as implied by Equation 1.
Recently, as research carried out at the University of Surrey,
the Collings’ method has been used to re-analyse one of the
better-instrumented and reported tests on CMA by Vecchio
and Tang (1990). The method gives good agreement with the
published load–deflection profiles of the test and the CMA
force. The method also gave a good estimate of the outward
movement of the unrestrained model, something that conven-
tional elastic analysis does not do. Figure 4(a) shows the
Vecchio and Tang test set-up and Figure 4(b) outlines the
Vecchio and Tang results together with modelling results using
methods based on Collings (2002) and the CMA only model
of Rankin and Long (1997). The movement of unrestrained
reinforced concrete structures due to cracking is an area that is
important; Jackson (1990) noted that CMA caused additional
movements to beams and bearings in his load test of a bridge;
Beeby and Faithibitaraf (2001) noted the adverse effects of
movements caused by CMA on edge column moments in
buildings and outlined ‘a proposal for change’ so that this
aspect of reinforced concretes’ behaviour was considered more
reliably.
In the Vecchio and Tang tests the dilatancy of the unrestrained
slab and variation in strain of the restrained slabs were
measured. The strain at the centreline of the slab seems to be
an important parameter. In the Vecchio and Collins (1988)
MCFT for predicting the shear capacity of a reinforced con-
crete section, and their more recent simplified MCFT (Bentz
et al., 2006), the strain at the centreline is a key parameter.
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Figure 4. (a) Test details drawn from Vecchio and Tang (1992).
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Figure 5. Lindquist Creek Bridge section showing an arched
geometry to utilise GAA and CMA, drawing based on Bakht and
Mufti (1998)
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Beeby and Zaib (1999) outlined ways of calculating this centre-
line strain for estimating membrane forces. Muttoni and
Schwartz (1991) approached shear from a different direction.
In the Muttoni and Fernandez-Ruiz (2008) CSCT, the strain at
0·6d is a key parameter. For modern slabs with current cover
for durability the 0·6d axis and the 0·5 h axis (centreline) are
usually not very far apart, and the strains are similar in
magnitude.
Collings (2002) outlined that CMA and GAA may be present
in box girder bridges, partly due to the haunches to the slabs
in these structures creating an arch shape. Choi and Oh (2013)
carried out tests on a number of box sections with flat and
haunched slabs; they report an increase in strength over con-
ventional bending analysis of 30 to 50%. From the test data it
is not clear how much is from GAA and how much from
CMA. Research into this aspect is currently being carried out
at the University of Surrey by the present authors. Steel-free
decks have also developed, usually incorporating haunches to
utilise both GAA and CMA. Figure 5 shows a section through
Lindquist Creek Bridge (Bakht and Mufti, 1988), the deck
structure clearly incorporating the geometry of a flat tied arch.
5. Summary and analysis of experimental
data
Since the early tests by Lord (1911), Turner and Maillart,
many engineers and researchers have carried out and published
the results of tests on many one-way and two-way spanning
slabs, the tests of Choi and Oh (2013) on haunched box
girders being one of the most recent. Many of the tests are
noted in the above résumé of twentieth and twenty-first
century CMA. The published load–deflection data for the one-
way slabs are probably the best to understand arching action
and are usually the most appropriate for bridges.
In Figure 6 the test load normalised relative to the theoretical
bending capacity (given with test data or calculated by the
authors assuming plastic yielding), and the deflection at failure
normalised as a proportion of the slab depth, are plotted for
160 tests of one-way spanning slabs. In the tests, 98 are point
load tests and 62 are uniform load (or multiple point load)
tests. The tests are of slabs that are continuous or have the
ends restrained in bending. The tests by Roberts (1969) and
others on simply supported slabs are not plotted. The form of
this graph is very similar to that outlined in theory by Wood in
Park (1964b), Park and Gamble (1980), Rankin and Long
(1997) and Eyre (2000). The arching capacity noted by
Christiansen in Equation 1 is evident where PT/PB exceeds 1·0.
It can be seen from the graph that at low deflections there can
be a significant increase in the restrained slab’s capacity when
compared with the bending capacity, but there is less enhance-
ment due to CMA at deflections beyond 0·7 h. There are fewer
data available on the magnitude of the CMA force during the
tests, but the available data from tests are plotted in Figure 7.
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Figure 6. Data plots from 160 tests showing load normalised
with bending capacity plotted against normalised deflection
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The CMA force is normalised to the maximum available axial
capacity of the slab (see Equation 2) and the deflection to the
slab depth. The relatively simple geometric limits to CMA pro-
posed by Eyre (2000) and given by Equation 2 are also plotted
and bound the data reasonably well.
Figure 8 plots the test load relative to an estimate of the theor-
etical shear capacity against the normalised deflection. The
data have been separated into those tests in which a bending or
ductile CMA response occurred and those which failed in shear
or by concrete crushing; there are a number of tests in which
the behaviour and failure mechanism are not recorded. The
shear capacity used in these data is that proposed for FIB
model code MC2010 (FIB, 2010) as Equation 3. For shear, kv
is based on strain (ε) as the simplified MCFT as Equation 4(a)
(Sigrist et al., 2013). For punching shear, kv is based on rota-
tion (ψ) (Muttoni et al., 2013) with kv as Equation 4(b). The
coefficient kg depends on aggregate size: for most tests it is 1·0
to 1·2, for real structures nearer 0·75 to 1·0. These equations
are based on characteristic strengths and so predict capacities
lower than the average test data. It can be seen that in this
graph many of the punching failures are at low deflections.
3: VMC2010 ¼ kvbdpfc=γc
4a: kv ¼ 041 þ 1500εð Þ
1300
1000 þ kgd
 
4b: kv ¼ 1ð15 þ 09 kgψdÞ
Most tests and theories relate to the ultimate limit state with
failure of restrained slabs by crushing of concrete in CMA or
punching shear; often such failures are difficult to distinguish
(Jackson, 1990). With increased ultimate capacity, the verifica-
tion of the serviceability limit states for cracking or deflection
may govern design. Kirkpatrick et al. (1986) have outlined the
influence of CMA on serviceability issues. Tests (Christiansen,
1963; Fenwick and Dickson, 1989; Peel-Cross, et al., 2001;
Vecchio and Tang, 1990) indicate that CMA tends to stiffen
the slab, reducing the deflection compared with a slab where
CMA is not restrained. The results of tests (Jackson, 1990;
Lahlouh and Waldron, 1992; Taylor et al., 2001, 2003; Vecchio
and Tang, 1990) also indicate crack widths are not large until
yielding of the reinforcement occurs (the third phase in
Figure 3). Taylor et al. (2007) have more recently revisited this
serviceability issue.
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Figure 7. Data plots from tests showing normalised CMA force
plotted against normalised deflection with the simplified CMA
boundary by Eyre (2000)
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6. Comparison of code methods
In early versions of codes of practice, the increased test results
(due to CMA) were acknowledged through the use of reduced
bending coefficients similar to those used by Turner and
Maillart (Gasparini, 2002; Furse and Marti, 1997). The UK
code CP114 (BSI, 1957), for instance, gave a total design
moment of QL/10 for a building slab, 20% lower than the QL/
8 derived from bending only theories. The first modern codes
that explicitly considered CMA (DENI, 1986; OMTC, 1979)
list a series of geometric requirements which, if complied with,
CMA can be assumed to occur and only a minimum reinforce-
ment is specified. The current US bridge code takes this
approach (Aashto, 2007), the designer having the choice of
using a simple CMA approach using a 0·3% isotropic
reinforcement or a more complex and conservative bending
analysis, usually giving nearer 1·7% reinforcement. The
primary requirements of this code are listed in Table 1. The
UK document BD81 (UKHA, 2002) also lists a series of
requirements; these are also listed in Table 1, and they are
similar but not identical to the US requirements. Where appli-
cable the data from tests are also given in the table.
The lower minimum slab depth of the UK code is derived
from the closer bridge beam spacing that has been used there
in the past. The maximum spans, span to depth ratios and
edge overhang requirements are slightly different, but are
broadly similar, stemming from the same research. The limiting
skew angle in the UK code is 20°; in the US code detailed con-
sideration is required only above 25°. This US skew require-
ment takes into account tests by Ebeido and Kennedy (1996),
which indicate CMA occurs in heavily skewed bridges but that
the effects of skew are significant and need to be considered
particularly at the obtuse corners. There is more of a difference
in the way permanent formwork is considered. In the UK ‘par-
ticipating’ precast concrete formwork is allowed, in the USA
‘stay-in-place’ concrete formwork is not permitted with CMA.
UK permanent concrete formwork tends to have truss-like
reinforcement connecting the in situ and precast together,
whereas in US practice this is absent. Stay-in-place metal form-
work is allowed in the USA with CMA. In the UK metal
formwork is not permitted for durability reasons. Tests (Peel-
Cross et al., 2001) confirm that CMA is present in slabs sup-
ported by stay-in-place metal forms. The US code gives a
lower limit of 28MPa for the concrete strength when using
CMA. The UK code was drafted to assist in the assessment of
existing structures which may have low strengths, and does not
directly limit the concrete strength, but relates the strength to
the span to depth ratio (L/h).
There are more significant differences in the analysis approach
between the codes. In the consideration of CMA, the primary
difference between the two codes is that the US document only
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Figure 8. Data plots from tests showing load normalised with
shear capacity plotted against normalised deflection
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requires more detailed consideration of analysis of global
actions for deck sections with torsionally stiff beam elements
without diaphragms. In the UK document some calculation of
global effects is required for all geometries. Eurocodes (BSI,
2004; 2005) make no reference to CMA; at first sight this is a
glaring omission for such a fundamental aspect of concrete
behaviour.
The other main difference between the codes is the consider-
ation of shear and punching shear. The US method is primar-
ily dependent on the slab geometry and concrete strength
(although the limiting shear capacity can also be derived from
the inclination of the compressive stress ϴ and strain ε as with
MCFT). The UK method takes into account the reinforcement
requirements. Albrecht (2002) has made a detailed summary of
punching shear for North American and European standards.
Collins et al. (2008) have recently re-emphasised the variability
of code requirements for shear. Table 2 outlines the key punch-
ing shear requirements for US, UK and European codes. The
consensus seems to be that the perimeter for calculating
punching is at 0·5d from the load and that the punching shear
capacity is related to √fc. The Eurocode departs from both of
these criteria.
For 45 of the point load tests the code capacity is compared
with test capacities; the results are given in Figure 9. Aashto
and Eurocode 2 methods (without axial enhancement) give
similar, generally slightly conservative results. The Eurocode 2
method, taking into account the axial load from CMA noted
in the tests, improves the prediction of shear capacity. The
BD81 and MC2010 estimates are less conservative: the BD81
method, which assumes full restraint, seems to overestimate
capacities for tests with high concrete strengths. It is known
that with high-strength concrete the shear crack can develop
through rather than around the aggregate, and that an upper
limit to √fc should be used. Limiting the maximum compres-
sive strength used in the BD81 method to 60MPa improves
results. The BD81 method assumes a circular wheel load; the
shape of the loaded area is significant particularly if elongated
in one direction (Sagaseta et al., 2013), meaning this method is
Aashto BD81 Test data
Min. depth, h 175 mm 160 mm 50 mm
Max. span, L 4·1m 3·7 m –
Max. span to depth ratio, L/h 18 15 30
Max. skew angle 25 20 45
Edge beam overhang 5h 1000 mm –
Diaphragm requirements At supports At supports –
Min. reinforcement 950 mm2/m 0·3% –
Min. total reinforcement 950 mm2/m 750 mm2/m –
Min. concrete strength 28 MPa Varies with L/h 18 MPa
Max. concrete strength 70 MPa 100 MPa
Formwork Stay-in-place concrete formwork
not permitted, corrugated metal
permitted.
Participating precast
concrete allowed.
Most tests do not
incorporate permanent
formwork
Requirement for global analysis Only for torsionally stiff cross-
sections
For all situations –
Table 1. Comparison of US and UK standards for use with CMA,
together with values from test data
Aashto BD81 Eurocode 2 MC2010
Shear perimeter distance from load 0·5d 0·5d 2d 0·5d
Punching capacity fn (√fcd ) fn (√fcdρe0·25) fn (( fcdρe)0·33) fn (√fcdψ)
Table 2. Comparison of US and UK and European standards for
punching shear
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difficult to apply to tests such as Taylor et al. (2003). The
MC2010 method takes CMA into account if the reduced
strains or lower rotations of slabs with CMA are considered.
7. Conclusion and future outlook
The enhancement of the load capacity of restrained slabs has
been known since the early days of reinforced concrete. The
tests and papers by Ockleston (1955; 1958a) kindled an interest
in CMA which probably peaked in the late 1980s (see Figure
3). Research over the last 60 years has shown that CMA is
most pronounced for localised, short-term or transient
loading. As such, CMA is useful for the modern bridge engin-
eer wanting to optimise material content for cost or environ-
mental reasons.
Expansion of the reinforced concrete section upon cracking is
the fundamental aspect of concrete behaviour underpinning
CMA (see Figure 3). If the expansion is restrained, the
enhancement of load capacity due to CMA will occur. If not
restrained then movement of the structure will occur; the
magnitude of the expansion strain can be similar to that of
shrinkage and should be considered. Currently this aspect of
concrete behaviour is often ignored, which is potentially an
unsafe assumption (as noted by Beeby and Zaib (1999)) that
should be addressed in future practice.
Geometric arching action has been used in structures for mil-
lennia, usually with the use of a pronounced arch shape; more
recently, with plate or plane beam elements being used for
analysis, this has been forgotten or ignored. GAA, however,
can still occur in structures with a relatively shallow arch
profile (see Figure 5). Recent research (Choi and Oh, 2013)
has shown that GAA with CMA can enhance the strength of
box girder bridge deck slabs, an area that the present authors
are also researching.
Both CMA and GAA require some degree of external
restraint. Tests on bridge deck slabs show that most current
bridge configurations give sufficient restraint for CMA, and if
appropriate GAA, to occur. For localised wheel loads there are
ways to estimate the degree of restraint; however, the reliability
of the restraint shown in tests cannot always be demonstrated
by these theoretical methods.
In building structures, the strength enhancement of CMA has
been acknowledged in codes of practice and standards by the
use of reduced bending coefficients for many years. The intro-
duction of enhancement due to CMA in bridges is more
recent. American and British practice differs, but the limits
within which CMA can be safely used are similarly if conser-
vatively defined. Eurocodes for bridge design (BSI, 2005) do
0
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Figure 9. Comparison of test punching shear with code estimates
and variation with CMA force
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not mention CMA; this seems a serious omission. However, it
can be taken that ‘the effect of the geometry and properties of
the structure on its behaviour … shall be considered in the
design’ is a requirement to consider GAA. The requirement
that ‘non-linear methods of analysis be used for both ULS and
SLS, provided that equilibrium and compatibility are satisfied
and an adequate non-linear behaviour for materials is assumed’
(BSI, 2004) will need the consideration of expansion of the
concrete on its cracking; and consideration of its restraint or
the resulting movement. The present authors are in favour of
this interpretation. However, the counter argument that it is
not in the code and so cannot be considered for design has
also been heard many times. To clarify this, the authors would
favour some mention of CMA in the Eurocodes, with a subsec-
tion within section 5 on analysis (there is currently a subsec-
tion on strut and tie models), or perhaps as an informative
annex setting out key principles.
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ABSTRACT 
It is over a century ago that testing of reinforced concrete slabs by Lord, Turner and Maillart and others 
showed that restrained slabs could carry significant loads.  Since that time the empirical knowledge from 
tests shows that the internal arching, or compressive membrane action (CMA), enhances the strength of 
reinforced concrete.  Whilst there are hundreds of tests carried out over the last 100 years not all of the 
tests are useful towards assessing the contribution of CMA.  As part of a research project at the University 
of Surrey, a database of test data for structures in which CMA may influence strength has been collected 
and analysed.  Based on recent work amongst the research community on interpretation of databases for 
code drafting, the author has proposed a simple set of criteria for evaluating the usefulness and reliability 
of the test data.  The criteria is outlined, the initial evaluation of the data based on the criteria is presented 
in the paper.  An analysis of the useful test data is also carried out and compared with theoretical results 
and current code requirements.  The paper presents some proposals for extending the range of structures 
for which CMA can be reliably used. 
INTRODUCTION 
It is over a century ago that testing of reinforced concrete slabs by Lord, Turner and Maillart and others 
showed that restrained slabs could carry significant loads.  Since that time the empirical knowledge from 
tests shows that the internal arching, or compressive membrane action (CMA), enhances the strength of 
reinforced concrete.  Figure 1 plots the number of tests carried out and reported by researchers over time 
and gives the total number in 5 year periods. Appendix A lists the primary references for the test data. 
 
 
 
 
 
 
Figure 1. Number of tests with time, 
for published tests and tests summed 
per 5 year period. 
 
Overall about 900 tests have been carried out, some early mainly full scale tests in the first half of the 20th 
century, but most tests being carried out in the second part of the 20th century with a peak up to 1990.  
These later tests tend to be at smaller scale, and of three broad types; 1-way spanning strips (b < L); 1-way 
spanning slabs (b > L); 2-way spanning slabs, where b is the width of the test specimen and L its span.  
Whilst there are hundreds of tests carried out not all of the tests are useful in assessing the contribution of 
CMA.  As part of a research project at the University of Surrey, a database of test data for structures in 
which CMA may influence strength has been collected and the individual tests assessed against a set of 
criteria and judgements developed by the author.  The criteria are outlined in the paper, and the initial 
evaluation of the data set based on the criteria is presented.  An initial analysis of the useful test data is 
carried out and compared with some theoretical results and current code requirements, particularly for the 
span to depth ratio.  Finally the paper presents some proposals for extending the range of structures for 
which CMA can be reliably used. 
RESEARCH SIGNIFICANCE 
There is no comprehensive or internationally accepted model for the service and ultimate behaviour of 
restrained reinforced concrete slab elements.  Consequently the design or assessment of structures 
utilising compressive membrane action (CMA) or arching action is largely empirical, and based on a 
limited structure geometry, material properties, degree of restraint, etc. (AASHTO, 2007; UKHA, 2002). 
Research indicates that CMA may be applicable to a wider range of structures.  Theories for CMA are 
largely based on ultimate limit states; however, recent research indicates CMA may also be applicable at 
serviceability limit state.  This database is intended to assist in the development of a more reliable model 
for CMA and a unified code provision of CMA. 
EVALUATION CRITERIA 
The objective of this CMA database is to outline a set of reliable test results that can be used to develop 
and refine the codified use of CMA for design and assessment.  The tests are classified as A, B, C or D, 
generally similar to a classification suggested by Muttoni (Muttoni, 2014).  The classification is also 
based on the work on punching shear databases by Reineck, et al (2003).  
 
Class D tests are those which are either; insufficiently documented, have unreliable data, or do not fulfil 
the minimum criteria given in table 1 below.  The class D tests are equivalent to the Kon 0 tests of the 
shear data of Reineck, et al. (2003).  Tests classed as D are not used in any further analysis.  Class A tests 
are well known and well documented tests that have full and reliable results, and that have been analysed 
by other researchers.  These are the most reliable of the tests.  Between class A and D are two further 
classifications; B and C, these have less reliable data but the data is usable.  A summary of the 
requirements of each class of data is given in table 1 below.  The table also outlines the number of tests in 
each of the classifications. 
Table 1. Requirements for test classification. 
Classification Requirements No 
A Tests that are well known and well documented, that have full and reliable 
results, which have been analysed and reviewed by other researchers, and 
fulfil all of the key criteria given in table 2. 
 
10 
B Tests that are well documented, that have sufficient results to allow an 
analysis and interpretation of the data, and fulfil all of the key criteria given 
in table 2. 
 
187 
C Tests that have incomplete sets of results that allow only limited analysis, 
they may have some aspects that are uncertain, however, they still fulfil the 
minimum key criteria given in table 2. 
 
332 
D Tests which are insufficiently documented, have unreliable or contradictory 
data, or do not fulfil the minimum criteria given in table 2. 
 
111 
To assist with the classification a number of criteria are given in table 2.  For the material properties of the 
test piece the reporting of the slab depth is a minimum requirement, if not given the test is rejected (Class 
D).  There are numerous other geometric requirements needed for a full analysis, but as a minimum the 
span of the test must also be defined, together with an indication of the support conditions.  Additionally, 
based on the Eurocode slab definition, a lower limit on span to depth ratio of 5 is used. Many tests are 
carried out at a reduced scale, ideally this should be at ½ scale or greater, a ¼ scale is taken as the 
minimum requirement. Taking the 160 mm minimum slab thickness given in the UK code (UKHA, 2002) 
a minimum test slab thickness of 40 mm is derived. For the material properties the reporting of the 
concrete strength is a minimum requirement. No upper or lower limit on concrete strength is defined as 
CMA is used in assessing structures where the concrete strength may be lower than is normal for design, 
and high strength concrete structures utilising CMA may be useful for future structures (Taylor et al., 
2001). Where fcu is defined in the test the concrete strength in the database is taken as 0.8 fcu .  Many tests 
are given in imperial units, the data is converted assuming 1 inch = 25.4 mm and that 1 pound = 4.45 N. 
The test results should ideally give data on ultimate and service load, deflections, strains, etc.  The more 
data provided the better the classification of the test. As a minimum requirement the failure load of the 
test should be given. For Class A and B tests full load deflection data is provided.  The final requirement 
given is consistency, in reviewing the test, data and its write up the researcher is able to form an opinion 
on the data, sometimes this is conflicting (particularly in the degree of restraint stated).  The test author 
may also highlight conflicting data (Guice, et al. (1989) for example gives data on two tests but note 
problems with the supports, when plotted the results out lie all other tests in the group).  Many of the tests 
have been analysed by other researchers, where test data is used and cited by others this can be used as an 
indication of greater consistency in the data.  Table 2 outlines the number of tests rejected by each criteria. 
Table 2. Criteria used in determining the classification of data. 
Criteria Requirements No  
 Tests that need further analysis. 
 
265 
Section Properties The section properties h, d, dagg, ρ, etc. of the slab being tested are 
given.  
Minimum requirement; h is defined. 
If d, dagg and ρ not defined then Class C. 
 
 
 
620 
Materials The details of materials, strengths, etc. are given (particularly fc). 
Minimum requirement; fc or fcu is defined. 
Additional requirement fy is defined. 
 
 
627 
475 
Geometry The geometry and type of the test is given (particularly the span and 
size of load). 
Minimum requirement; L is defined. 
Additional requirement; L/h is greater than 5. 
 
 
 
625 
601 
Scale The scale of the test is appropriate (not less than ¼ scale). 
Minimum requirement ; hmin = 40mm. 
 
 
568 
Results The results of the test are provided. 
Minimum requirement: PTest is defined. 
 
 
640 
Consistency The test, the results and the write up are consistent and correct. 
 
630 
INITIAL EVALUATION RESULTS 
This section of the paper outlines some initial results of the evaluation of the test data. The total number 
of tests is 905; of these 640 have so far been input into the database.  111 tests failed to satisfy the 
minimum criteria (see table 2) and are not used leaving 529 tests of varying reliability, the classification 
of these tests is given in table 1. 
Figure 2. a) Variation in depth (h) of test slab   Fig 2 b) Variation of d and dagg with h.  
Figure 2a above shows the number of tests for various slab depths (h), it can be seen that most tests are on 
slabs less than 100 mm thick. The depth to reinforcement (d) is given for many tests but not all, figure 2b 
plots the variation of d with h for 469 of the 609 tests. In order to carry out analysis on as many tests as 
possible some additional data is noted. Based on the test data a value of d = 0.85 h is used for other tests 
where the reinforcement is given but the cover not defined. Figure 2b also plots the variation of dagg with 
h for 150 tests.  Based on this data a value of dagg = 0.15 h (but not more than 36mm) is used for other 
tests where this property would be useful in further analysis (for Critical Shear Crack and Modified 
Compression field Theories for example).  
Figure 3. a) Variation of concrete strength fc.                      Fig 3 b) Variation of Ec and fct with fc. 
Figure 3a shows the number of tests for various concrete strengths. From these plots it can be seen that the 
concrete strength is primarily in the 25-50 MPa range, there are no tests with fc greater than 100 MPa.  
Figure 3b plots the variation of concrete modulus with compressive strength for 101 tests. Where not 
provided a value of Ec = 4730 fc 0.5 is used as other researchers in this field (Rankin and Long, 1997). The 
concrete tensile strength is also plotted against fc in figure 2b. Where not provided a value of fct = 0.56 
fc0.33 is used (BSI,2004). Where data is assumed rather than given this is taken into account in the 
classification of the test, tests of class A and B do not require these assumptions as the data is provided. 
The primary span of the tests varies from 350 mm to a maximum of 4600 mm. However, taking into 
account the test scales the largest equivalent span tested is 6000 mm. Figure 4a shows the variation of 
span to depth ratio (L/h), the majority of the tests have span to depth ratios less than 20. There are 140 
tests with L/h greater than 20, the highest L/h ratio being 36. In assessing the bending (and for some codes 
the shear) capacity the reinforcement ratio is used. The reinforcement ratio is ρ = 100 As/b d. Figure 4b 
plots the reinforcement ratios for the tests, approximately half the tests have a reinforcement ratio between 
0.5% and 1%, 20 tests are unreinforced. The yield strength of the reinforcement in the data varies from 
210 to 900 MPa, approximately two thirds of the tests have a reinforcement strength greater than 325 
MPa. 
Figure 4. a) Variation of span to depth ratio                   Fig 4 b) Reinforcement ratio variation for tests. 
In developing CMA the restraint of the test section is important, these vary from simply supported with no 
CMA to fully restrained both axially and rotationally. The tests are divided into 3 categories, those with 
little or no restraint, those with partial fixity or those with full fixity. Figure 5a shows most of the tests 
have a partial fixity, sometimes the stiffness of the restraint is defined, but often it is not, it being provided 
by beams or slabs whose stiffness is open to interpretation. Hence analysis of the CMA forces less 
reliable. The loads applied to the tests are grouped into 3 categories, uniform loads (or multiple point 
loads), axle or vehicle loads and single point loads. Two thirds of the loadings tested are single point 
loads. The failure mechanism is given various descriptions in the tests when it is defined. In the database 
Four broad categories of failure are noted; a flexural-CMA failure which in some tests may go to develop 
a tensile membrane action at larger deflections; concrete crushing, this varies from descriptions of flexural 
crushing through to crushing associated with punching failure; the third category being punching shear 
failure. 70 of the tests had no clear description of the failure mode. 95% of the uniformly loaded tests 
failed in the bending-CMA mode. 65% of the point load tests failed in punching. 
Figure 5. a) Variation of restraint and load type          Fig 5 b) Failure modes from tests. 
ANALYSIS OF CURENT CRITERIA 
Christiansen and Frederiksen (1983) outlined the relative capacity due to arching or CMA as equation 1, 
allowing the arching (PA) and bending (PY) components to be compared.  This allows the arching and 
bending to be calculated separately, although it adds to the difficulty of gaining an accurate estimate of the 
enhancement of strength as there is usually some uncertainty in the bending capacity for many structures 
due to the variation in the slab thickness, estimation of reinforcement depth, strength of concrete, bond 
conditions and potential strain hardening of the reinforcement. 
PA = PTest – PY           (1) 
Of the 610 tests with the test load 341 also have deflection data and a normalised load deflection plot is 
given in figure 6a.  The data shows that for the restrained slabs there can be a significant increase in 
capacity, the maximum increase is a factor of 17 this in a test by Roberts (1969) for a slab with a very low 
reinforcement percentage and hence low PY. 
Figure 6b plots the same test load data but with span to depth ratio, many of the tests at higher span to 
depth ratios still show significant enhancement due to CMA. Not all tests provide estimates of Py, and as 
noted above there may be some variability in its calculated value. Also the bending capacity of the 
reinforcement may not be appropriate as the failure mode is often in punching shear. For unreinforced 
slabs  normalisation   of the load with respect to the concrete capacity is suggested by  Eyre  (2000) as    
PT L/ Mc where Mc = b fc h2 .  
Figure 6 a) Normalised Test load – deflection plots           Fig 6 b) Test load with span to depth ratio. 
 
Figure 7. a) Normalised Test load – deflection plots   Fig 7 b) Test load with span to depth ratio. 
Figure 7a plots the data as a normalised load deflection series, there appears more of a separation of 
punching and flexural failures in this normalisation. Figure 7b plots the normalised data with span to 
depth ratio, again there is a separation of punching and flexural failures, there is also CMA at span to 
depth ratios above 20.  
There is significantly less data on the value of the CMA force (N) from the test data. Figure 8a plots the 
normalised force to the normalised deflection as usually given in theoretical papers such as Eyre (2000). 
Eyre’s maximum limit for CMA is noted, all the data is well within this limit. Figure 8b plots the same 
normalised CMA force with span to depth ratio, again there is a CMA force in the test data above L/h of 
20. 
Figure 8. a) Normalised CMA force – deflection plots       Fig 8 b) CMA force with span to depth ratio. 
CURRENT CODES WITH CMA 
The first modern codes that explicitly considered CMA list a series of geometric requirements, if 
complied with CMA can be assumed to occur and only a minimum reinforcement is specified.  The 
current US bridge code takes this approach (AASHTO, 2007), the designer having the choice of using a 
simple CMA approach using a 0.3% isotropic reinforcement or a more complex and conservative bending 
analysis, usually giving nearer 1.7% reinforcement.  The UK code BD81 (UKHA, 2002) also lists a series 
of requirements; these are similar to but not identical to the US requirements. Two of the main code 
requirements relate to the slab span and depth. The maximum span is 4.1m (3.7m in the UK code), the 
maximum span to depth ratio is 18 (15 for the UK). Based on the current set of test data these limits now 
look a little conservative, a span to depth ratio of up to 25 will still allow the use of CMA. 
SUMMARY & CONCLUSIONS 
As part of a research project at the University of Surrey, a database of 905 test data for structures in which 
CMA may influence strength has been collected and analysed. The authors have developed a simple set of 
criteria for evaluating the usefulness and reliability of the test data, 529 tests have so far passed the 
criteria. An initial analysis of the useful test data has also carried out. The failure load is often normalised 
with respect to the bending capacity, based on the reinforcement content. However, given that failure 
modes of concrete crushing or punching shear are common, which are only weakly related to the 
reinforcement content a normalisation with respect to the concrete area and strength appears more 
appropriate and useful.  
The test data indicates that structures with spans up to 6m and span to depth ratios of 30 still have a useful 
degree of strength enhancement due to CMA. Current codes that utilise CMA limit the span , thickness 
and span to depth ratio of the structure, based on the test data these limits appear overly conservative. It is 
proposed that the upper limit on span to depth ratio could be increased from 18 to above 20, possibly to 
25. 
The research on the database is on-going. The database has already been useful in extending previous 
work by the author (Collings, 2002) and assisting with the development of a reliable 3-phase approach to 
CMA (Collings and Sagaseta, 2016) and in extending CMA analysis to box-girder bridge slabs (Ziad and 
Collings, 2016). 
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This paper looks at the beneficial effects of geometric arching from haunches, web continuity and compressive
membrane action in the design and assessment of box girder top slabs. The paper initially reviews tests relevant to
arching action in box girders and then analyses recent tests on box girder slab strips. Finally, using the assessment
of an existing box girder bridge as an example, a series of computer models is developed to illustrate a method for
transverse analysis of a box girder top slab in which some of these arching effects can be utilised. For the analysis
of tests and the assessment example, a three-dimensional frame model that considers the in-plane strength
enhancement of the restrained slab is used. This simplified approach was verified by finite-element modelling and
the results show good agreement. The analysis methods including arching action significantly reduce the required
amount of reinforcement for the deck slab. The paper concludes that arching action from geometrical arching of
haunches and frame action are significant and must be considered for any accurate analysis at both serviceability and
ultimate limit states. It is also concluded that compressive membrane action may occur and can be used in the design
and assessment of box girder structures within certain geometric parameters.
Notation
As1 reinforcement area at haunch
As2 reinforcement area at mid-span
fc concrete strength
fy steel reinforcement yield strength
h slab thickness
L span of slab (between faces of webs)
PA estimated load including compressive
membrane action
PF estimated load using flat frame model
PFE estimated load using finite-element modelling
PG estimated load including geometric arching action
PM estimated load considering moments only
(no membrane effects)
PT test load
1. Introduction
Box girder bridges are widely used in the construction
of bridge superstructures due to their overall efficiency in
materials and advantages in construction methods for bridges
of medium span and with wider decks. Treacy and Brühwiler
(2012) estimate that 40% of the bridges in Switzerland are
box girders, and it is likely that there is a similar proportion
in other countries. The authors of this paper have recently
been involved in the design and construction of approximately
40 km of box girders of 30–137 m span on the Klang Valley
mass rapid transport (MRT) and 17 km of twin box girders
of 55 m span on the Second Penang Crossing in Malaysia
(Collings, 2015) (see Figure 1). The authors have also been
involved in the assessment of existing box girders such as
the 160 m span Sungai Perak Bridge over the Perak River
in Malaysia, which was used as the assessment model in this
paper (Stanley, 1990). In order to confirm that existing box
girders are adequate for modern loads, or to optimise new
designs, the consideration of arching action is useful.
General design and assessment methods for the global
and local design of box girder bridges have been known
for some time (Chapman et al., 1971). Issues such as torsion,
distortion and shear lag may need to be considered, along
with bending and shear. The longitudinal behaviour of a
box girder is usually considered independently from the
14
Bridge Engineering
Volume 170 Issue BE1
Transverse assessment of a concrete
box girder bridge
Zaid and Collings
Proceedings of the Institution of Civil Engineers
Bridge Engineering 170 March 2017 Issue BE1
Pages 14–27 http://dx.doi.org/10.1680/jbren.15.00018
Paper 1500018
Received 03/04/2015 Accepted 11/08/2016
Published online 07/09/2016
Keywords: bridges/concrete structures/slabs & plates
ICE Publishing: All rights reserved
Downloaded by [ David Collings] on [31/12/18]. Copyright © ICE Publishing, all rights reserved.
transverse behaviour. In some cases, for the optimisation of
the web reinforcement, the global shear effects need to be
combined with the local bending resulting from box transverse
analyses (Benaim, 2008). In this paper, the transverse assess-
ment of Sungai Perak Bridge is considered, particularly the
effects of arching action, which are often ignored in many
current design and assessment methods as they often do not
fall within the conservative geometric limits of the codes
(Aashto, 2007; UKHA, 2002).
Sungai Perak Bridge is a three-span variable-depth cast in situ
prestressed concrete box girder with a main span of 160 m and
back-spans of 95 m each (see Figure 2). It was constructed in
1986. The existing bridge deck is used to support a two-lane
carriageway and footpath/cycle track separated by a 500 mm
kerb (see Figure 3). The clients’ main objective from the assess-
ment was to convert the available cycle track to an additional
lane to the carriageway. The assessment of the main bridge
was to verify the suitability of the bridge under the increased
load and modified lanes. The bridge components were assessed
individually, together with the approach spans and the abut-
ments. This paper looks at the box girder transverse capacity
and, in particular, the behaviour when utilising arching action.
Arching action is a way in which loads are transmitted by com-
pression within a structure, usually also with bending and
shear. Depending on the shape and form of the structure, this
arching action may be from frame action, geometric arching
action (GAA), compressive membrane action (CMA) or a
combination of all of them (Figure 4). The authors are keen to
differentiate CMA from frame action and GAA within the
general term ‘arching action’. Frame action (Hambly, 1989) is
dependent on the elastic properties of the frame, in particular
the webs. GAA is the arching action derived from the
un-cracked geometry or shape of the structure. The greater the
shaping of the structure, the more GAA occurs (El-Mezaini
et al., 1991). CMA is the arching derived from the restraint to
expansion caused by cracking of the concrete. Prior to crack-
ing, the slab can be considered as an elastic isotropic slab with
no CMA; cracking of the concrete causes a migration of the
neutral axis, which is accompanied by in-plane expansion
of the slab at its centreline. This natural tendency to expand
produces CMA if restrained; this enhances the strength of the
slab. Collings and Sagaseta (2015) give a comprehensive and
current review of past experimental data and the theoretical
approaches to the design of restrained slabs in bridges.
2. Background of the study
Increased highway loads, or the deterioration of reinforcement,
often require major repair work to existing bridges, causing
interruption to traffic. Such repair work is often costly and
complex, particularly for box girders (Smith, 2005). Detailed
Figure 1. Typical box section used on the Second Penang Bridge,
Malaysia, showing the profiling of the slab that contributes to
arching action
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analysis and knowledge of the actual load transmittal behav-
iour can assist in confirming the reliability of an existing struc-
ture without major strengthening. The authors of this paper
have been studying arching action in box girder bridges during
their work in the design office and at Universiti Teknologi
MARA (UiTM) in Malaysia and the University of Surrey
(UoS) in the UK. Collings (2002) has previously outlined a
method of analysis of arching action that could also be used
for concrete box girder bridges. The method combines conven-
tional bending analysis models with arch models such as that
outlined by Rankin and Long (1997). The advantage of this
method is that the flexural and arching components are
assessed within the same model and not calculated separately.
The degree of GAA, CMA and bending in the model depends
on their relative stiffness.
Restrained concrete slabs have inherent strength due to the
in-plane arching force induced from the restrained boundary.
Internal arching thrust from frame action, GAA and CMA
can develop when a slab is restrained or part restrained from
lateral movement, as shown in Figure 4. A box girder top slab
has an added advantage of edge haunches, which give an
Figure 2. Elevation of box girder on Sungai Perak Bridge
Parapet
M/C lane
1800600 600 200 7000
11300
200 900
Marginal strip Marginal strip
Carriageway
2·5%
25
0 750
880
5600
11000
300
400
Figure 3. Cross-section of the existing Sungai Perak Bridge box
girder (dimensions in mm). M/C, motor cycle
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initial arch profile. Current methods of design and assessment
in international codes of practice (Aashto, 2007; UKHA,
2001) limit the use of the CMA to beam and slab bridges with
small span to depth ratios of 18 and 15, respectively. However,
it is noted that tests reported by Vecchio and Tang (1990)
showed CMA on a slab strip with a span to depth ratio of 30.
Lahlouh and Waldron (1992) tested three slab strips of 2·7 m
span and 150 mm thickness (span to depth ratio of 18)
restrained as part of a frame. The frame vertical elements
(being similar to the web restraint of a box girder) provided
sufficient restraint to generate arching within the slabs. The
thicker (and stiffer) the vertical elements, the greater the rest-
raint and amount of arching generated. The tested capacities
of the slabs reported by Lahlouh and Waldron (1992) were
4–78% greater than that predicted by ultimate-bending-only
theories such as yield line analysis (Johansen, 1949). Box
girder slabs have similar conditions of lateral restraint. A
recent study of a box girder transverse modelling and analysis,
investigating the slab ultimate capacity, was carried in Korea
by Choi and Oh (2013). The study indicated that current
design theories for a box girder top slab ignoring arching
effects underestimate the ultimate load by 30–40%. The exper-
imental setup considered a 1 m strip of the box girder shown
in Figure 5, with a span between web centres of 5 m, a mid-
span slab thickness of 250 mm and various haunch sizes.
This paper firstly illustrates the beneficial effects of arching
by remodelling the box properties taking into account the
restraint stiffness and arching (both GAA and CMA). The first
analysis, carried out primarily at the UoS, is of the Choi and
Oh (2013) tests, for a 1 m strip of box. The effects of web
restraint are investigated and the amount of enhancement from
frame action, GAA and CMA derived. A second analysis,
carried out primarily at UiTM, is of a box section based on
the assessment model of Sungai Perak Bridge (Stanley, 1990).
A 1 m strip model is initially investigated and the model is
then extended to include a 10 m long section of the box. The
additional effect of the in-plane restraint of the slab away from
the load is then assessed and verified by linear finite-element
(FE) modelling. Finally, some clarifications to existing codes are
made for box girder design and assessment using arching action.
3. Analysis of strip test
Choi and Oh (2013) carried out a series of seven tests, four on
transversely prestressed and three on reinforced concrete box sec-
tions with various haunch sizes (no haunch to the 250 mm slab,
a 500 mm long by 100 mm deepening and a 1000 mm long by
200 mm deepening), giving span to depth ratios of 18·4, 13·1
and 10·0 (using the clear span between webs and the depth at
the haunch). The test setup, loading positions and box size
(largest haunch) are shown in Figure 5. The 4·55 m clear span
of the slab between webs is larger than the 3·7 m (UKHA, 2002)
and 4·1 m (Aashto, 2007) limits on maximum span when con-
sidering CMA given in the codes. Concrete strengths, reinforce-
ment areas and test loads and deflections for the Choi and Oh
tests are given in Table 1. These data show that the increased
haunch size increases the slab load capacity. Some of the
increase in capacity is from the increased bending of the haunch,
but some is due to arching action. The method of assessing the
arching in the box used by Choi and Oh was the method
Wheel load
Arching force Lateral restraint
Figure 4. Arching action in a box girder
17
Bridge Engineering
Volume 170 Issue BE1
Transverse assessment of a concrete
box girder bridge
Zaid and Collings
Downloaded by [ David Collings] on [31/12/18]. Copyright © ICE Publishing, all rights reserved.
proposed by Rankin and Long (1997). This method is typically
used to determine the CMA arching capacity at the ultimate
limit state (ULS). The authors were interested in determining a
breakdown of the arching action between frame action, GAA
and CMA. They were also interested in assessing behaviour at
the serviceability limit state (SLS) as the limits to cracking often
govern the design of the slab reinforcement.
A re-analysis of the Choi and Oh tests was thus carried out
and each test was re-analysed as a frame strip using five
analyses.
(a) The first analysis was a simple bending-only assessment,
assuming plastic hinges forming at the web–slab
intersections and directly under the loads; no membrane
effects (Shushkewich, 1988) are considered in this
analysis. This analysis is identical to the Choi and
Oh calculation without arching; this is termed the
bending-only analysis.
(b) In the second analysis, the slab was modelled as a flat
beam element as part of a frame, the webs and bottom
slab forming the remainder of the frame. The frame
analysis was a linear elastic analysis using SAP 2000
software (CSI, 2006). The haunch in this analysis is
considered only as an increase in the bending stiffness,
similar to the methods used by Timoshenko and Young
(1965). Full un-cracked section properties were used,
as is common in box girder analysis and assessment.
8600 mm
1950 mm
Loading frame
Concrete
box girder
2000 mm
4625 mm
Varies
Figure 5. Layout of box girder strip test based on Choi and
Oh (2013)
Test
Haunch:
mm
fc:
MPa
AS1:
mm2
AS2:
mm2
fy:
MPa
Deflection at
500 kN: mm
Test load:
kN
Maximum
deflection: mm
HCASE 1 0 40 2292 1589 398 20 567 24·4
HCASE 2 100 40 2292 1589 398 13 835 30·2
HCASE 3 200 40 2292 1589 398 8 1193 43·5
Table 1. Data from reinforced concrete box section tests of Choi
and Oh (2013). Haunch dimension is depth below the slab; AS1
and AS2 are reinforcement at haunch and mid-span, respectively
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This model takes into account tensile membrane forces
from the inclined web and compression membrane forces
in the slab from the frame action of the box. This analysis
was expected to indicate the amount of frame action, and
is termed the flat frame model.
(c) The third analysis was a frame model with the geometry
of the haunch being modelled to the section centreline, as
recommended by El-Mezaini et al. (1991) and similar to
methods recommended by Setra (2007). The geometry of
the frame was identical to the dimensions outlined by
Choi and Oh, with 26 nodes and various section
properties (see Figure 6). Section properties of half of the
uncracked values were used to give better estimates of
deflection, as recommended by the Concrete Society
(CS, 2007). This model also takes into account the tensile
membrane forces from the inclined web and compression
membrane forces in the slab from the frame action of the
box; additionally, it incorporates the arching effects due
to the shaping of the haunches. The membrane forces in
this GAA model are all at the section mid-point (at 0·5h).
(d ) The fourth analysis combines the Rankin arch into a
frame model, as outlined by Collings (2002). This
analysis uses the geometry of a cracked slab section to
model the change in neutral axis location and give a
more pronounced arch geometry; a 0·2h offset from the
mid-point was assumed. The arch geometry is also
modified to account for the slab deflection, an important
aspect of CMA estimation; a 25 mm deflection at the
load positions was assumed. The membrane forces in this
CMA model are at the section neutral axis (which may
be above or below the mid-point depending on the
direction of the moments and degree of cracking).
This model is the most similar to the Choi and Oh
arching analysis, which used separate bending and
arching models to estimate the behaviour.
(e) The fifth analysis is a non-linear FE analysis using a
layered shell element (DS, 2014), with a simple bi-linear
concrete stress–strain curve (Ruiz and Muttoni, 2007).
As the test load is applied symmetrically and the box is sup-
ported directly under the webs, there are no distortion effects
to consider in the five analyses. The results of the analyses are
given in Table 2 together with the results of Choi and Oh
(2013).
The bending-only analysis result is significantly lower than the
test load. The flat frame analysis increased the predicted load
capacity due to the frame membrane compression. It will be
noted that there was an increase in capacity predicted even for
the non-haunched slab. The frame analysis taking into account
GAA gave increased capacities from the geometric arching
derived from both the shaping of the slab and the restraint
from the webs. There was a further smaller increase in capacity
with the modelling of CMA. The non-linear FE analysis gave
results similar to those of the frame analysis with CMA.
Figure 7 shows the load–deflection profile of four of the analy-
sis methods and the tests normalised against the test results.
All the methods that consider arching action give results
of ultimate capacity between 77% and 95% of the test load.
The predictions of deflection, however, differ significantly, with
Model nodes
Span between supports
Bottom slab
250 mm slab
Clear span between webs
Web
Haunch
x
z
Figure 6. Layout of frame analysis for HCASE 2 geometry (GAA
model)
Test load,
PT: kN
Estimated load: kN
Bending
only, PM
Flat frame
model, PF
GAA
model, PG
CMA
model, PA
Choi and
Oh, PA
Non-linear
FE, PFE
HCASE 1 567 470 508 — 537 556 544
HCASE 2 835 620 689 696 735 766 725
HCASE 3 1193 770 880 917 975 1143 882
Table 2. Analysis results of box girder for bending only, flat
frame, GAA and CMA, non-linear FE and Choi and Oh (2013)
models
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the un-cracked models greatly underestimating deflections. The
GAA analysis with reduced section properties gives a reason-
able approximation to serviceability deflections at about one-
third of failure loads. The analysis with CMA and cracked
section properties gives a reasonable approximation of ultimate
loads and deflections. The FE analysis gives a realistic
approximation of the load–deflection curve at both service and
ultimate conditions.
These analyses of the box girder tests indicate that for an accu-
rate assessment of a box girder slab membrane effects must be
considered. A significant amount of the increase in capacity is
from frame action and GAA; this can be assessed by model-
ling the slab geometry as recommended by El-Mezaini et al.
(1991) and Setra (2007). A further smaller increase is due
to CMA and this can also be estimated in a frame model
or by non-linear FE analysis. Table 3 gives a breakdown of the
increase in load above the pure bending capacity for frame
action, GAA and CMA. Estimates of deflection vary signifi-
cantly between the analyses. The different analyses give better
predictions at service or ultimate loads depending on the
assumptions made. The non-linear FE analysis gave reasonable
predictions at both service and ultimate conditions.
Strip tests do not fully represent the behaviour of deck slabs
due to the slab longitudinal discontinuity. Hon et al. (2005)
tested a series of one-way spanning slabs, with and without
saw cuts. The slabs with saw cuts, behaving as slab strips, failed
at lower loads in a ductile flexural-CMA mode. The standard
one-way slabs reached higher loads but with failure usually in
a brittle punching mode. Because of the edge restraints and the
CMA affects both of the slabs carried loads above the theoreti-
cal capacity. It seems likely to the authors that a similar
increase in capacity could occur in box girder slabs where the
restraint from the web will be enhanced by the in-plane
restraint of the surrounding slab, particularly the cantilever.
This enhancement is investigated by considering the assess-
ment of a real box girder.
4. Assessment analysis of box girder
In this section, various analyses are carried out of a box girder
with vertical webs under multi-wheeled abnormal HB loading
to British standards (UKHA, 2001). It is considered important
that the whole vehicle is modelled as required in BD 81
(UKHA, 2002) for the larger box girder, and not the simplified
(Aashto, 2007) method using one wheel. The box girder top
slab design and assessment is generally controlled by applying
abnormal HB loading near to the centre of the deck, which
results in maximum sagging bending moment. This study
looks into the behaviour of the sagging moment and the poss-
ible arching effects within the central part of the box girder
top slab. The design or assessment of a haunched section is
often controlled by the bending requirements of the cantilever
part of the slab outside the webs where there will be less mem-
brane and arching effects.
The selected box section is based on the assessment model of
Sungai Perak Bridge (Stanley, 1990) carried out by the authors
with consulting engineers RB International. A view of the
bridge and its cross-section are shown in Figures 2 and 3,
respectively. An internal view of the box taken during the
bridge inspection for assessment is shown in Figure 8. The pro-
nounced shaping of the top slab using haunches can be seen in
Figures 3 and 8. The span of the slab between webs is 5 m and
the thickness of the slab at the haunch is 750 mm, giving a
span to depth ratio of 6·67. The box near mid-span is used in
the analysis as this has the thinnest webs and maximum clear
span; the webs thicken significantly towards the piers.
The assessment analysis of the box was in three stages.
Initially, an effective strip was derived for the load (Aashto,
0
0·25
0·50
0·75
1·00
0 0·25 0·50 0·75 1·00 1·25
P/
P T
δ /δ T
FE
Test
CMA
GAA
Figure 7. Normalised load–deflection profiles of tests and
various analyses
Increase in capacity: %
Frame
action
Haunch
geometry CMA Total
HCASE 1 8·1 0 6·2 14·3
HCASE 2 11·1 1·1 6·3 17·5
HCASE 3 14·3 4·8 7·5 26·6
Assessment strip analysis 10·1 25·2 6·9 42·2
Assessment 3D analysis 3·3 40·1 21·3 64·7
Table 3. Increase in capacity for arching due to frame action,
haunch geometry and CMA based on bending-only capacity
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2007; Lantsoght et al., 2015) and a series of load capacities
calculated. The strip analysis used a frame with the slab mod-
elled flat, a frame with the haunch geometry modelled and a
frame with the CMA geometry added. The three models use
similar assumptions to those used in the analysis of Choi and
Oh (2013). Figure 9 outlines the geometry of the models. In
this model, only a 1 m strip of the box girder is modelled, the
strip taking a proportion of the HB vehicle wheel load. The
load spread assumption for the strip is shown in Figure 10 for
a single HB vehicle. A conservative spreading from the front of
the wheel is used rather than the rear of the wheel (Lantsoght
et al., 2015). The load capacity of the structure, in HB units,
using the strip model is given in Table 4.
As required by the design standard, various load cases were
considered to find the worst case. The live load cases con-
sidered were HB45 at the centre of the deck, HB45 with HA
loading, HA only, and HB45 with HB30. The single HB
vehicle was used to determine behaviour for comparison
with the previous analysis of the Choi and Oh (2013) test. The
governing load for assessment was the twin HB load case
(HB45+HB30), which produced critical sagging flexure along
the 250 mm deep section of the slab between haunches; the
twin HB loads also being critical for shear. The bending and
membrane results of this twin HB strip analysis are given in
Table 5.
The second stage of the assessment analysis aimed to assess
any increased capacity from the restraint of the adjacent
unloaded sections of slab. A series of strips were linked
together in a 10 m long section of deck as a relatively simple
three-dimensional (3D) frame, with a grillage mesh simulating
the longitudinal members. For the flat model, the members
utilised the un-cracked section properties, with modification
only to torsional properties (Hambly, 1989). For the haunched
model and the CMA model, reduced stiffness was used as the
strip analysis. The 3D model with flat top slab and arched geo-
metry is shown in Figure 11. For the purpose of this investi-
gation, global bending of the deck was restrained by vertical
supports underneath the webs, thus avoiding the complication
of the additional longitudinal in-plane membrane effects (how-
ever, these effects were considered in the actual assessment). At
the bridge mid-span section considered in the assessment, the
in-plane longitudinal membrane effects are compressive, but
reduce to small values when the side spans are loaded with
HA loading. The results of the 3D analyses for the single HB
vehicle are given in Table 4 and the bending and membrane
forces of the twin HB given in Table 5.
A final stage of analysis was modelling the box by linear FE
models using shell elements. Two models – the flat frame
and the GAA model – were used. It was not felt appropriate
to model CMAwith the linear FE model. The results obtained
were similar to the 3D frame but with slightly higher mem-
brane forces. There may not always be similar results between
the 3D frame and FE if material non-linearity or cracking is
taken into account (see the discussion in Johnson and Collings
(2004)). The 3D frames also have advantages in the visualisa-
tion of arching and tie effects. The results of the analysis are
given in Table 5.
The results in Table 4 show that, for the Sungai Perak box, the
assessed capacity increases as the various arching components
are considered. It also shows that the assessed capacity from
the 3D frame analysis is higher than the strip analysis. Using
the results of the single HB analysis, an increase in capacity
due to frame action, GAA and CMA can be calculated; these
results are given in Table 3. The large haunch on the Sungai
Perak box increases the GAA component of arching in the
strip analysis. The amount of CMA in the strip model is 6·9%,
similar to the amount determined by Choi and Oh. Both the
GAA and CMA components of arching increase significantly
in the 3D analysis due to the restraint from adjacent areas of
the slab.
The reinforcement design represented in Table 5 is for the slab
sagging moment using the bottom reinforcement at the centre
part of the slab. The hogging moment would generally be
controlled by the bending resulting from the loading of the
cantilever side of the slab. The slab concrete strength used in
the assessment was 40 N/mm2 and the reinforcement yield
strength was 460 N/mm2. Reinforcement covers to the 250 mm
slab were 45 mm to the top (outside) and 30 mm to the
bottom (inside) faces. The reinforced slab section was assessed
using an in-house program, giving minimum reinforcement
Figure 8. Internal view of Sungai Perak box girder showing
haunching of the slab
21
Bridge Engineering
Volume 170 Issue BE1
Transverse assessment of a concrete
box girder bridge
Zaid and Collings
Downloaded by [ David Collings] on [31/12/18]. Copyright © ICE Publishing, all rights reserved.
requirements for a given moment and axial load input, or
giving a utilisation factor if the reinforcement was defined.
From the results shown in Table 5, the flat equivalent strip
model gives the largest moment and reinforcement require-
ment. The moments in the 3D frame and FE models are simi-
lar, but lower than the strip models. The membrane force in
the flat and profiled 3D models varies significantly – in the flat
model there is little arching, while in the profiled models there
is a membrane force significantly larger than the strip model.
This increased axial force is due to the additional lateral
restraint of the in-plane bending of the slab. This in-plane stiff-
ness has been noted by many researchers (Collings, 2002; Eyre,
2007; Peel-Cross et al., 2001). The same effect can be seen in
the analysis results of the 3D model and the FE model
(Figures 12 and 13), where the transverse axial compressions
under load are partially supported by transverse axial tensions
in the slab elements adjacent to the load. For both the 3D
frame and the FE analysis there is little arching in the flat
models but significant arching in the profiled models.
The reinforcement requirements of Table 5 are determined
based on the frame action and GAA components of arching.
The CMA component was not required for the assessment.
The reasoning for this was as follows. Firstly, the geometry
of the slab with a 5 m clear span was larger than the current
limits of BD 81 (UKHA, 2002) and the assessment team did
not want to propose departures from standards. Secondly, the
slab was sufficiently strong without using CMA as the GAA
component was large. However, it is hoped that the results of
(a)
(b)
(c)
Additional arch
geometry for CMA
Span between supports
z
x
250 mm slab
Haunch
Web
z
x
Clear span
z
x
Figure 9. Strip analysis models for the Sungai Perak assessment:
(a) flat; (b) GAA; (c) CMA
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Figure 10. Assumed load spread on top slab for strip models
(dimensions in mm)
Assessment
Load capacity: HB units
Bending-only model, PM Flat frame model, PF GAA model, PG CMA model, PA
Strip analysis 61 68 83 88
3D analysis 77 80 111 128
Table 4. Analysis results of box girder assessment for various
models based on single HB vehicle loading (results in terms of
HB unit rating)
Model type Section Bending: kNm/m Axial: kN/m Required reinforcement: mm2/m Provided reinforcement: mm2/m
Single strip Flat 80·4 60·2 904 1341
Profiled 68·2 63·2 742 1341
CMA 56·5 88·3 —
3D frame Flat 60·9 13·8 725 1341
Profiled 57·6 115 537 1341
CMA 52·9 164 —
FE Flat 61·0 20 717 1341
Profiled 57·2 178·5 442 1341
Table 5. Analysis results of Sungai Perak box girder for flat and
arched strip, flat and arched 3D models and flat and arched FE
models for twin HB loading
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(a) (b)
Figure 11. 3D frame models for the Sungai Perak assessment:
(a) flat 3D frame; (b) haunched 3D frame
Compression
Tension
(a) (b)
Figure 12. Results from the (a) flat and (b) profiled 3D frame
model, showing the axial compressions local to the loads and tie
action at each end; note the force scale on both models is
the same
SX (local): N/mm
2
≤ –0·6
≥ 0·317
–0·40
–0·20
0
Z
X
Y
(a) (b)
Figure 13. Results from the (a) flat and (b) profiled 3D FE model,
showing the transverse axial stresses, with compression (negative)
local to the loads and tie action each end in the profiled model;
note the stress scale on both models is the same
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the analyses presented in this paper will allow the consideration
of CMA in box girder slabs of spans to 5 m in the future.
5. Shear and punching
The design of a bridge deck is often controlled by the flexural
capacity, particularly at the SLS when cracking is considered.
If frame action, GAA and CMA are used, then, as noted
earlier, flexural reinforcement requirements will be reduced
and consideration has to be given to shear or punching shear
failure. Lantsoght et al. (2015) note that assuming the spread
of load from the rear of the wheel rather than the front (as is
more usual and the spread assumed in Figure 10) will give a
more accurate estimate of the shear stress variation near sup-
ports for multi-wheeled abnormal vehicles.
The punching shear capacity of the slab is also affected
by arching action. Hewitt and Batchelor (1975) developed an
analytical method from the theory proposed by Kinnunen
and Nylander (1960) to predict the enhanced punching shear
due to the membrane force developed as a result of restrained
boundary conditions. Kirkpatrick et al. (1984) proposed
considering CMA as an effective increase in reinforcement;
this method is the basis of the BD 81 (UKHA, 2002) code
capacity. The limitation of this approach is that it assumes full
restraint and it is also difficult to use with multi-wheeled
vehicles. More recently, Muttoni et al. (2013) developed a
method of calculating punching based on the critical shear
crack theory in which arching effects can be incorporated.
Collings and Sagaseta (2015) compared a number of code esti-
mates of punching shear capacity with test data; the codes that
allow membrane forces to be taken into account were found to
give better estimates of capacity. The punching shear capacity
of the Sungai Perak Bridge deck was assessed for abnormal
HB loading by conventional methods (BSI, 1990) without arch-
ing enhancement and was deemed satisfactory with a capacity
of about 1·8 times the applied load.
6. Other issues
The haunched parts of the concrete slab of a box girder may
contain prestressing ducts. Properly grouted ducts should not
affect the arching action in the slab. The ducts may have some
effect on the shear and punching shear capacity of the slab.
Recent testing of slabs with prestressing ducts (Amir et al.,
2014) tends to confirm these assumptions. Where ducts are
aligned with a critical shear plane, a reduction in shear is
appropriate (BSI, 1990).
The assessment of the box girder slab tends to be at the ULS
with the capacity being the lower of the flexure-arching, shear
or punching shear strength. For the design of new box girder
bridges, the SLS crack widths will often govern the design.
Frame action and GAAwill occur at the SLS, and some CMA
may also occur (Kirkpatrick et al., 1986). The analysis of
arching action using the strip or 3D frame method with appro-
priate choice of section properties will allow a good estimation
of membrane effects at the SLS.
7. Summary and conclusions
This paper has illustrated arching action effects on a box girder
top slab due to frame action, geometric arching action (GAA)
and compressive membrane action (CMA). Analysis of the tests
of a box carried out by Choi and Oh (2013) showed that the
overall arching could be broken down into frame action, geo-
metric arching and compressive membrane components. Frame
action varied from 3% to 14% in the models considered. GAA
varied from 0% for the flat slab to 40% for the highly haunched
Sungai Perak Bridge. CMA was typically 6–7% for the strip
analysis but increased to 21% for the 3D analysis.
It has been shown that a significant proportion of the mem-
brane force is from GAA when haunches are used and that
modelling the true arched geometry, as recommended by
Setra (2007) and El-Mezaini et al. (1991), using a frame strip
or 3D frame will give a reasonable estimation of this mem-
brane force. Strip methods of analysis are simple and will take
into account the restraint of the web and lower slab, but have
the disadvantage of not considering the slab continuity and so
underestimate the in-plane restraint and hence the deck
capacity. The use of a 3D frame model or 3D FE model will
allow the additional in-plane restraint of the cantilever to be
utilised. The in-plane restraint significantly increases the mem-
brane force for localised loads such as abnormal vehicles (see
Figures 12 and 13).
Using the assessment of the Sungai Perak Bridge box as an
example, various different models were developed to calculate
the amount of reinforcement needed for the bridge top slab.
By considering the actual geometry of the box in a strip analy-
sis, an approximate reduction of 20% of the reinforcement
requirement could be achieved. Furthermore, modelling the
box as a 3D frame with the actual geometric profile and con-
sidering the arching membrane force produced a reduction in
the reinforcement requirement of about 40%. Given the excess
capacity, it is most probable that the existing bridge was
designed using conventional elastic plate theory (Pucher, 1964;
Westergaard, 1930) without considering arching effects.
CMA also occurs in box girder bridge slabs. Analysis of the
tests by Choi and Oh (2013) indicates that there is a further
small increase in capacity (above frame action and GAA) due
to CMA. It is more difficult to use CMA in the assessment
of box girder bridge deck slabs as they are often outside the
geometric limits placed by the current codes (Aashto, 2007;
UKHA, 2002). The codes limit the maximum clear span to
4·1 m or 3·7 m; however, the Choi and Oh test was for a 5 m
span and it seems reasonable to extend the span limits to at
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least 5 m. The Sungai Perak Bridge box also has a 5 m span.
Further work is required to demonstrate CMA beyond this
span. Codes also limit the span to depth ratio to 18 (Aashto,
2007) or 15 (UKHA, 2002). One of the tests conducted by
Choi and Oh (2013) had a span to depth ratio of 18·4.
Provisionally, it is recommended that a span to depth ratio of
18 is the limit used for box girder slabs, with the span being
the distance between webs and the depth being the depth of
the haunched part of the slab at the web. Additionally, the
span to depth ratio of the slab between haunches should also
be limited to 18, with the minimum depth of the slab being
used (Amir et al., 2014).
From the full-scale test results and the analyses shown in this
paper, it is concluded that frame action, GAA and CMA must
be considered for accurate analysis and assessment of box
girder top slabs.
Acknowledgements
The authors thank the staff at UiTM and the University
of Surrey, particularly Datin Hanizah and Juan Sagaseta for the
valuable comments and suggestions on a draft of this paper.
Thanks also go to the management and staff at RB
International, Malaysia. The assistance of the ICE Research and
Development Enabling Fund is also gratefully acknowledged.
REFERENCES
Aashto (American Association for of State Highway and
Transport Officials) (2007) LRFD Bridge Design
Specifications, Chapter 9, Bridge Deck Systems, 7th edn.
Aashto, Washington, DC, USA.
Amir S, van der Veen C, Walraven JC and de Boer A (2014)
Bearing capacity of prestressed concrete deck slabs.
Proceedings of the FIB Congress 2014, Mumbai, India,
Universities Press, Hyderabad, India.
Benaim R (2008) The Design of Prestressed Concrete Bridges-
Concepts and Principles. Taylor & Francis, London, UK.
BSI (1990) BS 5400: Steel, concrete and composite bridges,
part 4: code of practice for design of concrete bridges.
BSI, London, UK.
Chapman JC, Dowling PJ, Lim PTK and Billington CJ (1971)
The structural behaviour of steel and concrete box girder
bridges. The Structural Engineer 49(3): 111–120.
Choi YC and Oh BH (2013) Transverse modelling of concrete
box-girder bridges for prediction of deck slab ultimate load
capacity. ASCE Journal of Bridge Engineering 18(12):
1373–1382.
Collings D (2002) The design of bridge decks utilising arching
effects. Proceedings of the Institution of Civil Engineers –
Structures & Buildings 152(3): 277–282.
Collings D (2015) Planning design and construction of the
Second Penang Bridge. Proceedings of the Institution of
Civil Engineers – Bridge Engineering, http://dx.doi.org/
10.1680/bren.14.00037.
Collings D and Sagaseta J (2015) A review of arching and
compressive membrane action in concrete bridges.
Proceedings of the Institution of Civil Engineers – Bridge
Engineering, http://dx.doi.org/10.1680/bren.14.00039.
CS (Concrete Society) (2007) Guide to the Design &
Construction of Reinforced Concrete Flat Slabs, TR64.
CS, Crowthorn, UK.
CSI (Computers and Structures, Inc.) (2006) SAP2000. CSI,
Walnut Creek, CA, USA. See http://www.comp-
engineering.com/products/SAP2000/sap2000.html
(accessed 17/03/2016).
DS (Dassault Systèmes) (2014) ABAQUS Version 6.14,
Documentation. Dassault Systèmes, Waltham, MA, USA.
El-Mezaini N, Balkaya C and Citipitioglu E (1991) Analysis of
frames with non-prismatic members. ASCE Journal of
Structural Engineering 117(6): 1573–1592.
Eyre JR (2007) Surround stiffness to membrane action in
concrete slabs. Magazine of Concrete Research 59(2):
107–119.
Hambly EC (1989) Bridge Deck Behaviour, 2nd edn.
E & FN Spon, London, UK.
Hewitt BE and Batchelor BdeV (1975) Punching shear of
restrained slabs. Journal of Structural Division ASCE
101(ST9): 1837–1853.
Hon A, Taplin G and Al-Mahaidi RS (2005) Strength of
reinforced concrete bridge decks under compressive
membrane action. ACI Structural Journal 102(3): 1–11.
Johansen KW (1949) Pladeformler, 2nd edn. Polyteknisk
Forening, Copenhagen, Denmark; transl. Cement and
Concrete Association, London, UK.
Johnson RP and Collings D (2004) Discussion: Analysis of
a composite bowstring truss with tension stiffening.
Proceedings of the Institution of Civil Engineers – Bridge
Engineering 157(2): 111, http://dx.doi.org/10.1680/bren.
2004.157.2.111.
Kinnunen S and Nylander H (1960) Punching of concrete slabs
without shear reinforcement. Transactions of the Royal
Institute of Technology 158: 1–112.
Kirkpatrick J, Rankin GIB and Long AE (1984) Strength
evaluation of M-beam bridge deck slabs. The Structural
Engineer 62B(3): 60–68.
Kirkpatrick J, Rankin GIB and Long AE (1986) The influence of
compressive membrane action on the serviceability of
beam and slab bridge decks. The Structural Engineer
64B(1): 6–9 and 12.
Lahlouh EH and Waldron P (1992) Membrane action in
one-way slab strips. Proceedings of the Institution of Civil
Engineers – Structures and Buildings 94(4): 419–428.
Lantsoght EOL, de Boer A, van de Veen C and Walraven JC
(2015) Effective shear width of concrete slab bridges.
Proceedings of the Institution of Civil Engineers – Bridge
26
Bridge Engineering
Volume 170 Issue BE1
Transverse assessment of a concrete
box girder bridge
Zaid and Collings
Downloaded by [ David Collings] on [31/12/18]. Copyright © ICE Publishing, all rights reserved.
Engineering 168(4): 287–298, http://dx.doi.org/10.
1680/bren.13.00027.
Muttoni A, Fernandez-Ruiz M, Bendz E, Foster S and Sigrist V
(2013) Background to fib model code 2010 shear
provisions – part II: punching shear. Structural Concrete
14(3): 204–214.
Peel-Cross RJ, Rankin GIB, Gilbert SG and Long AE (2001)
Compressive membrane action in composite floor slabs
in the Cardington LBTF. Proceedings of the Institution of
Civil Engineers – Structures and Buildings 146(2): 217–226.
Pucher A (1964) Influence Surface of Elastic Plates. Wien,
New York, NY, USA.
Rankin GIB and Long AE (1997) Arching action strength
enhancement in laterally restrained slab strips.
Proceedings of the Institution of Civil Engineers –
Structures and Buildings 122(4): 461–467.
Ruiz MF and Muttoni A (2007) On development of suitable
stress fields for structural concrete. ACI Structural Journal
104(4): 495–502.
Setra (2007) Ponts en béton précontraint construits par
encorbellements successifs. Setra, Paris, France (in French).
Shushkewich KW (1988) Approximate analysis of concrete box
girder bridges. ASCE Journal of Structural Engineering
114(7): 1644–1657.
Smith DA (2005) Refurbishment of the old Medway
bridge, UK. Proceedings of the Institution of Civil
Engineers – Bridge Engineering 158(3): 129–139,
http://dx.doi.org/10.1680/bren.2005.158.3.129.
Stanley RP (1990) Design and construction of the Sungai Perak
Bridge, Malaysia. Proceedings of the Institution of Civil
Engineers Part 1 88(4): 571–599.
Timoshenko SP and Young DH (1965) Theory of Structures,
2nd edn. McGraw-Hill Kogakusha, Tokyo, Japan.
Treacy MA and Brühwiler EA (2012) Monitoring system for
determination of real deck slab behaviour in prestressed
box girder bridges. In Bridge Maintenance, Safety,
Management, Resilience and Sustainability (Biondini F
and Frangopol DM (eds)). Taylor & Francis, London,
UK, pp. 1495–1502.
UKHA (United Kingdom Highways Agency) (2001) Loads for
Highway Bridges, Design Manual for Roads and Bridges.
United Kingdom Highways Agency, Vol. 1, Section 3,
Part 14, BD 37/01. The Stationery Office, London, UK.
UKHA (2002) Use of Compressive Membrane Action in Bridge
Decks, Design Manual for Roads and Bridges. United
Kingdom Highways Agency, Vol. 3, Section 4, Part 20,
BD 81/02. The Stationery Office, London, UK.
Vecchio FL and Tang K (1990) Membrane action in reinforced
concrete slabs. Canadian Journal of Civil Engineering 17(5):
686–697.
Westergaard HM (1930) Computation of stresses in bridge
slabs due to wheel loads. Public Roads 11(1): 1–23.
HOW CAN YOU CONTRIBUTE?
To discuss this paper, please email up to 500 words to the
editor at journals@ice.org.uk. Your contribution will be
forwarded to the author(s) for a reply and, if considered
appropriate by the editorial board, it will be published as
discussion in a future issue of the journal.
Proceedings journals rely entirely on contributions from
the civil engineering profession (and allied disciplines).
Information about how to submit your paper online
is available at www.icevirtuallibrary.com/page/authors,
where you will also find detailed author guidelines.
27
Bridge Engineering
Volume 170 Issue BE1
Transverse assessment of a concrete
box girder bridge
Zaid and Collings
Downloaded by [ David Collings] on [31/12/18]. Copyright © ICE Publishing, all rights reserved.
Appendix A  Published Papers 
 
 
Collings D and Sagaseta J (2019) Modern Concrete Bridge Deck Analysis Considering the 
Effects of Cracking, Proceedings of the Institution of Civil Engineers – Structures and Buildings, 
https://doi.org/10.1680/jstbu.19.00054 
 
Modern concrete bridge deck analysis
considering the effects of cracking
&1 David Collings BSc, CEng, FICE
Researcher, University of Surrey; Technical Director ARCADIS,
Guildford, Surrey, UK (corresponding author: david.collings@live.co.uk)
&2 Juan Sagaseta Eur Ing, PhD, DIC, CEng, MICE, MCICCP
Senior Lecturer, University of Surrey, Guildford, Surrey, UK
1 2
This paper outlines a refinement to current grillage and linear finite-element analysis methods to better estimate the
behaviour of reinforced concrete deck slabs on prestressed beam or steel girder bridges, suitable for modern codes of
practice and computerised methods. The work is part of research aimed at unlocking the potential of compressive
membrane action. The paper proposes a three-phase approach for the prediction of cracking, deflections, ductility and
load capacity. The method increases the accuracy of current grillage and conventional linear finite-element methods
by taking into account flexural cracking extensions using an effective strain method. The method gives better
estimates of deflections at serviceability and allows for better estimates of the ultimate load capacity of existing
bridges. This results in more economic reinforcement designs with lower carbon dioxide footprint for new bridges.
Notation
A area of concrete
b breadth of section
be effective width
d slab depth to reinforcement
Ec elastic modulus of concrete
EIeff effective EI of cracked section
Eε elastic modulus of concrete based on stress–strain
fck characteristic concrete strength
fcm cylinder strength
fct tensile strength of concrete
fy reinforcement yield strength
h depth of slab (soffit to top)
Ic second moment of area of uncracked concrete
Iy second moment of area of fully cracked concrete
k normalised stiffness ðEIeff=EIcÞ
L length, span length
Mcr cracking moment
ME design moment
MEAV average design moment
MEC characteristic combination moment
My yield moment
m normalised moment ðM=MyÞ
N axial force
n normalised axial force ðN=085AfckÞ
Q total load (qL)
q uniform load
s dimension of wheel load
Vp punching shear capacity
v normalised punching shear ðV=VpÞ
Wz section modulus
x depth to neutral axis
α normalised strain ðεo=εyÞ
β coefficient dependent on loading
βρ reinforcement coefficient
Δ extension
εo strain at slab mid-section (h/2)
εod dilation strain
εomax maximum strain at slab mid-section
εC3 concrete strain at end of elastic phase
εU3 ultimate concrete strain
εs strain in reinforcement
εy steel strain at yield
ξ stress parameter
ρ reinforcement ratio
σsr reinforcement stress at first cracking
σs reinforcement stress
1. Introduction
The purpose of structural analysis is to establish the
distribution of either internal forces and moments, or stresses,
strains and displacements, over the structure – and the analyses
shall be carried out using idealisations of both the geometry
and the behaviour of the structure (BSI, 2002). The cracking
of concrete is often ignored in the analysis of concrete bridge
decks; it is usually considered in the analysis of composite
steel–concrete bridges, for global analysis effects (BSI, 2005a;
Collings, 2013). However, cracking is normally assumed for
the section design of deck slabs analysed as uncracked.
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This paper outlines a more rational approach to the consider-
ation of cracking in reinforced concrete bridge decks on steel
girder or precast concrete beams for use with Eurocodes and
other modern codes. The work is part of research aimed at
unlocking the potential of compressive membrane action
(Collings, 2017).
In design, the authors’ perception is that bridge deck slab
thickness and reinforcement content have been increasing with
time. A snapshot of 15 concrete bridges in the UK, USA and
Europe from 1900 to the present and 15 composite bridges (all
in the UK) from 1950 is given in Figure 1. The increased con-
crete and reinforcement come at a cost and also increases the
carbon dioxide footprint of a bridge (Collings, 2005). A more
realistic analysis can help with refining the design and reducing
both cost and carbon footprint. Part of the increased slab
thickness is due to larger cover requirements for durability and
part to changing loads. However, part is can also be attributed
to a loss of knowledge across generations (Collings, 2008).
Turner and Maillart (early pioneers of reinforced concrete)
visualised slabs with a mixture of arching, flexure and shear in
a way that is difficult for a modern computer-oriented engineer
to comprehend. Their designs were often verified by testing. A
brief historical perspective of bridge deck slab analysis is given
to help explain this.
2. Historic perspective
In the early part of the twentieth century, during the initial
development of reinforced concrete, Turner (Gasparini, 2002)
and Maillart (Zastavni, 2009) visualised the behaviour of flat
slab designs as a mixture of a flat dome and flexure. Both
Turner and Maillart used empirical methods that were often
validated by testing of the structures; the structures typically
carried significantly more load than they were designed for.
Maillart used low bending coefficients in his slab designs
(Furse and Marti, 1997). In early versions of codes of practice,
the increased test results (due to internal arching) were also
acknowledged through the use of reduced bending coefficients.
The UK code of practice for concrete, CP114 (BSI, 1957), for
instance, gave a total design moment of QL/10 for a building
slab, 20% lower than the QL/8 derived from flexure–torsion-
only theories (where Q is the total uniform load on the span).
In the 1920s Westergaard and Slater (1921) defined a flexural
theory for slabs; they acknowledged the effects of the internal
arching action, but did not incorporate it into their theory.
Westergaard’s work was highly influential and his paper
dealing with the computation of the stresses in bridge slabs
due to local wheel loads is still relevant to grillage analysis. A
simplified expression was given by Westergaard (1930) on the
basis of the effective width concept. This assumed that a local
wheel load could be estimated as acting on an effective width
(be), which is dependent on the size of the wheel (s) and
the span (L) of the slab, as Equation 1. This effective width
concept is used in modern codes such as Aashto (2007). The
effective width is the basis for modern grillage and finite-
element meshes, which should be finer than this width to
capture local effects.
1: be ¼ 058Lþ 2s
Various other influence curves by Morice and Little (1954)
and Pucher (1964), among others, were developed. The Pucher
influence surfaces are more comprehensive than Westergaard’s
and able to cover various load types and boundary conditions.
However, following a discussion with Mr Little many years
ago (noted in Collings (2002)) the influence surface has
seemed a laborious way to achieve a conservative answer. The
strip method, popularised in the UK by Wood and Armer
(1968) but based on the Hillerboarg (1959) theory, is preferred.
It is interesting to note that in his tests Armer (1968) acknowl-
edges the influence of arching action on the ultimate capacity;
however, like Westergaard before he did not include it in the
theory.
Elastic analysis by modern computers was another method of
analysis noted by Wood and Armer and was being developed
at that time. In a discussion of the strip method paper,
McMillan (in Wood and Armer (1969)) noted that the strip
method could be thought of as being similar to a torsion-less
grillage method. The grillage method became more popular
after the publication of Bridge Deck Behaviour by Hambly
(1976), and by the time of its second edition (Hambly (1991),
which interestingly reintroduced the torsion-less grillage) gril-
lage analysis was the standard method in all bridge design
offices. Typically, the grillage is a two-dimensional (2D) analy-
sis with all sections defined geometrically within a horizontal
plane and with only vertical loads, shears, moments and tor-
sions being considered (Figure 2(a)). The 2D grillage, being
constrained to the beam neutral axis, does not accurately rep-
resent in-plane effects in the deck slab like the tension, and
subsequent cracking, over intermediate beam supports. The
2D grillage is often improved by offsetting the beam or girder
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Figure 1. Span-to-thickness ratios of bridge deck slabs from 1900
to present day
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properties from the slab in a pseudo three-dimensional (3D)
analysis or a full 3D frame analysis which can account for in-
plane effects (Figure 2(b)).
The finite-element method (FEM) was developed at the
same time as the grillage analysis method, with the advent
of modern computers. The FEM uses similar stiffness-based
methods, but rather than using beam elements with two nodes,
it uses plate or shell elements with three, four or more nodes.
A key difference between grillage type and FEM is in the
mesh size, grillages typically being near Westergaard’s effective
width (Equation 1), whereas FEM models tend to need to be
an order of magnitude smaller to achieve accuracy. With
similar properties, spans and restraints, the linear elastic FEM
gives moments very similar to those of Westergaard or Pucher.
Ingerslev (1923) first proposed the yield line method of analy-
sis; Johansen (1943) extended this but it was not translated
into English or more widely used until the 1960s. The destruc-
tive test on the Old Dental Hospital in Johannesburg, South
Africa, reported by Ockleston (1955), gave collapse loads of 3
to 4 times those predicted by yield line theory. McDowell et al.
(1956) outlined a theory for strength enhancement of masonry
using internal arching. Ockleston then appreciated that the
extent of strength enhancement of his tests was caused by
an internal arching action (Ockleston, 1958). Christiansen,
Park, Eyre, Kirkpatrick and others (see Collings and Sagaseta
(2016)) have developed this theory linking arching or compres-
sive membrane action (CMA) with yield line theory. Yield line
and CMA theories, which involve assumptions of plasticity,
are less favoured for the design of bridge deck slabs in modern
codes (BSI, 2005b). These theories are, however, perhaps more
akin to the visualisations of Turner and Maillart.
In this paper; to establish the distribution of internal forces,
moments, stresses and strains, the elastic methods of analysis
favoured by bridge designers are extended to consider cracking,
extensions (or dilations) and restraint using an effective strain
method. This three-phase analysis allows a more realistic simu-
lation of behaviour and the consideration of some internal
arching or CMA.
3. Three-phase analysis
A three-phase analysis considers the cracking and non-linear
behaviour of concrete deck slabs as three discrete linear phases.
The method considers: an initial uncracked phase up to the
tensile strength of the concrete ( fct); a second cracked but
elastic phase, generally at the serviceability limit state (SLS);
and a third yielding or plastic post-yield phase at the ultimate
limit state (ULS) (see Figure 3). A flow chart outlining the
three-phase analysis is given in Figure 4. It should be noted
that the proposed three-phase method is a step-by-step linear
elastic analysis aiming to more accurately represent concrete
cracking under multiple loading. It is not intended as a non-
linear analysis; post-yielding redistribution of moments and
local non-linearity are not taken into account.
The initial phase is characterised by the simple elastic bending
of the uncracked concrete section with linear stress and strain
assumptions. In this first phase no dilation or extension takes
place as the centroid strain (εo) is zero. The section reaches
the end of this phase when the applied moment is larger than
the cracking resistance moment (Mcr), or, the tensile stress
at the extreme fibre exceeds the tensile strength of the concrete
( fct) and the section cracks, as Equation 2. The analysis during
this phase is the conventional linear elastic grillage or FEM
using full section properties.
2: Mcr ¼ fct=Wz ¼ 0167fctbh2
(a) (b)
Figure 2. (a) 2D and (b) 3D grillage or FEM node degrees of
freedom
h d
ε0
εu
fy
0·85fc
fct
(a) (b) (c)
Figure 3. Typical slab strains and stresses during the three-phase analysis proposed: (a) uncracked; (b) cracked but elastic; and
(c) plastic post yield
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where Wz is the elastic section modulus; b is the width of slab;
and h is the overall depth. To be compatible with Eurocode 4
(BSI, 2005a), where cracking of concrete is considered to
derive cracked or uncracked analysis for composite sections,
the slab section is considered to be fully cracked over a signifi-
cant part of the span when the characteristic load combination
(MEC) causes cracking that exceeds twice the tensile strength
of the concrete or twice the cracking moment as Equation 3
3: 2Mcr MEC
The linear elastic analyses of a number of bridges with deck
slab spans of 1 m to 4 m (between beam web centres) were
carried out using grillage models. The characteristic moments
resulting from LM1, LM2 and LM3 load combinations, as
defined in Eurocode 1 (BSI, 2003a, 2003b) were derived. The
characteristic combination is defined in Eurocode 0 (BSI,
2002); it is a combination with all primary partial load
factors set to 1·0. The moments were used to estimate
the cracking limits for the concrete deck slabs using
Equation 3. Figure 5 outlines the likely range of bridge deck
slab thickness that would be cracked or uncracked for
various spans using concrete tensile strengths of 2·5 to
3·5 MPa, representing reasonable values of the concrete tensile
strength. The bridges noted in Figure 1 are also superimposed
on Figure 5; most of the existing structures are in the cracked
region.
Phase 1
conventional
uncracked linear
elastic analysis
Flexural design or
assessment using
phase 1 results
Shear design or
assessment using
phase 1 results
ME > 2MCR
Revised EIeff using
Eurocode 2 methods
as Equation 4
Add additional load
cases for effective strain
using Equation 15 
Phase 2 cracked
linear elastic analysis
with effective strain
Flexural design or
assessment using 
phase 2 results
Shear design or
assessment using
phase 2 results
Phase 3 non-linear
analysis 
Assessment results
satisfactory?
End
Start
No
Yes
No
Yes
Figure 4. Flow chart of the proposed three-phase analysis of concrete bridge deck slabs
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Where the bridge deck is uncracked at the characteristic com-
bination then the conventional elastic grillage or FEM analysis
with full cross-section stiffness may be used to derive forces,
moments and deflections at both the SLS and the ULS. It
follows, however, that crack widths and deflections will be
small, stresses very likely to be well within allowable limits
for the slab at SLS, and that the ULS will likely govern
the design of reinforcement requirements for flexure or punch-
ing shear. Where the bridge deck is cracked at the character-
istic combination then a second-phase analysis should be
carried out.
In the second phase the concrete is considered cracked, but the
section still behaves essentially elastically, governed by the
composite action of the concrete and reinforcement. These are
the typical assumptions for sections at the SLS when crack
widths and deflections are to be estimated. The stiffness of this
elastic cracked section is less than the uncracked section and
deflections are larger. Hambly (1991) notes that, for reinforced
concrete structures where there is cracking in both the main
beams and transverse elements, the distribution of moments
and shears may be similar to the uncracked section. However,
when the main beams remain uncracked, but the deck slab is
cracked, there will be a different distribution of moments and
shears. Deflections and rotations will be increased in this case.
The Concrete Society (Concrete Society, 2007) recommends
a reduction in flexural stiffness (EcIc) by half for the slab
to account for this. Eurocode 2 (BSI, 2005c) outlines the flex-
ural stiffness of the cracked section in a number of clauses
and outlines reductions of 0·3 to 0·5 of the full stiffness. It also
notes that for serviceability a gradual evolution of cracking
should be considered and that at the ULS a reduced stiffness
corresponding to the cracked section may be assumed. The
change in stiffness is proportional to a stress parameter ξ as
Equations 4–7
4: EIeff ¼ 1 ξð ÞEcIc þ ξEεIy
5: ξ ¼ 1 β σsr=σsð Þ2
where Ec is the initial concrete elastic modulus; Ic is the full
uncracked second moment of area; and Eε is the effective
elastic modulus at higher strains (Equation 6). Iy is the cracked
second moment of area at yield.
6: Eε ¼ fck=εc3
Assuming a constant lever arm and using moments rather
than stresses
7: ξ ¼ 1 β Mcr=MEð Þ2
The coefficient β depends on the duration of the load; for a
single loading β=1, for multiple loading, such as wheels on a
bridge deck, β=0·5 (BSI, 2005c). The effects of multiple loads
are to significantly reduce the effective stiffness of the slab at
lower moments and stresses. Figure 6 shows the reduction in
normalised stiffness (k) for slab sections 150–450 mm thick
with normalised moments and various reinforcement ratios (ρ)
calculated assuming elastic section properties, with tension stif-
fening, different loading assumptions and where the stiffness
changes as Equation 4.
8: k ¼ EIeff
EIc
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Figure 5. Span-to-thickness plot for various concrete strengths
(MPa) outlining likely cracked and uncracked regions, with bridges
of Figure 1 superimposed
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The torsional and transverse section properties should be
reduced proportionally (a torsion-less slab analysis for this
second phase may also be used to simplify data post-
processing). The sectional area should also be reduced as
Eyre and Kemp (1994) showed by testing that the axial stiff-
ness of a cracked section is reduced.
The strain at the centroid of the section during this phase is
usually not zero but is a tensile strain (Figure 3(b)), indicating
that the section increases in length. For an unrestrained beam
or slab this change in length, or dilation, is often ignored,
although Beeby and Faithibitaraf (2001) and Mathias et al.
(2019) note that this can be an unsafe assumption. For a
restrained or part restrained structure the restraint of this
dilation causes some internal arching or CMA, which may
stiffen the structure, reduce crack widths and increase capacity
(Collings and Sagaseta, 2016) under localised wheel axle or
vehicle loading; bridge deck slabs offer this restraint. It is pro-
posed that the local dilation strains may be added into the
phase-2 analysis as a load case using an effective strain
approach described in the next section. The concrete section
reaches the end of this second phase typically when the
reinforcement approaches yield, or concrete strains approach
the elastic limit (εC3).
The third phase again assumes a cracked section, but this time
the reinforcement is at yield and the concrete is approaching
its compression limit (Figure 3(c)). The neutral axis is derived
from strength and equilibrium adopting a plastic stress block
rather than elastic assumptions. The distributions of strains are
linear, but stresses in the concrete are non-linear. There are
likely to be some localised rotations at regions of plasticity.
These are typical assumptions for sections at the ULS. Again,
the strain at the centroid (εo) is non-zero and a significant
increase in length occurs, leading to increased internal arching
or CMA in restrained slabs. This increase is primarily at areas
where plastic hinges will form. The section reaches the end of
this phase typically when the concrete strain reaches its limit-
ing value (εu3), the rotational limits are reached, the reinforce-
ment fractures or de-bonds, or a shear failure occurs. For the
design of bridges, it is not usual to assume significant yielding,
redistribution of moments or plasticity, so this third phase is
typically not used to further consider flexural effects. For the
assessment of existing structures, provided ductility require-
ments are complied with, then this phase could be considered.
4. Concrete dilation and effective strain
The extension of an unrestrained reinforced concrete slab can
be obtained from tests (Vecchio and Tang, 1990), derived from
NL-FEA, or estimated as the sum of the centroid strains from
the assumptions used to design conventional reinforced con-
crete, as Equation 9, where Δ is the total extension of the slab
(typically half of this total extension occurs at each end of the
slab, although this may vary if the end restraints are different),
L is the distance along the slab and εo is the strain at the
mid-section of slab.
9: Δ ¼
ðL
0
εoðiÞdi
For lower moments at SLS or at ULS away from maximum
moments, the centroid strain may be estimated based on the
strain in the reinforcement using assumptions of steel stress to
limit crack widths as Equation 10.
10: εo ¼ εs 05h xd  x
where x is the depth to the neutral axis. When the neutral axis
tends towards 0·5h then the centroid strain reduces to zero;
hence for high reinforcement ratios or low concrete strengths,
which increase x, the extensions will be smaller. The centroid
strain is as proposed for the modified compression field theory
(Vecchio and Collins, 1986) and the critical shear crack theory
(Muttoni and Ruiz, 2008) used to estimate shear capacity.
Figure 7 shows the normalised centroid strain (α) as a function
of the reinforcement content (ρ) based on elastic properties and
reinforcement characteristic strength of 500 MPa. The larger the
reinforcement content, the lower the dilation. The strain is nor-
malised against the steel strain at yield (εy), so at SLS the strains
will be proportionally smaller and at ULS may be greater.
11: α ¼ εo
εy
At the ULS in areas near the maximum moment where poten-
tial plastic hinges would form, or moment redistribution
occurs, the central strain may be estimated based on the strain
distribution of the section using the maximum concrete strain
(εu3) as Equation 12. Cracking due to shear can also cause
some extension of the slab at lower span-to-depth ratios
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Figure 7. Normalised centroid strain with reinforcement content
and βρ of Equation 16
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(Sigrist et al., 2013), but is neglected in this current method.
12: εo ¼ εu3 05h xx
The concrete extension may be calculated using Equations 9
and 10 based on the moments on the section. To gauge the
accuracy of the method, the calculated strains and extensions
are compared with measured values. Vecchio and Tang (1990)
tested an unrestrained (TV1) and a restrained slab strip (TV2).
The slab strip being 6 m long and1·5 m wide, with a 3 m span
and 100 mm slab thickness. For the slab strip, the extensions
and strains were measured. Theoretical centroid strains can be
calculated for the test TV1 using Equation 10. Figure 8 shows
the measured and calculated centroid or mid-height strains (εo)
along the length of the 3 m span with the calculated strains
peaking at mid-span and with smaller peaks at supports. The
measured strains are more variable at the support; this is likely
to be due to local column head thickening. The test load is at
55 kN, which is slightly beyond the yield load at mid-span
(46 kN) and so the additional centroid strain was determined
from Equation 12 with an ultimate strain of 0·0035. The ulti-
mate strain is confined to the hinge region and largest at mid-
span, reducing to the yield value at the end of the hinge region
(0·6d from this maximum using BSI (2005c)). The theoretical
and measured mid-height strains shown in Figure 8 are in
good agreement at mid-span.
The total extension calculated from the strains using Equation
9 are 1·2 mm. The extensions are in good agreement with the
1·0 mm value measured at the end of the slab strip. The exten-
sion at various loads can also be calculated. Figure 9 shows
the measured and theoretical extensions of the test slab over
the range of the test, the theoretical values following a similar
line to the measured values.
The equivalent or effective strain (εod) is the extension per unit
length of the slab as Equation 13. For most slab elements with
almost linear change in moment then εo can be approximated
by Equation 14, where εomax is the largest value of εo along the
span of the slab.
13: εod ¼ Δ=L
14: εod ¼ 05εomax
For conventional concrete strength ( fck = 25 to 60 MPa) slabs
with high yield reinforcement ( fy = 500 MPa and εy = 0·0025)
the dilation strain can be estimated with respect to the average
moment (MEAV) on the grillage beam or FEM element and
a reinforcement modification factor βρ. The reinforcement
factor is zero at 2·5% reinforcement ratio and increases as the
reinforcement ratio reduces. βρ is derived from Figure 7 and
given by Equation 16 it tends to zero at high reinforcement
ratios and 0·6 at low reinforcement content.
15: εod ¼ 00025βρMEAV=My
16: βρ ¼ 0625–025 100ρð Þ
5. Proposed effective strain method
This section outlines an effective strain method to incorporate
the dilation strains into the phase-2 analysis, it gives a lower
bound solution at first yield and can be used for analysis at the
SLS and ULS. The method is based on the forces generated by
the restraint to the longitudinal dilation of the concrete. The
dilation strains are applied to the 2D or 3D grillage members
or FEM elements as an effective strain calculated using
Equation 15. The following analysis steps are proposed (see
also Figure 4).
(a) Carry out a linear elastic analysis of the uncracked
phase-1 structure; estimate the load that causes cracking
0
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2·5
1·5 2·0 2·5 3·0 3·5 4·0 4·5
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Test TV1
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Figure 8. Measured mid-height strains from test TV1 and
theoretical centroid strains for a test load of 55 kN
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Figure 9. Measured and theoretical extensions of the
TV1 test slab
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using Equation 3. If the section is uncracked use the
conventional linear elastic results for design without
considering cracking or dilation effects. If the section is
cracked estimate the effective strains for the load cases to
be considered using Equation 15.
(b) Carry out a conventional linear elastic analysis of the
cracked phase-2 structure with modifications to flexural,
torsional and axial properties to account for cracking and
applying the effective strains as an additional load case to
the loaded part of the structure where the peak moments
occur in the phase-1 analysis. This analysis gives a revised
estimate of the flexural capacity of the structure; the
strength and cracking capacity of the structure will
typically be increased due to the induced axial force and
moment–axial interaction effects (see Appendix).
(c) A further ultimate flexural analysis of the phase-3
structure with reduced flexural stiffness, increased
dilations and increased axial forces could be carried out
in some cases for a higher level of approximation or in
cases where a more refined assessment is needed.
However, the use of the phase-2 results is usually
sufficient for design. Calculation of the shear capacity of
the structure should be carried out; the presence of the
axial compression in the slab will result in an increase the
shear capacity (see Appendix).
6. Examples of the effective strain method
The first example is to reconsider the 6 m long, 3 m span slab
strip tests TV1 and TV2 of Vecchio and Tang. At 55 kN the
extension of TV1 was found to be approximately 1 mm from
testing and 1·2 mm by calculation (see Figure 9). The
reinforcement ratio (ρ) is 0·66% and so the flexural stiffness
will be about 0·4 of the full value (see Figure 5). Test TV2 is
similar to TV1 but fully restrained in-plane at the ends, hence
the full restraint to extension will induce an axial force (N )
17: N ¼ EAeffΔ=L
The full axial stiffness (EA/L) is approximately 720 kN/mm,
hence assuming the axial stiffness reduces in a similar pro-
portion to the flexural stiffness (as noted above), then the axial
force is estimated using Equation 17 as 290 kN. The measured
axial force from test TV2 was 270 kN and at similar deflection
was carrying a load of 65 kN compared with 55 kN for TV1.
This confirms that the restraint to dilation will induce CMA
and increase the slab’s load capacity.
In real bridges there is not a full restraint and there is an inter-
action of local and global flexural effects. A number of tests
on full-size or scale bridges have been carried out. Some of the
best instrumented tests were those by Jackson (1990), where a
model bridge was tested with point loads and patch loads
representing an abnormal vehicle. Jackson recorded the behav-
iour of the uncracked and cracked structure. The Jackson test
bridge is a half-scale test of four precast, prestressed beams
with a reinforced concrete deck slab. Key details of the test are
outlined in Table 1.
An uncracked phase-1 pseudo 3D grillage model of the bridge
was made. A point load case and an abnormal load case were
run to determine the flexural moments on the structure. The
results of the phase-1 analysis for a single wheel load and an
HB type abnormal vehicle (Highways England, 2001) indicate
that the slab cracks at a moment (Mcr) of 3·5 kNm/m, which
is equivalent to a load of 35 kN. It was confirmed that the
slab cracked under both wheel and HB vehicle loads. The con-
ventional flexure-only capacity from the uncracked grillage
is 64 kN and the punching shear resistance is 68 kN based
on Eurocode 2 (BSI, 2005c) with all material partial factors
set to 1·0.
For the phase-2 analysis the dilation strains at first yield were
calculated and added as a load case as applied strains (similar
to temperature loading). This causes in-plane deformation of
the slab and adjacent beams as shown in Figure 10(a), together
with in-plane axial compressions and tensions. The pattern of
axial forces is compression immediately adjacent to the applied
loads, where the largest moments occur, with a tensile ring
around the load. In the analysis it is important that the trans-
verse properties of the beams and slabs are correctly modelled.
The phase-2 analysis indicates a single wheel load capacity
of 120 kN considering flexure–axial interaction. The shear
Table 1. Jackson test bridge details
Element Characteristic
Main beams Four, 8 m long, half-scale precast–prestressed M
beams on elastomeric bearings
Deck slab 80 mm thick, half-scale concrete deck spanning
1 m across precast beams
Concrete For beams fcm = 62·4 MPa
For slab fcm = 42·4 MPa
Reinforcement fy = 460 MPa, reinforcement four orthogonal
layers ρ=0·33%.
Δ = 0·3 mm Δ = 0·6 mm
Single wheel
load
Tension
Compression
Compression
Tension
HB vehicle
HB vehicle
(a) (b)
Figure 10. In-plane grillage extensions and in-plane forces for
(a) single wheel load and (b) HB vehicle
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capacity, taking into account the axial forces induced, is
92 kN, this being the critical criterion. The moment–axial and
shear–axial interaction diagrams for the slab are outlined in
the Appendix.
The load–deflection diagram of the test is given in Figure 11.
The phase-1 and phase-2 analysis results are superimposed
on this. It is noted that the conventional uncracked grillage
analysis gives a significantly lower load capacity than the
three-phase analysis method and the test.
A similar analysis was carried out for the multi-wheel HB
vehicle and an additional dilation load case applied to the gril-
lage. The in-plane deformed shape and axial forces are shown
in Figure 10(b). Again, the broad pattern of compression local
to wheels and tensions around the perimeter of the vehicle can
be seen. The load–deflection diagram of the test is shown in
Figure 12 with the phase-1, phase-2 and punching shear
results superimposed. The difference in the initial uncracked
test and the test after further wheel loads in this and other
locations have been applied can be seen. Again, the phase-2
results show an increase compared to the phase-1 analysis.
For this simulation the flexural and punching shear capacity
are similar.
7. Summary and conclusions
This paper outlines a simple three-phase method to analyse
bridge decks more accurately in accordance with modern
codes. An advantage of the method is that it uses conventional
linear elastic methods that are common in design.
The conventional linear elastic phase-1 analysis derives the pre-
dicted cracking moment and determines if cracking is likely to
occur using criteria consistent with other Eurocodes. Results
indicate that slabs with a span-to-thickness (L/h) ratio greater
than approximately 10 to 12 are likely to be cracked.
The phase-2 analysis using cracked section properties more
accurately estimates moments and deflections at higher stresses.
With cracking comes some dilation and extension of the con-
crete local to the loaded area, which can be included in the
phase-2 analysis as an applied effective strain load case to
model in-plane effects more realistically and consider CMA.
A phase-3 analysis with further cracking and dilation may be
appropriate for the assessment of some existing structures.
However, for the design of new structures the authors recom-
mend the use of the phase-2 analysis with the shear capacity
only calculated at phase 3.
The three-phase method outlined in this paper shows sig-
nificant improvement in accuracy of design and assessment
compared with current practice, which adopts only the phase-1
analysis.
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Appendix
Moment and shear with axial interaction
Both moments and punching shear are increased with axial
loads based on Eurocode 2 methods (BSI, 2005c). For moments,
the basic flexural capacity is increased by an additional moment
of resistance from the axial force at an eccentricity. Figure 13
outlines a normalised interaction diagram for the slab of the
Jackson test, in which the normalised flexural capacity (m)
increases up to a normalised axial load (n) of 0·45 then reduces
after n=0·5. The normalised capacity at n=0 is m=1·0. The
capacity at n=0·1 increases to m=1·87. For normalised punch-
ing shear (v) the capacity is increased by an axial component
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directly proportional to the average axial stress. Figure 14 out-
lines a normalised interaction diagram for the slab of the
Jackson test, in which the punching capacity increases to n=0·2
and is then constant. The normalised capacity at n=0 is v=1·0.
The capacity at n=0·1 increases to v=1·34.
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B1 Test Database References 
Table B1 below outlines the primary tests in which CMA is evident (see Chapter 2, Section 
2.4). The test author is given in date order, together with test title or reference title. The 
number of tests is also given and is the basis of Figure 2.1 in Chapter 2. The overall class of 
the test (A, B, C or D) based on the classification of Section 3.2, Table 3. 2 is also given. 
 
Table B.1. Primary tests where CMA is evident. 
Author (year) Title No 
Tests 
Overall 
Class 
Maillart R (1909) 
 
Test of an RC slab, see Figure 2.2 1 D 
Lord A R (1911) A Test of a Flat Slab Floor in a Reinforced 
Concrete Building, ACI Journal. Full scale.  
1 D 
Talbot A N and Slater 
W A (1916) 
 
Tests of reinforced concrete flat slab structures, 
University of Illinois, Research Bulletin. Full 
scale. 
5 D 
Westergaard and 
Slater (1921) 
Moments and stresses in slabs, Proceedings of 
the American Concrete Institute. 
11 D 
Newmark NM, Seiss 
CP and Penman WP 
(1946) 
Studies of Slab and beam highway bridges, Part 
1, University of Illinois, Research Bulletin. ¼ 
scale. 
23 C 
Newmark N M, Seiss 
CP and Peckam RP 
(1948) 
Studies of Slab and beam highway bridges, Part 
2, University of Illinois, Research Bulletin. ¼ 
scale. See Figure 2.15. 
14 C 
Seiss CP and Viest 
IM (1952) 
Studies of Slab and beam highway bridges, Part 
5, University of Illinois, Structural research 
series. ¼ scale. 
38 C 
Thomas FG and 
Short A (1952) 
A Laboratory Investigation of some Bridge Deck 
Systems, ICE Proceedings.  
 
3 D 
Ockleston AJ (1955) Load Tests on a Three-Storey Building in 
Johannesburg, The Structural Engineer. Full-
scale, see Figure 2.16. 
 
6 C-D 
Powells DS (1956) The Ultimate Strength of Concrete Panels 
Subjected To Uniformly Distributed Loads. 
Cambridge University. 1/10 scale tests. 
22 D 
Wood R H (1961) Plastic and elastic design of slabs and plates.  
 
4 C 
Gamble WL, Sozen 
M A and Seiss CP 
(1961)) 
An Experimental Study of a Reinforced Concrete 
Two-Way Floor Slab, Civil Engineering Studies, 
Structural Research Series, University of Illinois, 
9 C 
Christiansen KP 
(1963) 
The Effect of Membrane Stresses on The 
Ultimate Strength of An Interior Panel in a 
Reinforced Concrete Slab, see Figure 2.6 
4 C 
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Author (year) Title No 
Tests 
Overall 
Class 
Park R (1964b) The Ultimate Strength and Long-Term Behaviour 
of Uniformly Loaded, Two-Way Concrete Slabs 
with Partial Lateral Restraint At All Edges, 
Magazine of Concrete Research (Figure 2.17).  
15 C-D 
Sawczuk A and 
Winnicki L  
(1965)  
Plastic Behaviour of Simply-Supported 
Reinforced Concrete Plates at Moderately Large 
Deflections, 
6 D 
Brochie J F, Holley M 
J and Okubo S, 
(1965) 
Effect of Membrane Action on Slab Behaviour, 
Research Report R65-25, Massachusetts 
Institute of Technology, 
45 C-D 
Taylor R, and Hayes 
B, (1965) 
Some Tests on the Effect of Edge Restraint on 
Punching Shear in RC Slabs, Magazine of 
Concrete Research.  
22 C 
Liebenberg A C 
(1965) 
Load Tests on Stairways of a Reinforced 
Concrete Building in Johannesburg. 
 
1 D 
Moy SSJ (1965) See also Moy and Mayfield, 1972. 3 C 
Keenan W A (1967) Strength and Behaviour of Restrained 
Reinforced Concrete Slabs Under Static and 
Dynamic Loadings, Naval Civil Engineering 
Laboratory, USA. 
9 C 
Jacobson A (1967) 
 
Membrane-Flexural Failure Modes of Restrained 
Slabs. 
4 D 
Armer G S T (1968) Ultimate load tests of slabs designed by the strip 
method, ICE Proceedings. 
7 C-D 
Roberts E H (1969) Load-Carrying Capacity of Slab Strips 
Restrained Against Longitudinal Expansion.  
36 C 
Girolami A G, Sozen 
M A and Gamble W L 
(1970) 
Flexural Strength of Reinforced Concrete Slabs 
with Externally Applied in plane Forces, 
University of Illinois. 
6 C 
Brochie J and Holley 
M (1971) 
Membrane Action in Slabs, ACI Special 
Publication, ACI SP 30 
45 C-D 
Tong P Y and 
Batchelor B (1971) 
Compressive Membrane Enhancement in Two-
Way Bridge Slabs, Cracking, Deflection, and 
Ultimate Load of Concrete Slab Systems, ACI, 
2 D 
Hung T Y and Nawy 
E G (1971) 
Limit Strength and Serviceability Factors in 
Uniformly Loaded, Isotropically Reinforced Two-
Way Slabs, Cracking, Deflection, and Ultimate 
Load of Concrete Slab Systems, ACI Special 
Publication SP-30 
12 C 
Aoki Y and Seki H 
(1971) 
Shearing Strength and Cracking in Two-Way 
Slabs Subjected to Concentrated Load, 
Cracking, Deflection, and Ultimate Load of 
Concrete Slab Systems, ACI Special Publication 
SP-30 
13 C 
Appendix B  Test Database 
 
B3 
 
Author (year) Title No 
Tests 
Overall 
Class 
Hopkins DC and Park 
R (1972) 
Tests on an RC Slab and Beam Floor Designed 
for Membrane Action. 
9 C-D 
Moy and Mayfield 
(1972) 
Load-deflection Characteristics of Rectangular 
Reinforced Concrete Slabs, Magazine of 
Concrete Research  
 
22 C-D 
Snowdon (1973) Some Tests on the Strength in Punching Shear 
of Restrained Concrete Slabs 
24 C-D 
Birke (1975) Kupoleffekt vid Betongplattor, Report No. 108, 
Royal Technical University, Stockholm, Sweden 
(in Swedish). 
28 C-D 
Black M S (1975) 
 
Ultimate Strength Study of Two-Way Concrete 
Slabs, Journal of the Structural Division, ASCE 
4 D 
Huff (1975) Collapse Strength of a Two-Way Reinforced 
Concrete Slab Contained within a Steel Frame 
Structure. 
9 D 
Batchelor B de V and 
Tissington IR (1976b) 
Shear strength of two-way bridge slabs, Journal 
of the Structural Division, ASCE, 
 
24 C-D 
Batchelor B de V and 
Hewitt B E (1976a) 
Tests on model composite bridge, 1/7 scale 9 D 
Desayi and Kulkarni 
(1977) 
Load-Deflection Behaviour of Restrained 
Reinforced Concrete Slabs, Journal of the 
Structural Division, ASCE 
12 D 
Al-Hassani H M. 
(1978) 
Behaviour of Axially Restrained Concrete Slabs. 
PhD thesis, University of London. 
 
8 C-D 
Batchelor B, Hewitt B 
E, Csagoly P and 
Holowka M (1978a 
and 1978b) 
Investigation of the Ultimate Strength of Deck 
Slabs of Composite Steel/Concrete Bridges, 
28 D 
Haltiwanger J D 
(1979) 
Behaviour of restrained two-way slabs, Defence 
Nuclear Agency, Interim Report. 
 
31 C-D 
Holowka, Dorton and 
Csagoly (1980) 
A composite prestressed concrete AASHTO 
girder bridge.  
11 C-D 
Braestrup M W and 
Morley CT (1980)  
Dome effect in reinforced concrete slabs: elastic-
plastic analysis, ASCE. 
 
5 D 
Chattopadhyay B 
(1981) 
Compressive Membrane Action in Concrete 
Slabs. PhD thesis. 
 
10 D 
Chu (1982) Tests to collapse of reinforced concrete flat 
plates. 
2 C 
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Author (year) Title No 
Tests 
Overall 
Class 
Balazic (1982) Tests to Collapse Of Concrete Slabs With Edge 
Beams. 
2 C 
Ekeberg PK, Sjursen 
A and Thorenfeldt E 
(1982) 
Load Capacity of Continuous Concrete Slabs 
with Concentrated Loads. 
34 C 
Christiansen K P and 
Frederiksen V T 
(1983) 
Experimental Investigation of Rectangular 
Concrete Slabs with Horizontal Restraints, 
Materials and structures.  
13 B-C 
Kirkpatrick J, Rankin 
G I B and Long AE 
(1984) 
Strength Evaluation of M-Beam Bridge Deck 
Slabs, The Structural Engineer. 
20 C-D 
Woodson S.C and 
Garner S.B (1985) 
Effects of Reinforcement Configuration on 
Reserve Capacity of Slabs, U.S. Army Engineer 
Water Ways Experiment Station. 
25 C 
Baylot J T, Kiger S A, 
Marchand K A and 
Painter J T (1985) 
Response of Buried Structures to Earth-
Penetrating Conventional Weapons, Engineering 
and Services Laboratory, Tyndall Air Force 
Base. 
6 C-D 
Eyre J. (1985) Strength Enhancement in Reinforced Concrete 
Slabs due to Compressive Membrane Action. 
Thesis PhD, University College London. 
15 B 
Kirkpatrick, Rankin 
and Long (1986) 
The influence of Compressive Membrane Action 
on The Serviceability of Beam and Slab Bridge 
Decks, The Structural Engineer. 
4 C-D 
Tsui, Burns and 
Klingner (1986) 
Behaviour of Concrete Bridge Decks. 4 C 
Niblock R (1986) Compressive Membrane Action and the Ultimate 
Capacity of Uniformly Loaded Reinforced 
Concrete Slabs, PhD thesis, The Queen's 
University of Belfast. 
3 C 
Rankin G I B, Long A 
E (1987) 
Predicting the Enhanced Punching Strength of 
Interior Slab-Column Connections, ICE 
Proceedings,  
17 B-C 
Guice L K and 
Rhomberg E J (1988) 
Membrane Action in Partially Restrained Slabs, 
ACI Structural Journal. 
14 B-C 
Regan PE and Rezai-
Jorabi H (1988) 
Shear Resistance of One-Way Slabs Under 
Concentrated Loads (unrestrained) 
26 D 
Mufti A, Newhook JP 
(1988) 
Punching in Restrained Deck Slabs. 
 
19 C 
Kiger SA, Woodson 
SC, and Dallriva FD 
(1989) 
Role of Shear Reinforcement in Large-Deflection 
Behaviour, ACI Structural Journal. 
15 D 
Guice L K, Slawson T 
R, Rhomberg E J 
(1989) 
Membrane Analysis of Flat Plate Slabs, ACI 
Structural Journal.  
47 B-C 
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Author (year) Title No 
Tests 
Overall 
Class 
Pedikaris PC, Beim S 
R, and Bousias S. N 
(1989)   
Slab Continuity Effect on Ultimate and Fatigue 
Strength of Reinforced Concrete bridge deck 
models, ACI Structural Journal,  
15 C-D 
Fenwick RC and 
Dickson AR (1989) 
Slabs Subject to Concentrated Loading 3 C 
Savides P (1989) Punching Strength of Transversely Prestressed 
Deck, I- Beam Bridges, M.Sc. Thesis, 
18 C-D 
Vecchio FL and Tang 
K (1990) 
Membrane Action in Reinforced Concrete Slabs, 
Canadian Journal of Civil Engineering. 
2 A-C 
Fang IK, Tsui CKT, 
Burns NH and 
Klingner RE (1990) 
Load Capacity of Isotropically Reinforced Cast-
in-place and Precast Panel Bridge Decks, PCI 
Journal. 
4 C 
Jackson P A (1990) The Global and Local Behaviour of Bridge Deck 
Slabs, Structural Engineer. 
6 C 
Chen G, Andreasen 
B S and Nielsen MP 
(1991) 
Membrane Action Tests of R.C Square Slabs, 
Technical University Denmark, 
22 B-C 
Rankin GIB, Niblock 
R A, Skates AS and 
Long AE (1991) 
Compressive Membrane Action Strength 
Enhancement in Uniformly Loaded, Laterally 
Restrained Slabs, The Structural Engineer, 
11 C-D 
Chana PS and Desai 
SB (1992) 
Membrane Action and Design Against Punching 
Shear. The Structural Engineer. 
5 B 
Lahlouh EH and 
Waldron P (1992) 
Membrane Action in One-Way Slab Strips, Proc. 
Instn. Civ. Engrs, Structs & Bldgs.  
4 A-D 
He W (1992) Punching Behaviour of Composite Bridge Decks 
with Transverse Prestressing, Ph.D. Thesis, 
Queen's University, Kingston, Canada. 
12 C 
Imamura A, Kasai Y 
Okamoto S and 
Yoshimura S (1992) 
loading of Various RC slabs 
 
4 C-D 
Kuang (1991) and 
Kaung JS and Morley 
C T (1992) 
Punching Shear Behaviour of Restrained 
Reinforced Concrete Slabs, ACI Structural 
Journal. 
12 B 
Mufti AA; Jaeger LG; 
Bakht B and Wegner 
LD (1993) 
Experimental Investigation of Fibre-Reinforced 
Concrete Deck Slabs Without Internal Steel 
Reinforcement, Canadian Journal of Civil Eng. 
6 C 
Azad AK, Baluch MH, 
Al-Mandil M, Sharif 
AM and Kareem K 
(1993) 
Loss of Punching Capacity of Bridge Deck slabs 
from Cracking Damage, ACI, Structural Journal. 
10 C 
Woodson S C (1993) Effects of Shear Reinforcement on the Large-
Deflection Behaviour of R.C Slabs," Doctoral 
Thesis, University of Illinois, Low L/h Ratios. 
15 C 
Burns NH, Klinger 
RE, Kim J (1994) 
Factors Affecting the Design Thickness of Bridge 
Slabs. 
1 B 
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Author (year) Title No 
Tests 
Overall 
Class 
Whitt JH, Kim J, 
Burns NH, Klinger RE 
(1994) 
Factors Affecting the Design Thickness of Bridge 
Slabs. 
1 C 
Fang IK, Lee J H and 
Chen CR (1994) 
Behaviour of Partially Restrained Slabs Under 
Concentrated Load, ACI Structural Journal 
18 B-C 
Azad AK, Baluk H, 
Ababasi M and 
Kareem K (1994) 
Punching Capacity of Girder Slab Bridges. 10 C 
Ghoneim M and 
MacGregor J (1994a) 
Tests of Reinforced Concrete Plates Under 
Combined In-plane and Lateral Loads. 
19 C-D 
Thorburn and Mufti 
(1994), 
Full-Scale Testing of Externally Reinforced deck 8 C 
Bakht B and Agarval 
AC (1995) 
Deck slabs of skew girder bridges, 2 C-D 
Newhook JP, Mufti A 
A and Wegner LD 
(1995) 
Fibre-Reinforced Concrete Deck Slabs Without 
Internal Reinforcement—Half-Scale Testing and 
Mathematical Formulation. 
6 C-D 
Abendroth R (1995) Nominal strength of composite prestressed 
concrete bridge deck panels ASCE 
9 C 
Ebeido T, Kennedy J 
(1996) 
Punching of deck in skew bridge 8 B-C 
Khanna OC (1999) Experimental investigation of transverse 
confinement in deck slabs by fibre reinforced 
polymer and steel bars, 
4 C 
Marshe S and Green 
M F (1999) 
Punching behaviour of composite bridge decks 
transversely prestressed with carbon fibre 
reinforced polymer tendons, 
6 C 
Peel-Cross RJ, 
Rankin GIB, Gilbert S 
G and Long AE 
(2001) 
Compressive membrane action in composite 
floor slabs in the Cardington LBTF, Proceedings 
of the Institution of Civil Engineers, Structures 
and Buildings Journal.  
6 B 
Taylor S E, Rankin 
GIB and Cleland DJ 
(2001) 
Arching action in high strength concrete slabs’, 
Proceedings of the Institution of Civil Engineers, 
Structures and Buildings. 
15 A-C 
Hassan A, Kawakami 
M, Niitani K and 
Yoshioka T (2002) 
An experimental investigation of steel free deck 
slabs. 
7 C 
Scott RH, Gilbert and 
Moss RM (2002) 
Load Testing of floor Slabs in a Full-Scale RC 
Building. 
6 D 
Ruddell ME, Rankin 
GIB, Long AE (2003) 
Arching action—flexural and shear strength 
enhancements in rectangular and Tee beams 
 
28 C-D 
Taylor S E, Rankin G 
I B, and Cleland D J 
(2003) 
Real strength of high-performance concrete 
bridge deck slabs, Proceedings of the ICE - 
Bridge Engineering, Volume 156,  
8 C 
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Author (year) Title No 
Tests 
Overall 
Class 
Salim W and 
Sebastian WM (2003) 
 Punching Shear Failure in Reinforced Concrete 
Slabs with Compressive Membrane Action, 
 
4 C 
Yang E, Yi S Morita S 
(2004) 
Effects of Axial Restraint on Flexural and Shear 
Behaviour of High Strength Concrete Members. 
6 B-C 
El-Gamal S El-
Salakawy E and 
Benmokrane B 
(2005) 
Behaviour of Concrete Bridge Deck Slabs 
Reinforced with Fibre-Reinforced Polymer Bars 
Under Concentrated Loads, ACI Structural 
Journal. 
1 C 
Hon A; Taplin G and 
Al-Mahaidi R (2005) 
Strength of Reinforced Concrete Bridge Decks 
Under Compressive Membrane Action. 
20 B-C 
Sherwood EG, Lubell 
AS, Bentz EC, Collins 
MP (2006) 
One-Way Shear Strength of Thick Slab and 
Wide Beams. 
9 C 
El-Gamal S, El-
Salakawy, E and 
Benmokrane B 
(2007). 
Influence of Reinforcement on the Behaviour of 
Concrete Bridge Deck Slabs Reinforced with 
FRP Bars.  
4 C 
Muthu K U Amarnath 
K, Ibrahim A, 
Mattarneh H (2006) 
Load–deflection behaviour of restrained RC slab 
strips, Structural Concrete, Volume 7, Issue 1,  
10 D 
Taylor S E, Mullin B 
(2006) 
Arching action in FRP reinforced concrete slabs, 
2nd International Conference, Advanced 
Polymer Composites for Structural Applications.  
6 B 
Yi W J, Xiao Y and 
Kunnath SK (2008) 
Experimental study on progressive collapse 
resistant behaviour of RC frame structures. 
 
1 C 
Sasani M and 
Kropelnicki J (2008) 
Progressive collapse analysis of an RC 
structure. The Structural Design of Tall and 
Special Buildings. 
 
1 C 
Muttoni A, 
Fernandez-Ruiz, 
Tassinari (2008) 
 
Punching shear of unrestrained slabs with 
measurement of extensions. 
4 B-C 
Alam et al. (2009) 
 
Study of punching shear of slabs 15 C 
Zheng Y, Robinson 
D, Taylor S and 
Cleland D (2009) 
Finite element investigation of the structural 
behaviour of deck slabs in composite bridges, 
Engineering Structures. 
6 C 
Mander TJ (2009) 
 
Structural Performance of a full-depth Precast 
Concrete Bridge Deck System 
3 C 
Bae HV, Olva MT, 
Bank LC (2010) 
Obtaining optimal performance with 
reinforcement-free concrete highway bridge 
decks. 
1 C 
Appendix B  Test Database 
 
B8 
 
Author (year) Title No 
Tests 
Overall 
Class 
Hwang HH, Yoon H 
J, Joh CB and Kim 
BS (2010) 
Punching and Fatigue Behaviour of Long-Span 
Prestressed Concrete Deck Slabs, Engineering 
Structures 
6 C 
Cashell KA, 
Elghazouli M and 
Izzuddin BA (2011) 
Failure assessment of lightly reinforced floor 
slabs: Experimental Investigation, ASCE Journal 
of Structural Engineering 
18 C 
Mostafaei H, Vecchio 
FJ, Gauvreau P, and 
Semelawy M (2011) 
Punching Shear Behaviour of Externally 
Prestressed Concrete Slabs. 
7 B 
Ramosa AP, Lúcio V 
JG and Regan PE 
(2011) 
Punching of Flat Slabs with In-Plane Forces 
Engineering Structures.   
11 C 
Wang G, Wang QX, 
Li Z J (2011) 
Membrane Action in Lateral Restraint Reinforced 
Concrete Slabs.  
12 C 
Marcanik JD (2012) Evaluation of Tensile and Compressive 
Membrane Action in Isolated Slab Column 
Specimen. 
1 C 
Henquinet CR (2013) Evaluation of The Effects of In-Plane Lateral 
Restraint and Reinforcement Ratio on The 
Punching Capacity of Flat Slab Column 
Specimens. 
4 C 
Farhangvesali N, 
Valipour H, Samali B 
and Foster S (2013) 
Development of Arching Action in Longitudinally 
Restrained Reinforced Concrete Beams 
6 C 
Choi Y C, Oh B H 
(2013) 
Transverse Modelling of Concrete Box-Girder 
Bridges for Prediction of Deck Slab Ultimate 
Load Capacity, ASCE. 
7 B-C 
Reißen K, Hegger J 
(2013) 
Experimentelle Untersuchungen zur 
mitwirkenden Breite für Querkraft von 
einfeldrigen Fahrbahnplatten 
13 B-C 
Cho B W, Kim CH 
and Yi S T (2013) 
Experimental Study of Concrete Decks 
Restrained by Steel Strap, Proceedings of the 
Institution of Civil Engineers, Structures and 
Buildings. 
5 C 
Yu J and Tan KH 
(2013) 
Experimental and Numerical Investigation on 
Progressive Collapse Resistance of RC Beam 
Column Sub Assemblages. 
2 B 
Amir S (2014) CMA in Prestressed Concrete Deck Slabs, 
Thesis, University Delft. See also Amir, Veen, 
Walraven and de Boer (2016). 
19 C 
Punton B (2014) Progressive Collapse Mitigation using CMA in 
RC Framed Buildings, University of 
Southampton. 
7 B 
Keyvani L and Sasani 
M (2015) 
Analytical and Experimental Investigation of 
Progressive Collapse Resistance of a Flat Slab. 
1 C 
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Author (year) Title No 
Tests 
Overall 
Class 
Belletti B, Walraven J 
C, and Trapani F 
(2015) 
Evaluation of Compressive Membrane Action 
Effects on Punching Shear Resistance of 
Reinforced Concrete Slabs 
18 B-C 
Tharmarajah, Taylor, 
Cleland and 
Robinson (2015) 
FRP reinforcement for bridge deck slabs 4 A-B 
Ziad A (2016 and 
2019) 
Tests of a 1/3 scale box girder. 3 C 
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B2 Test Database  
This section gives the data analysed in Chapter 3. Only Category A, B or C tests (see Table 
3.1). The tests are listed in date order. The data is grouped into 5 sections: Test Details, 
Section Properties, Materials, Geometry, Test Results. The following rows of data are 
provided: 
1. The test number in this Database; 
2. The authors test number or designation; 
3. The category of the test; 
4. The slab thickness at support hs; 
5. The slab thickness at midspan hm; 
6. The width of the test slab b; 
7. The depth to reinforcement d; 
8. The aggregate size dagg; 
9. The area of reinforcement in the top face at the support As sup; 
10. The area of reinforcement in the bottom face at mid span As mid; 
11. The cube strength of concrete fcu; 
12. The cylinder strength of concrete fc; 
13. The concrete tensile strength fct; 
14. The Young’s Modulus of concrete Ec; 
15. The reinforcement yield strength fy; 
16. The primary span length-Span 1; 
17. The secondary span-Span 2; 
18. The load type as, UDL, Tandem, Wheel, Patch, Line; 
19. The shear span of the load; 
20. The load width; 
21. The load depth; 
22. The bending restraint as Full, Partial, None; 
23. The in-plane axial restraint as, Full, Partial, None or where known a value; 
24. The test (failure) load on the slab; 
25. The deflection at test load; 
26. The in-plane CMA force at test load; 
27. The PT (pre or post tensioning) stress; 
28. The failure type, Flexure, Crushing, Shear, Punching, or a combination of these. 
 
Appendix B Test Database
No Author / 
Designation
Category
hs hm b d d agg As sup As mid fcu fc fct Ec fy Span 1 Span 2 Load 
Type
Shear 
span
load 
wdth
load 
depth
Bending 
Restraint
Axial 
Restraint
Load  Deflection
CMA 
force
PT stress
Failure 
type
mm mm mm mm mm mm2 mm2 MPa MPa MPa Gpa MPa mm mm mm mm mm kN mm kN Mpa
Newmark Seiss 
Penman 1946
1 1 W5a C 44.5 44.5 1000 36 4 394 313 15.7 26 304 457 Axle 206 95 95 P P 33.0 Punch
2 1 W5b C 44.5 44.5 1000 36 4 394 313 19.2 23 304 457 Axle 206 95 95 P P 34.5 Punch
3 1 N5a C 44.5 44.5 1000 36 4 394 313 22.9 304 457 Axle 206 95 95 P P 35.9 Punch
4 1 N5b C 44.5 44.5 1000 36 4 394 313 15.3 24 304 457 Axle 206 95 95 P P 34.9 Punch
5 1 S5a C 44.5 44.5 1000 36 4 394 313 20.3 23 304 457 Axle 206 95 95 P P 55.6 Punch
6 1S5b C 44.5 44.5 1000 36 4 394 313 20.9 25 304 457 Axle 206 95 95 P P 49.9 Punch
7 2 WL5b C 44.5 44.5 1000 36 4 394 392 20.6 22 310 457 Axle 206 95 95 P P 31.2 Punch
8 2 WO5 C 44.5 44.5 1000 36 4 394 392 20.9 21 310 457 Axle 206 95 95 P P 28.7 Punch
9 2 1NC C 44.5 44.5 1000 36 4 394 392 310 457 Axle 206 95 95 P P 34.6 Punch
10 3 N15a b C 44.5 44.5 1000 36 4 394 392 22.2 26 310 457 2x Axle 206 95 95 P P 44.5 Punch
11 3 N15a d C 44.5 44.5 1000 36 4 394 392 22.2 26 310 457 2x Axle 206 95 95 P P 46.9 Punch
12 3 N15a f C 44.5 44.5 1000 36 4 394 392 22.2 26 310 457 2x Axle 206 95 95 P P 48.5 Punch
13 3 N15a e C 44.5 44.5 1000 36 4 394 392 22.2 26 310 457 2x Axle 206 95 95 P P 73.9 Punch
14 3 N15a e C 44.5 44.5 1000 36 4 394 392 22.2 26 310 457 2x Axle 206 95 95 P P 73.0 Punch
15 3 S15a a C 44.5 44.5 1000 36 4 394 392 23.1 26 310 457 2x Axle 206 95 95 P P 62.3 Punch
16 3 S15a c C 44.5 44.5 1000 36 4 394 392 23.1 26 310 457 2x Axle 206 95 95 P P 66.3 Punch
17 3 S15a e C 44.5 44.5 1000 36 4 394 392 23.1 26 310 457 2x Axle 206 95 95 P P 77.9 Punch
18 3 S15a b C 44.5 44.5 1000 36 4 394 392 23.1 26 310 457 2x Axle 206 95 95 P P 58.7 Punch
19 3 S15a g C 44.5 44.5 1000 36 4 394 392 23.1 26 310 457 2x Axle 206 95 95 P P 66.8 Punch
20 3 C15a a C 44.5 44.5 1000 36 4 394 313 21.5 28 310 457 2x Axle 206 95 95 P P 59.6 Punch
21 3 C15a c C 44.5 44.5 1000 36 4 394 313 21.5 28 310 457 2x Axle 206 95 95 P P 57.0 Punch
22 3 C15a b C 44.5 44.5 1000 36 4 394 313 21.5 28 310 457 2x Axle 206 95 95 P P 57.0 Punch
23 3 C15a e C 44.5 44.5 1000 36 4 394 313 21.5 28 310 457 2x Axle 206 95 95 P P 73.4 Punch
24 3 C15a h C 44.5 44.5 1000 36 4 394 313 21.5 28 310 457 2x Axle 206 95 95 P P 57.0 Punch
Newmark Seiss 
Peckham 1948
25 30N15 BCD-0 C 44.45 44.45 1000 36 4 260.257 313 28.1 26 312 457 Axle 206 95 95 P P 53.1 Punch
26 30N15 BCD-4 C 44.45 44.45 1000 36 4 260.257 313 28.1 26 312 457 Axle 206 95 95 P P 62.6 Punch
27 30N15 ABC-2 C 44.45 44.45 1000 36 4 260.257 313 28.1 26 312 457 Axle 206 95 95 P P 51.4 Punch
28 30N15 CD-3 C 44.45 44.45 1000 36 4 260.257 313 28.1 26 312 457 Axle 206 95 95 P P 42.6 Punch
29 30N15 BC-2 C 44.45 44.45 1000 36 4 260.257 313 28.1 26 312 457 Axle 206 95 95 P P 58.6 Punch
30 30C15 ABC-0 C 44.45 44.45 1000 36 4 313 29.2 35 312 457 Axle 206 95 95 P P 61.7 Punch
31 30C15 BCD-0 C 44.45 44.45 1000 36 4 313 29.2 35 312 457 Axle 206 95 95 P P 61.4 Punch
32 30C15 CDE-2e C 44.45 44.45 1000 36 4 313 29.2 35 312 457 Axle 206 95 95 P P 63.7 Punch
33 30C15 CDE-2w C 44.45 44.45 1000 36 4 313 29.2 35 312 457 Axle 206 95 95 P P 61.0 Punch
34 30C15 BC-4 C 44.45 44.45 1000 36 4 313 29.2 35 312 457 Axle 206 95 95 P P 70.0 Punch
35 30S15 BCD-0 C 44.45 44.45 1000 36 4 313 22.1 28 312 457 Axle 206 95 95 P P 69.0 Punch
36 30S15 CDE-4 C 44.45 44.45 1000 36 4 313 22.1 28 312 457 Axle 206 95 95 P P 63.4 Punch
37 30S15 ABC-0 C 44.45 44.45 1000 36 4 313 22.1 28 312 457 Axle 206 95 95 P P 65.2 Punch
38 30S15 BCD-2 C 44.45 44.45 1000 36 4 313 22.1 28 312 457 Axle 206 95 95 P P 68.5 Punch
39 60N15 BCD-1w C 44.45 44.45 1000 36 4 313 19.8 312 457 Axle 206 95 95 P P 53.2 Punch
40 60N15 BCD-1e C 44.45 44.45 1000 36 4 313 19.8 312 457 Axle 206 95 95 P P 55.6 Punch
41 60N15 CDE-1 C 44.45 44.45 1000 36 4 313 19.8 312 457 Axle 206 95 95 P P 52.7 Punch
42 60N15 DE-2 C 44.45 44.45 1000 36 4 313 19.8 312 457 Axle 206 95 95 P P 48.7 Punch
43 60N15 CD-4 C 44.45 44.45 1000 36 4 313 19.8 312 457 Axle 206 95 95 P P 59.6 Punch
Seiss and Viest 
1949-52
44 N30-1 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 33.4 Punch
45 N30-2 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 40.0 Punch
46 N30-3 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 37.8 Punch
47 N30-4 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 44.5 Punch
48 N30-5 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 37.8 Punch
49 N30-6 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 42.3 Punch
50 N30-7 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 37.8 Punch
51 N30-8 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 47.6 Punch
52 N30-9 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 43.8 Punch
53 N30-10 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 43.1 Punch
54 N30-11 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 40.0 Punch
55 N30-12 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 35.6 Punch
56 N30-13 C 46 46 1000 37 3 205 309 23.3 22 301 457 Axle 206 95 95 P P 32.9 Punch
57 C30-1 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 46.3 Punch
58 C30-2 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 48.7 Punch
59 C30-3 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 54.7 Punch
60 C30-4 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 51.2 Punch
61 C30-5 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 54.7 Punch
62 C30-6 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 45.1 Punch
63 C30-7 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 50.3 Punch
64 C30-8 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 53.4 Punch
65 C30-9 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 49.8 Punch
66 C30-10 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 50.3 Punch
67 C30-11 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 26.7 Punch
68 C30-12 C 46 46 1000 36 3 164 246 23.4 19 286 457 Axle 206 95 95 P P 20.0 Punch
69 X30-1 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 53.4 Punch
70 X30-2 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 56.5 Punch
71 X30-3 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 51.6 Punch
72 X30-4 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 52.0 Punch
73 X30-5 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 51.2 Punch
74 X30-6 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 31.1 Punch
75 X30-7 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 27.1 Punch
76 X30-8 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 36.9 Punch
77 X30-9 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 39.1 Punch
78 X30-10 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 44.0 Punch
79 X30-11 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 44.0 Punch
80 X30-12 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 49.8 Punch
81 X30-13 C 46 46 1000 36 3 164 246 28.8 28 296 457 Axle 206 95 95 P P 46.3 Punch
Ockleston 1955
82 1-way edge C 162.6 162.6 1000 139.4 16 1201 27.7 5.3 27 286 5030 UDL P P 113.7 32.0 Flexure
83 1-way edge C 162.6 162.6 1000 139.4 16 1201 27.7 5.3 27 286 5030 Line 2500 P P 436.0 32.0 Flexure
84 2-way side C 134.6 134.6 1000 114 16 346 23.7 4.1 24 317 4110 UDL P P 148.0 Flex-Cru
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Wood 1961
85 FS12 C 57 57 1000 32.5 1727 1727 UDL 347.0 28.0 Flexure
86 FS13 C 57 57 1000 26.4 1727 1727 UDL 253.0 28.0 Flexure
87 FS14 C 57 57 1000 28.6 1727 1727 UDL 191.0 28.0 Flexure
Gamble Sozen 
Seiss 1961
88 A C 38.1 38.1 1000 20.0 290 1524 1524
89 B C 38.1 38.1 1000 20.0 290 1524 1524 52.0 25.0
90 C C 38.1 38.1 1000 20.0 290 1524 1524 52.0 30.5
91 D C 38.1 38.1 1000 20.0 290 1524 1524
92 E C 38.1 38.1 1000 20.0 290 1524 1524 52.0 23.0
93 F C 38.1 38.1 1000 20.0 290 1524 1524
94 G C 38.1 38.1 1000 20.0 290 1524 1524
95 H C 38.1 38.1 1000 20.0 290 1524 1524
96 I C 38.1 38.1 1000 20.0 290 1524 1524
Christiansen 1963
97 1 C 76.2 76.2 152 66.7 60 34.3 27.4 29 1829 UDL N Y 11.3 16.0 Flexure
98 2 C 76.2 76.2 152 66.7 60 32.3 25.8 26 1524 UDL N Y 14.1 16.5 Flexure
99 3 C 88.9 88.9 152 79.4 60 28.2 22.6 25 1524 UDL N Y 17.7 16.0 Flexure
100 4 C 88.9 88.9 152 79.4 60 39 31.2 37 1524 UDL N Y 19.6 16.0 Flexure
Park 1964a
101 A1 C 51 51 1000 82 33.0 1016 1524 UDL Y Y 216.0 15.0 Flexure
102 A2 C 51 51 1000 182 29.5 1016 1524 UDL Y Y 219.0 16.0 Flexure
103 A3 C 51 51 1000 312 34.5 1016 1524 UDL Y Y 265.0 17.0 Flexure
104 A4 C 51 51 1000 525 27.7 1016 1524 UDL Y Y 261.0 18.0 Flexure
105 D1 C 51 51 1000 34.6 1016 1524 UDL Y Y 172.0 19.0 Flexure
106 D2 C 38 38 1000 34.2 1016 1524 UDL Y Y 90.4 18.0 Flexure
Park 1964b
107 E6 C 37.59 37.59 1000 6160 33.9 1016 1524 UDL Y Y 146.2 21.7 Flexure
108 E7 C 39.12 39.12 1000 5640 31.1 1016 1524 UDL Y Y 138.8 21.7 Flexure
109 E8 C 52.58 52.58 1000 5140 28.3 1016 1524 UDL Y Y 305.1 21.9 Flexure
Taylor and Hayes 
(1965)
110 1R2a C 76 76 890 66.5 9.5 36.64 29.3 375 890 890 Patch 420 50.8 50.8 N Y 84.7 4.8 Punch
111 1R2b C 76 76 890 66.5 9.5 32.37 25.9 375 890 890 Patch 420 50.8 50.8 N Y 88.6 Punch
112 1R3 C 76 76 890 66.5 9.5 35.47 28.4 375 890 890 Patch 407 76.2 76.2 N Y 129.5 Punch
113 1R4 C 76 76 890 66.5 9.5 35.47 28.4 375 890 890 Patch 394 101.6 101.6 N Y 149.4 6.6 Punch
114 1R5 C 76 76 890 66.5 9.5 27.2 21.8 375 890 890 Patch 382 127 127 N Y 119.0 Punch
115 1R6 C 76 76 890 66.5 9.5 27.2 21.8 375 890 890 Patch 369 152.4 152.4 N Y 143.4 7.6 Punch
116 2S2 C 76 76 890 66.5 9.5 32.37 25.9 375 890 890 Patch 420 50.8 50.8 N N 72.2 5.1 Punch
117 2R2 C 76 76 890 66.5 9.5 32.37 25.9 375 890 890 Patch 420 50.8 50.8 Y Y 83.5 4.8 Punch
118 2S3 C 76 76 890 66.5 9.5 30.65 24.5 375 890 890 Patch 407 76.2 76.2 N N 92.6 Punch
119 2R3 C 76 76 890 66.5 9.5 30.65 24.5 375 890 890 Patch 407 76.2 76.2 Y Y 114.5 Punch
120 2S4 C 76 76 890 66.5 9.5 28.93 23.1 375 890 890 Patch 394 101.6 101.6 N N 87.2 11.4 Punch
121 2R4 C 76 76 890 66.5 9.5 28.93 23.1 375 890 890 Patch 394 101.6 101.6 Y Y 138.9 6.4 Punch
122 2S5 C 76 76 890 66.5 9.5 27.55 22.0 375 890 890 Patch 382 127 127 N N 98.1 Punch
123 2R5 C 76 76 890 66.5 9.5 27.55 22.0 375 890 890 Patch 382 127 127 Y Y 144.4 Punch
124 2S6 C 76 76 890 66.5 9.5 22.93 18.3 375 890 890 Patch 369 152.4 152.4 N N 98.1 14.7 Punch
125 2R6 C 76 76 890 66.5 9.5 22.93 18.3 375 890 890 Patch 369 152.4 152.4 Y Y 156.9 6.1 Punch
126 3S2 C 76 76 890 66.5 9.5 28.44 22.8 375 890 890 Patch 420 50.8 50.8 N N 79.7 3.8 Punch
127 3R2 C 76 76 890 66.5 9.5 28.44 22.8 375 890 890 Patch 420 50.8 50.8 Y Y 79.7 4.8 Punch
128 3S4 C 76 76 890 66.5 9.5 28.24 22.6 375 890 890 Patch 394 101.6 101.6 N N 117.0 6.9 Punch
129 3R4 C 76 76 890 66.5 9.5 28.24 22.6 375 890 890 Patch 394 101.6 101.6 Y Y 134.5 5.1 Punch
130 3S6 C 76 76 890 66.5 9.5 27 21.6 375 890 890 Patch 369 152.4 152.4 N N 152.3 8.1 Punch
131 3R6 C 76 76 890 66.5 9.5 27 21.6 375 890 890 Patch 369 152.4 152.4 Y Y 171.8 6.1 Punch
Brochie Holley 
Okubo 1965
132 11 C 38.1 38.1 381 37.58 30.1 381 381 N Y 178.8 5.0 110.7819 Flexure
133 12 C 38.1 38.1 381 31 36.35 29.1 379 381 381 N N 0.0 0
134 13 C 38.1 38.1 381 31 36.35 29.1 379 381 381 N Y 191.7 5.0 102.306 Flexure
135 14 C 38.1 38.1 381 31 39.47 31.6 379 381 381 N Y 238.4 6.5 0
136 15 C 38.1 38.1 381 31 29.9 23.9 379 381 381 N N 0.0 0
137 16 C 38.1 38.1 381 31 29.9 23.9 379 381 381 N Y 218.5 5.0 81.24887 Flexure
138 17 C 38.1 38.1 381 31 30.6 24.5 379 381 381 N Y 188.7 5.0 126.5416 Flexure
139 18 C 76.2 76.2 381 29.45 23.6 381 381 N Y 566.2 5.0 133.4283 shear
140 19 C 76.2 76.2 381 65.8 25.18 20.1 379 381 381 N N 0.0 0
141 20 C 76.2 76.2 381 65.8 25.18 20.1 379 381 381 N Y 715.1 2.5 155.28 shear
142 21 C 76.2 76.2 381 65.8 25.18 20.1 379 381 381 N Y 1067.8 5.0 208.254 shear
143 22 C 76.2 76.2 381 65.8 25.18 20.1 379 381 381 N Y 1142.3 5.0 139.5865 Flexure
144 24 C 76.2 76.2 381 65.8 25.18 20.1 379 381 381 N Y 620.8 2.5 139.0568 shear
145 26 C 76.2 76.2 381 25.18 20.1 381 381 N Y 794.6 5.5 199.0498 shear
146 27 C 38.1 38.1 381 36.2 29.0 381 381 N Y 153.0 6.1 126.9389 Flexure
147 28 C 38.1 38.1 381 31 41.1 32.9 379 381 381 N Y 188.7 6.9 141.3744 Flexure
148 29 C 38.1 38.1 381 31 38.63 30.9 379 381 381 N Y 224.5 7.6 140.2487 Flexure
149 30 C 38.1 38.1 381 31 38.83 31.1 379 381 381 N Y 274.1 8.9 100.9817 Flexure
150 31 C 38.1 38.1 381 31 31.16 24.9 379 381 381 N Y 257.3 7.0 121.4429 Flexure
151 37 C 76.2 76.2 381 32.18 25.7 381 381 N Y 1062.8 6.4 237.1249 Flexure
152 38 C 76.2 76.2 381 65.8 32.18 25.7 379 381 381 N Y 913.8 5.1 215.8691 shear
153 39 C 76.2 76.2 381 65.8 35.8 28.6 379 381 381 N Y 1147.2 6.9 290.761 Flexure
154 40 C 76.2 76.2 381 65.8 35.8 28.6 379 381 381 N Y 1301.2 11.4 241.0979 Flexure
155 41 C 76.2 76.2 381 65.8 29.08 23.3 379 381 381 N Y 1609.1 19.1 0 shear
Moy 1965
156 FE1 C 50 50 1000 39.6 31.7 3.44 28 386 1500 1500 Y Y 204.8 39.0
157 SS7 C 55 55 1000 39.6 31.7 3.44 28 386 1600 3060 N N 113.1 34.0
158 M3 C 55 55 1000 39.6 31.7 3.44 28 386 1600 1860 120.0 25.0
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Keenan 1967
159 3S1 C 76 76 1000 57 10 24.5 1829 1829 UDL 400.0 38.6 Flexure
160 3S2 C 76 76 1000 10 28.6 1829 1829 UDL 292.9 25.4 Flexure
161 3S3 C 76 76 1000 57 10 28.4 1829 1829 UDL 432.8 34.5 Flexure
162 3S4 C 76 76 1000 57 10 22.7 1829 1829 UDL 401.1 34.3 Flexure
163 3D1 C 76 76 1000 57 10 26.2 1829 1829 UDL
164 4.7S1 C 120 120 1000 95 10 21.8 1829 1829 UDL 1062.3 23.4 Flexure
165 4.7D1 C 120 120 1000 95 10 22.9 1829 1829 UDL
166 4.7D2 C 120 120 1000 95 10 24.8 1829 1829 UDL
167 6S1 C 152 152 1000 127 10 24.9 1829 1829 UDL 2274.3 28.0 Flexure
Armer 1968
168 T3 C 57 57 1800 39.33 31.5 259 900 1800 UDL P P 299.0 Flexure
169 T4 C 57 57 1800 40.56 32.5 259 900 1800 UDL N N 239.0 Flexure
170 T5 C 57 57 1800 38.5 30.8 264 900 1800 UDL N N 259.0 shear
171 T6 C 57 57 1800 43.46 34.8 237 900 1800 UDL N N 309.0 33.0 Flexure
172 T7 C 57 57 1800 23.48 18.8 248 900 1800 UDL N N 338.0 shear
Roberts 1969
173 RB10 C 51 51 229 42.3 54 50.4 40.3 242 1425 2-Point 356 N 315 18.7 14.7
174 RB11 C 51 51 229 42.3 54 24.7 19.8 242 1425 2-Point 356 N 315 11.8 13.0 Flexure
175 RB11 C 51 51 229 42.3 54 24.7 19.8 242 1425 2-Point 356 N 315 11.7 13.4 Flexure
176 RB11 C 51 51 229 42.3 54 24.7 19.8 242 1425 2-Point 356 N 315 12.1 12.5 Flexure
177 RB12 C 51 51 229 42.3 72 32.8 26.2 242 1425 2-Point 356 N 315 16.1 13.8 Flexure
178 RB12 C 51 51 229 42.3 72 32.8 26.2 242 1425 2-Point 356 N 315 16.3 14.0 Flexure
179 RB13 C 51 51 229 42.3 72 30.2 24.2 242 1425 2-Point 356 N 315 13.9 14.2
180 RB13 C 51 51 229 42.3 72 30.2 24.2 242 1425 2-Point 356 N 315 12.3 12.4
181 RB13 C 51 51 229 42.3 72 30.2 24.2 242 1425 2-Point 356 N 315 13.2 12.1
182 RB14 C 51 51 229 42.3 72 49.7 39.8 242 1425 2-Point 356 N 315 17.4 15.6 Flexure
183 RB14 C 51 51 229 42.3 72 49.7 39.8 242 1425 2-Point 356 N 315 18.5 14.6 Flexure
184 RB14 C 51 51 229 42.3 72 49.7 39.8 242 1425 2-Point 356 N 315 19.6 15.6 Flexure
185 RB15 C 51 51 229 42.3 90 24.1 19.3 242 1425 2-Point 356 N 315 14.1 13.6
186 RB15 C 51 51 229 42.3 90 24.1 19.3 242 1425 2-Point 356 N 315 13.9 12.3
187 RB17 C 51 51 229 42.3 90 53.3 42.6 242 1425 2-Point 356 N 315 17.3 13.4 78.57977
188 RB17 C 51 51 229 42.3 90 53.3 42.6 242 1425 2-Point 356 N 315 18.7 15.3 80.53341
189 RB18 C 76 76 229 67.7 90 27 21.6 242 1425 2-Point 356 N 390 37.7 10.9 121.7785
190 RB18 C 76 76 229 67.7 90 27 21.6 242 1425 2-Point 356 N 390 35.6 12.5 105.715 Flexure
191 RB19 C 76 76 229 67.7 90 28.7 23.0 242 1425 2-Point 356 N 390 44.3 14.4 142.8347 Flexure
192 RB19 C 76 76 229 67.7 90 28.7 23.0 242 1425 2-Point 356 N 390 45.0 13.5 141.9664 Flexure
193 RB20 C 76 76 229 67.7 90 47.9 38.3 242 1425 2-Point 356 N 390 60.2 12.6 194.2812 Flexure
194 RB20 C 76 76 229 67.7 90 47.9 38.3 242 1425 2-Point 356 N 390 54.9 11.4 172.1397 Flexure
195 RB21 C 76 76 229 67.7 143 18.1 14.5 242 1425 2-Point 356 N 390 38.8 10.7 Flexure
196 RB21 C 76 76 229 67.7 143 18.1 14.5 242 1425 2-Point 356 N 390 36.6 11.9 91.5515 Flexure
197 RB22 C 76 76 229 67.7 143 30.2 24.2 242 1425 2-Point 356 N 390 41.9 11.2 106.4633 Flexure
198 RB22 C 76 76 229 67.7 143 30.2 24.2 242 1425 2-Point 356 N 390 45.6 11.6 125.5365 Flexure
199 RB23 C 76 76 229 67.7 143 56.3 45.0 242 1425 2-Point 356 N 390 64.8 12.8 173.0462 Flexure
200 RB23 C 76 76 229 67.7 143 56.3 45.0 242 1425 2-Point 356 N 390 61.6 13.1 172.0059 Flexure
201 RB24 C 51 51 229 42.3 36 51.8 41.4 242 1425 2-Point 356 N 390 19.6 13.8 103.9342
202 RB24 C 51 51 229 42.3 36 51.8 41.4 242 1425 2-Point 356 N 390 17.4 14.3 90.86616
203 RB25 C 51 51 229 42.3 36 26.3 21.0 242 1425 2-Point 356 N 390 13.8 12.2 83.80944 Flexure
204 RB25 C 51 51 229 42.3 36 26.3 21.0 242 1425 2-Point 356 N 390 14.6 13.3 85.8132 Flexure
205 RB26 C 76 76 229 67.7 36 52 41.6 242 1425 2-Point 356 N 390 53.6 12.2 179.6414 Flexure
206 RB26 C 76 76 229 67.7 36 52 41.6 242 1425 2-Point 356 N 390 56.7 10.4 193.7549 Flexure
207 RB27 C 76 76 229 67.7 36 25.7 20.6 242 1425 2-Point 356 N 390 35.6 10.1 134.2519 Flexure
208 RB27 C 76 76 229 67.7 36 25.7 20.6 242 1425 2-Point 356 N 390 141.3086 Flexure
Girolami Sozen 
Gamble 1970
209 FS1 C 44.4 44.4 1000 38 5 37.9 3.6 331 1753 1753 UDL P 450 140.0 28.0 233
210 FS2 C 44.4 44.4 1000 38 5 31.7 3.1 20 331 1753 1753 UDL P 450 145.0 28.0 233
211 FS3 C 44.4 44.4 1000 38 5 33.7 3.4 21 331 1753 1753 UDL P 450 139.0 36.0 260
212 FS4 C 44.4 44.4 1000 38 5 30.6 3.3 17 331 1753 1753 UDL P 450 170.0 38.0 230
213 FS5 C 44.4 44.4 1000 38 5 29.6 2.44 19 331 1753 1753 UDL P 450 149.0 20.0 230
214 FS6 C 44.4 44.4 1000 38 5 37.3 331 1753 1753 UDL P 450 153.0 25.0 230
Brochie and Holley 
1971
215 45 C 38 38 381 0 30.0 381 381 UDL Fix Full 141.2 4.1 Shear
216 47 C 38 38 381 123 32.0 381 381 UDL Fix Full 202.4 4.0 Shear
217 49 C 38 38 381 246 33.0 381 381 UDL Fix Full 216.3 4.0 Shear
218 27 C 38 38 381 30.1 381 381 UDL N P 153.4 5.1 21 Flexure
219 28 C 38 38 381 34.2 381 381 UDL N P 189.1 6.1 24.4 Flexure
220 29 C 38 38 381 32.5 381 381 UDL N P 224.8 6.9 24 Flexure
221 31 C 38 38 381 26.7 381 381 UDL N P 257.9 8.4 24 Flexure
222 30 C 38 38 381 33.0 381 381 UDL N P 275.0 8.4 19 Flexure
223 37 C 76 76 381 33.2 381 381 UDL N P 1066.2 6.6 42 Shear
224 38 C 76 76 381 32.1 381 381 UDL N P 915.9 4.3 38 Shear
225 39 C 76 76 381 36.6 381 381 UDL N P 1150.0 7.6 47 Shear
226 40 C 76 76 381 37.7 381 381 UDL N P 1304.4 10.9 38 Shear
227 41 C 76 76 381 34.5 381 381 UDL N P 1612.1 17.5 47 Flexure
Huang Naway 
1971
228 C1 1 C 63.5 63.5 1000 51 38.6 471 1651 1651 UDL 436.1
229 C1 2 C 63.5 63.5 1000 51 38.6 475 1651 1651 UDL 354.4
230 C1 3 C 63.5 63.5 1000 51 33.1 471 1651 1651 UDL 327.1
231 C1 4 C 63.5 63.5 1000 51 38.6 475 1651 1651 UDL 327.1
232 C1 5 C 63.5 63.5 1000 51 34.4 485 1651 1651 UDL 354.4
233 C1 6 C 63.5 63.5 1000 51 34.4 471 1651 1651 UDL
234 C1 7 C 63.5 63.5 1000 51 39.0 287 1651 1651 UDL 436.1
235 C4 1 C 63.5 63.5 1000 51 36.3 287 1651 1651 UDL 583.3
236 C4 2 C 63.5 63.5 1000 51 43.7 471 1651 1651 UDL 515.2
237 C4 3 C 63.5 63.5 1000 51 43.7 471 1651 1651 UDL 605.1
238 C4 4 C 63.5 63.5 1000 51 38.1 475 1651 1651 UDL 572.4
239 C4 5 C 63.5 63.5 1000 51 38.1 471 1651 1651 UDL 547.9
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hs hm b d d agg As sup As mid fcu fc fct Ec fy Span 1 Span 2 Load 
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CMA 
force
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Failure 
type
mm mm mm mm mm mm2 mm2 MPa MPa MPa Gpa MPa mm mm mm mm mm kN mm kN Mpa
Aoki Seki 1971
240 XC-2 C 91.76 91.76 78 35.7 28.6 408 1200 Patch 190 275.0
241 XC-3 C 83.53 83.53 71 33.8 27.0 408 1200 Patch 190 275.0
242 XC-4 C 72.94 72.94 62 24.5 19.6 372 1200 Patch 190 147.0
243 XC-5 C 85.88 85.88 73 24.2 19.4 369 1200 Patch 190 206.0
244 XC-6  C 74.12 74.12 63 23.8 19.0 379 1200 Patch 190 153.0
245 FC-1 C 88.24 88.24 75 33.4 26.7 374 1200 Patch 190 256.0
246 FC-2 C 88.24 88.24 75 23.5 18.8 1200 Patch 190 190.0
247 FC-3 C 105.9 105.9 90 23 18.4 1200 Patch 190 132.0
248 FC-4 C 85.88 85.88 73 23 18.4 391 1200 Patch 190 186.0
249 FC-5 C 82.35 82.35 70 22.5 18.0 391 1200 Patch 190 185.0
250 FC-6 C 85.88 85.88 73 22.5 18.0 391 1200 Patch 190 177.0
251 FC-7 C 82.35 82.35 70 20.1 16.1 391 1200 Patch 190 186.0
252 FC-8  C 87.06 87.06 74 29.4 23.5 391 1200 Patch 190 177.0
Hopkins and Park 
1971
253 CP C 49 49 1000 12.7 30.0 4.75 22 1588 1588 UDL P P 93.0 45.0 Flexure
Snowdon 1973
254 1 2 C 100 100 1000 82 54.1 43.3 530 1200 Patch 340.0
255 3 4 C 100 100 1000 82 54.7 43.8 530 1200 Patch 302.0
256 5 6 C 100 100 1000 82 50.3 40.2 530 1200 Patch 309.0
257 7 8 C 100 100 1000 82 70.5 56.4 530 1200 Patch 374.0
258 10 C 94 94 1000 76 70 56.0 400 1200 Patch 359.0
259 11 12 C 94 94 1000 76 63.5 50.8 400 1200 Patch 358.0
260 13 14 C 125 125 1000 107 50.5 40.4 530 1200 Patch 413.0
261 15 16 C 119 119 1000 101 64.5 51.6 400 1200 Patch 537.0
262 17 18 C 119 119 1000 101 53 42.4 400 1200 Patch 442.0
263 19 20 C 123 123 1000 105 55 44.0 395 1200 Patch 427.0
264 21 22 C 123 123 1000 105 66.5 53.2 395 1200 Patch 503.0
265 23 24 C 125 125 1000 107 64.5 51.6 530 1200 Patch 448.0
266 29 30 C 119 119 1000 101 51.8 41.4 400 1200 Patch 433.0
267 31 32 C 119 119 1000 101 78.3 62.6 400 1200 Patch 507.0
268 33 34 C 125 125 1000 107 55.5 44.4 530 1200 Patch 451.0
269 35 36 C 125 125 1000 107 67 53.6 530 1200 Patch 508.0
270 45 46 C 1000 45.7 36.6 Patch 409.0
271 47 48 C 125 125 1000 107 45 36.0 530 1400 Patch 523.0
272 49 50 C 125 125 1000 107 44.7 35.8 530 1400 Patch 291.0
273 51 52 C 125 125 1000 107 59 47.2 530 1400 Patch 438.0
Birke 1974
274 C51-52 C 50 50 50 32.5 39.0 200 N 2500 24.2
275 D51-52 C 50 50 50 34.8 41.8 200 N 2500 22.1
276 1 C 50 50 50 32 25.6 200 24.0
277 2 C 50 50 50 29 23.2 200 22.8
278 3 C 50 50 50 27 21.6 200 20.5
279 4 C 50 50 50 35 28.0 200 24.9
280 5 C 50 50 50 39 31.2 200 26.0
281 6 C 50 50 50 39 31.2 200 23.0
282 7 C 50 50 50 45 37 29.6 315 200 25.8
283 8 C 50 50 50 45 35 28.0 312 200 27.3
284 9 C 50 50 50 45 37 29.6 315 200 25.5
285 10 C 50 50 50 45 39 31.2 316 200 29.2
286 11 C 50 50 50 45 44 35.2 337 200 28.3
287 12 C 50 50 50 45 43 34.4 324 200 31.3
288 13 C 50 50 50 45 42 33.6 319 200 31.5
Batchelor and 
Tissington 1976
289 C4 C C 38.1 38.1 1000 35.03 378 31.8 2.607 952 952 Patch 430 79 79 P P 44.1 16.6 Punch
290 C4 E1 C 38.1 38.1 1000 32.94 378 31.8 2.607 952 952 Patch 430 79 79 P P 27.7 15.6 Punch
291 C4 E2 C 38.1 38.1 1000 33.53 378 31.8 2.607 952 952 Patch 430 79 79 P P 27.8 15.9 Punch
292 C5 C C 50.8 50.8 1000 42.16 423 37.1 2.917 1270 1270 Patch 580 106 106 P P 64.9 19.0 Punch
293 C5 E1 C 50.8 50.8 1000 42.42 423 37.1 2.917 1270 1270 Patch 580 106 106 P P 48.1 19.1 Punch
294 C5 E2 C 50.8 50.8 1000 42.67 423 37.1 2.917 1270 1270 Patch 580 106 106 P P 48.5 19.2 Punch
Al-Hassani 1978
295 S13 C 76 76 200 31.6 1525 750 16.0 19.0
296 S14 C 76 76 200 31.6 1525 750 15.0 15.0
297 S39 C 76 76 200 24.1 1525 750 12.0 15.0
 Holowka,  Dorton 
and Csagoly 1980
298 A1 C 45 45 38.1 28 22.4 310 42.4
299 D1 C 47.63 47.63 38.1 26 20.8 310 49.1
300 G1 C 47.63 47.63 38.1 28 22.4 310 44.6
301 I1 C 47.63 47.63 38.1 28 22.4 47.3
302 J1 C 39.75 39.75 31.8 28 22.4 310 37.2
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Type
Shear 
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force
PT stress
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Chu 1981
303 P1 C 47.5 47.5 1000 42 22.3 240 1500 1500 UDL P P 36.0 45.0
304 P2 C 47.5 47.5 1000 42 22.3 240 1500 1500 UDL P P 43.0 45.0
Balazic 1982
305 P1 C 47.5 47.5 1000 42 28.1 231 1500 1500 UDL P P 26.0 15.0
306 P2 C 47.5 47.5 1000 42 28.1 231 1500 1500 UDL P P 26.0 25.0
Ekeberg Sjursen 
Thorenfeldt 1982
307 B1.1 C 130 130 1000 110 25.0 310 2200 4600 Patch 1250 100 100 P P 413.0 Punch
308 B1.2 C 130 130 1000 110 25.0 310 2200 4600 Patch 1250 100 100 P P 413.0 Punch
309 B1.3 C 130 130 1000 110 25.0 310 2200 4600 Patch 600 100 100 P P 371.0 Punch
310 B1.4 C 130 130 1000 110 25.0 310 2200 4600 Patch 600 100 100 P P 365.0 Punch
311 B2.1 C 130 130 1000 110 17.8 310 2200 4600 Patch 1250 100 100 P P 280.0 Punch
312 B2.2 C 130 130 1000 110 17.8 310 2200 4600 Patch 1250 100 100 P P 255.0 Punch
313 B2.3 C 130 130 1000 110 17.8 310 2200 4600 Patch 300 100 100 P P 465.0 Punch
314 B2.4 C 130 130 1000 110 17.8 310 2200 4600 Patch 800 100 100 P P 230.0 Punch
315 B2.5 C 130 130 1000 110 17.8 310 2200 4600 Patch 300 100 100 P P 435.0 Punch
316 B2.6 C 130 130 1000 110 17.8 310 2200 4600 Patch 800 100 100 P P 230.0 Punch
317 B2.7 C 130 130 1000 110 17.8 310 2200 4600 Patch 500 100 100 P P 340.0 Punch
318 B2.8 C 130 130 1000 110 17.8 310 2200 4600 Patch 500 100 100 P P 315.0 Punch
319 B2.9 C 130 130 1000 110 17.8 310 2200 4600 Patch 1250 100 100 P P 240.0 Punch
320 B2.10 C 130 130 1000 110 17.8 310 2200 4600 Patch 1250 100 100 P P 255.0 Punch
321 B2.11 C 130 130 1000 110 17.8 310 2200 4600 Patch 1250 100 100 P P 365.0 Punch
322 B2.12 C 130 130 1000 110 17.8 310 2200 4600 Patch 1250 100 100 P P 355.0 Punch
323 B2.13 C 130 130 1000 110 17.8 310 2200 4600 Patch 1250 100 100 P P 285.0 Punch
324 B2.14 C 130 130 1000 110 17.8 310 2200 4600 Patch 1250 100 100 P P 250.0 Punch
325 B2.15 C 130 130 1000 110 17.8 310 2200 4600 Patch 1250 100 100 P P 285.0 Punch
326 B2.16 C 130 130 1000 110 17.8 310 2200 4600 Patch 1250 100 100 P P 370.0 Punch
327 B2.17 C 130 130 1000 110 17.8 310 2200 4600 Patch 1250 100 100 P P 315.0 Punch
328 Q1 C 217 217 1000 180 38.5 270 4670 4670 Patch 2500 100 100 P P 755.0 Punch
329 Q2 C 217 217 1000 180 38.5 270 4670 4670 Patch 2500 100 100 P P 889.0 Punch
330 Q3 C 217 217 1000 180 38.5 270 4670 4670 Patch 2500 100 100 P P 747.0 Punch
331 Q4 C 217 217 1000 180 38.5 270 4670 4670 Patch 2500 100 100 P P 878.0 Punch
332 Q5 C 217 217 1000 180 38.5 270 4670 4670 Patch 2500 100 100 P P 736.0 Punch
333 Q6 C 217 217 1000 180 38.5 270 1870 1870 Patch 935 100 100 P P 466.0 Punch
334 L1 C 130 130 1000 110 14.4 320 1890 1890 Patch 945 100 100 N R 180.0 Punch
335 L2 C 130 130 1000 110 14.4 320 1890 1890 Patch 945 100 100 N N 75.0 Punch
336 L3 C 130 130 1000 110 14.4 320 1890 1890 Patch 945 100 100 N R 200.0 Punch
337 L4 C 130 130 1000 110 14.4 320 1890 1890 Patch 945 100 100 N N 85.0 Punch
338 L5 C 130 130 1000 110 14.4 320 1890 1890 Patch 945 100 100 N R 235.0 Punch
339 L6 C 130 130 1000 110 14.4 320 1890 1890 Patch 945 100 100 N N 84.0 Punch
340 L7 C 130 130 1000 110 18.7 320 1890 1890 Patch 945 100 100 N N 103.0 Punch
341 L8 C 130 130 1000 110 18.7 320 1890 1890 Patch 945 100 100 N N 98.0 Punch
Christiansen, 
Frederiksen 1983
342 SR1 C 39 39 1250 31 8 102 204 14.8 19 330 1250 1250 UDL P P 62.0 55.0 Flexure
343 SR2 C 39 39 1250 32 8 51 102 18.4 22 330 1250 1250 UDL P P 50.0 49.0 Flexure
344 SU3 C 38 38 1250 8 16.3 21 1250 1250 UDL P P 19.0 34.0 Flexure
345 LR4 C 41 41 1000 33 8 102 102 14.3 22 330 1250 1000 UDL P P 75.0 31.0 Flexure
346 LU5 C 39 39 1000 8 15.5 19 1250 1000 UDL P P 36.0 33.0 Flexure
347 LR6 C 40 40 1000 35 8 102 102 14.4 17 330 1500 1000 UDL P P 68.0 32.0 Flexure
348 LR7 C 39 39 1000 31 8 102 102 13.6 19 330 1500 1000 UDL P P 70.0 36.0 Flexure
349 LU8 C 47 47 1000 8 15.5 20 1500 1000 UDL P P 41.0 21.0 Flexure
350 LR9 C 41 41 1000 34 8 102 102 15.1 19 330 1750 1000 UDL P P 73.0 37.0 Flexure
351 LU10 C 46 46 1000 8 14.0 16 1750 1000 UDL P P 39.0 42.0 Flexure
352 LR11 C 40 40 1000 32 8 102 102 13.5 20 330 2000 1000 UDL P P 67.0 41.0 Flexure
353 SO1 C 119 119 1000 99 8 164 327 27.7 22 260 3650 3640 UDL P P 589.0 101.2 Flexure
354 SO2 C 132 132 1000 112 8 164 327 27.7 22 260 3880 3640 UDL P P 602.0 79.2 Flexure
Baylot Kiger 
Marchand Painter 
1984
355 1 C 93.7 93.7 609 61 45.5 30 622 609 609 442.0 5.5 Crush
Kirkpatrik, Rankin, 
Long 1984
356 A1 C 57 57 1000 48 10 806 42 33.6 3.5 338 666 Wheel 280 100 100 P P 102.0 2.3 Punch
357 B1 C 55.5 55.5 1000 46.5 10 553 42.5 34.0 3.15 338 666 Wheel 280 100 100 P P 108.0 3.0 Punch
358 C1 C 57.1 57.1 1000 49.6 10 243 38.7 31.0 3.5 338 666 Axle 280 100 100 P P 106.0 7.0
359 D1 C 53.6 53.6 1000 46.1 10 115 44.3 35.4 3.7 338 666 Axle 280 100 100 P P 96.0 6.2
360 A4 C 57.2 57.2 1000 48.2 10 810 42 33.6 3.5 338 500 Wheel 200 100 100 P P 108.0 1.2 Punch
361 B4 C 55 55 1000 46 10 547 42.5 34.0 3.15 338 500 Wheel 200 100 100 P P 90.0 1.2 Punch
362 C4 C 57.2 57.2 1000 48.2 10 236 38.7 31.0 3.5 338 500 Axle 200 100 100 P P 110.0 2.2
363 D4 C 57 57 1000 49 10 123 44.3 35.4 3.7 338 500 Axle 200 100 100 P P 118.0 2.3
Eyre 1985
364 M1 B 135 135 100 117 10 37.4 29.9 254 3000 line P P 12.7 14.9 116 Flexure
365 M2 B 135 135 100 122 10 35.5 28.4 254 2760 line P P 13.1 13.5 110 Flexure
366 M3 B 135 135 100 121 10 37.7 30.2 254 2700 line P P 14.9 13.5 160 Flexure
367 M4 B 135 135 100 120 10 36.5 29.2 254 2956 line P P 10.0 13.5 32 Flexure
368 M5 B 135 135 100 117 10 40.9 32.7 254 2920 line P P 9.5 13.5 30 Flexure
369 M6 B 135 135 100 122 10 40.7 32.6 254 2960 line P P 12.5 20.3 56 Flexure
370 M7 B 135 135 100 120 10 54.1 44.1 254 2940 line P P 11.3 16.2 82 Flexure
371 M8 B 135 135 100 120 10 57.8 47.8 254 2912 line P P 10.7 13.5 77 Flexure
372 M9 B 135 135 100 120 10 56.3 46.3 254 3000 line P P 16.8 20.3 170 Fracture
373 M10 B 135 135 100 120 10 38.7 31.0 254 2856 line P P 7.9 6.8 44 Flexure
374 M11 B 135 135 100 121 10 37.7 30.2 254 2716 line P P 17.5 27.0 135 Flexure
375 M12a B 135 135 100 120 10 55.9 45.9 254 2948 line P P 12.8 11.5 150 Flexure
376 M12b B 135 135 100 120 10 55.9 45.9 254 2948 line P P 5.4 6.8 24 Flexure
377 M13 B 135 135 100 114 10 53.6 43.6 254 2760 line P P 20.5 27.0 175 Flexure
378 M14 B 135 135 100 119 10 53.3 43.3 254 2848 line P P 17.4 24.3 123 Flexure
379 M15 B 135 135 100 122 10 52.5 42.5 254 2932 line P P 13.0 14.9 64 Flexure
380 P2 B 135 135 100 120 10 39.2 31.4 254 3000 line P P 15.0 24.3 110
381 P3 B 135 135 100 120 10 44 35.2 254 3000 line P P 5.2 6.8 19
382 P4 B 135 135 100 120 10 59.9 49.9 254 3000 line P P 8.8 10.1 32
383 P5 B 135 135 100 120 10 39.3 31.4 254 3000 line P P 6.9 10.1 50
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Woodson Garner 
1985
384 1 C 58.7 58.7 610 49.2 9.5 33.3 414 609 UDL 153.0 19.0 Flexure
385 2 C 58.7 58.7 610 49.2 9.5 33.9 414 609 UDL 169.0 19.0 Flexure
386 3 C 58.7 58.7 610 49.2 9.5 34.9 414 609 UDL 183.0 19.0 Flexure
387 4 C 58.7 58.7 610 49.2 9.5 33.5 414 609 UDL 194.0 19.0 Flexure
388 5 C 58.7 58.7 610 49.2 9.5 34.9 414 609 UDL 192.0 16.5 Flexure
389 6 C 58.7 58.7 610 49.2 9.5 33.5 414 609 UDL 170.0 28.0 Flexure
390 7 C 58.7 58.7 610 49.2 9.5 34.6 414 609 UDL 168.0 21.6
391 8 C 58.7 58.7 610 49.2 9.5 35.2 414 609 UDL 178.0 20.3
392 9 C 58.7 58.7 610 49.2 9.5 32.4 414 609 UDL 181.0 19.0
393 10 C 58.7 58.7 610 49.2 9.5 34.0 414 609 UDL 198.0 23.0
Woodson  and 
Garner 1985
394 1 C 58.7 58.7 610 46 30.8 454 610 UDL 151.8 19.1 Flexure
395 2 C 58.7 58.7 610 46 30.8 454 610 UDL 168.1 19.1 Flexure
396 3 C 58.7 58.7 610 46 30.8 434 610 UDL 182.1 19.1 Flexure
397 4 C 58.7 58.7 610 46 30.9 434 610 UDL 193.2 19.1 Flexure
398 5 C 58.7 58.7 610 46 30.9 434 610 UDL 191.2 16.5 Flexure
399 6 C 58.7 58.7 610 46 30.9 454 610 UDL 168.1 27.9 Flexure
400 7 C 58.7 58.7 610 46 29.4 454 610 UDL 166.6 21.6
401 8 C 58.7 58.7 610 46 29.4 454 610 UDL 176.7 20.3
402 9 C 58.7 58.7 610 46 27.8 454 610 UDL 180.5 19.1
403 10 C 58.7 58.7 610 46 27.8 454 610 UDL 196.8 22.9
404 11 C 58.7 58.7 610 46 28.7 454 610
405 12 C 58.7 58.7 610 46 28.7 454 610
406 13 C 58.7 58.7 610 46 28.7 454 610
407 14 C 73.7 73.7 610 61 24.5 454 610
408 15 C 58.7 58.7 610 46 24.5 454 610
Tsui, Burns and 
Klingner 1986
2x load 
at 1220
409 Panel 1 C 190 190 1000 127 45.5 503 2134 2 Wheel 1200 200 505 801.0 10.2
410 CIP 1 C 190 190 1000 127 35.6 503 2134 2 Wheel 1200 200 505 631.9 14.0
411 Panel 2 C 190 190 1000 127 45.5 503 2134 2 Wheel 1200 200 505 1188.2 20.3
412 CIP 2 C 190 190 1000 127 35.6 503 2134 2 Wheel 1200 200 505 907.8 24.6
Kirkpatrik, Rankin, 
Long 1986
413 1.7 C 160 160 1000 55.9 44.7 460 1800 300 300 400.0 0.8
414 1.1 C 160 160 1000 55.9 44.7 460 1800 300 300 400.0 0.8
415 0.6 C 160 160 1000 50.5 40.4 460 1800 300 300 400.0 1.0
416 0.25 C 160 160 1000 62.4 49.9 460 1800 300 300 400.0 1.2
Rankin, Long 1987
417 R1 08 C 51 51 1000 40.5 16 324 37.7 30.2 530 800 100 100 65.2
418 R2 08 C 51 51 1000 40.5 16 324 38.9 31.1 530 1000 100 100 64.8
419 R3 08 C 51 51 1000 40.5 16 324 41.1 32.9 530 1200 100 100 69.7
420 R4 08 C 51 51 1000 40.5 16 324 33.5 26.8 530 1400 100 100 71.5
421 R5 08 C 51 51 1000 40.5 16 324 53.8 43.0 530 1600 100 100 77.8
422 R2 11 C 51 51 1000 40.5 16 446 40.1 32.1 530 1000 100 100 69.7
423 R4 11 C 51 51 1000 40.5 16 446 43.6 34.9 530 1400 650 100 100 81.6 9.0
424 R5 11 C 51 51 1000 40.5 16 446 38.9 31.1 530 1600 100 100 87.9
425 R3 05 C 51 51 1000 40.5 16 207 38.5 30.8 530 1200 100 100 56.2
426 R5 05 C 51 51 1000 40.5 16 207 38.5 30.8 530 1600 100 100 62.5
427 R3A 08 C 57 57 1000 46.5 16 237 38.3 30.6 530 1200 100 100 96.4
428 R5A 08 C 57 57 1000 46.5 16 372 39.6 31.7 530 1600 100 100 95.3
429 R3B 08 C 45.5 45.5 1000 35 16 280 36.9 29.5 530 1200 100 100 55.2
430 R5B 08 C 45.5 45.5 1000 35 16 280 39.4 31.5 530 1600 100 100 60.3
431 R3C 08 C 64 64 1000 53.5 16 428 41.3 33.0 530 1200 100 100 112.3
432 R5C 08 C 64 64 1000 53.5 16 428 44.1 35.3 530 1600 100 100 126.3
Guice and 
Rhomberg 1989 UDL Partial Partial total load
r
o
t
433 1 C 58.7 58.7 609 49.2 10 155 155 30.4 345 610 UDL P P 200.1 179
434 2 C 58.7 58.7 609 49.2 10 155 155 29.0 345 610 UDL P P 133.4 79
435 3 B 58.7 58.7 609 49.2 10 208 208 30.5 403 610 UDL 150 P P 184.7 30.0 57
436 4 B 58.7 58.7 609 49.2 10 208 208 29.7 403 610 UDL 150 P P 182.2 38.0 117
437 4A B 58.7 58.7 609 49.2 10 208 208 28.7 403 610 UDL 150 P P 177.0 34.0 92
438 4B C 58.7 58.7 609 49.2 10 208 208 28.9 403 610 UDL P P 197.6 107
439 5 C 58.7 58.7 609 49.2 10 310 310 30.5 403 610 UDL P P 251.4 105
440 6 C 58.7 58.7 609 49.2 10 310 310 30.0 403 610 UDL P P 233.5 35
441 7 C 41.3 41.3 609 31.8 10 112 112 34.5 403 610 UDL P P 82.1
442 8 C 41.3 41.3 609 31.8 10 112 112 34.3 403 610 UDL P P 59.0 61
443 9 B 41.3 41.3 609 31.8 10 220 220 34.5 403 610 UDL 150 P P 102.6 19.0 177
444 9A B 41.3 41.3 609 31.8 10 220 220 34.4 403 610 UDL 150 P P 105.2 12.0 56
445 10 C 41.3 41.3 609 31.8 10 220 220 34.3 403 610 UDL P P 0.0 27
446 10A C 41.3 41.3 609 31.8 10 220 220 34.4 403 610 UDL P P 0.0 34
447 11 C 41.3 41.3 609 31.8 10 283 283 34.5 403 610 UDL P P 118.0 81
448 12 C 41.3 41.3 609 31.8 10 283 283 34.3 403 610 UDL P P 56.4
Fenwick, Dickson 
1989 unknown
449 Slab 1 C 102 102 1000 81 513 513 31.8 26 304 1220 wheel 410 203 203 N N 155.0 45.0 FP
450 Slab 2 C 102 102 1000 81 513 513 26.9 27 304 1220 wheel 410 203 203 Y N 200.0 17.0 P
451 Slab 3 C 102 102 1000 81 513 513 21.5 22 304 1220 wheel 410 203 203 Y Y 270.0 7.5 P
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Guice, Slawson 
and Rhomberg 
1989 Total load
TM= 
tensile 
membran
e
452 1 C 74 74 609 61.3 10 186.659 187 6.7 46.2 622 609 UDL F R 444.7 2.2 TM
453 2 C 74 74 609 61.3 10 186.659 187 6.8 46.9 622 609 UDL F R 2096.5 20.7
454 3 C 74 74 609 61.3 10 186.659 187 6.9 47.6 622 609 UDL F R 444.7 11.8
455 4 C 61 61 609 49.6 10 141.97 142 6.1 42.1 536 609 UDL F R 157.4 14.0
456 5 C 61 61 609 48 10 304.013 304 6.1 42.1 483 609 UDL F R 259.6 17.7
457 6 C 122 122 609 109.3 10 306.193 306 6.1 42.1 483 609 UDL F R 742.2 17.1
458 7 C 59 59 609 43 10 193.784 194 4.8 33.1 412 609 UDL F R 153.9 18.9
459 8 C 59 59 609 43 10 193.784 194 4.9 33.8 412 609 UDL F R 168.5 18.9
460 9 C 59 59 609 43 10 193.784 194 5.1 35.2 412 609 UDL F R 182.1 18.9
461 10 C 59 59 609 43 10 193.784 194 4.9 33.8 412 609 UDL F R 194.6 18.9
462 11 C 59 59 609 43 10 193.784 194 5.1 35.2 412 609 UDL F R 191.3 15.3
463 12 C 59 59 609 43 10 193.784 194 4.9 33.8 412 609 UDL F R 171.0 28.3
464 13 C 59 59 609 43 10 193.784 194 5 34.5 412 609 UDL F R 166.0 23.0
465 14 C 59 59 609 43 10 193.784 194 5.1 35.2 412 609 UDL F R 176.4 23.0
466 15 C 59 59 609 43 10 196.403 196 4.7 32.4 430 609 UDL F R 182.4 18.9
467 16 C 59 59 609 43 10 196.403 196 4.9 33.8 430 609 UDL F R 196.3 23.0
468 17 C 59 59 609 43 10 193.784 194 4.5 31.0 455 609 UDL F R 169.8 25.4
469 18 C 59 59 609 46.3 10 222.754 223 4.5 31.0 455 609 UDL F R 164.6 20.7
470 19 C 59 59 609 46.3 10 321.442 321 4.5 31.0 438 609 UDL F R 173.7 30.7
471 20 C 59 59 609 46.3 10 321.442 321 4.5 31.0 438 609 UDL F R 174.7 28.3
472 21 C 59 59 609 46.3 10 321.442 321 4.5 31.0 438 609 UDL F R 196.6 25.4
473 22 C 59 59 609 46.3 10 445.508 446 4.5 31.0 455 609 UDL F R 174.7 6.5
474 23 C 59 59 609 46.3 10 318.623 319 4.3 29.6 455 609 UDL F R 172.8 25.4
475 24 C 59 59 609 46.3 10 318.623 319 4.3 29.6 455 609 UDL F R 174.7 20.7
476 25 C 59 59 609 46.3 10 318.623 319 4 27.6 455 609 UDL F R 172.8 20.7
477 26 C 59 59 609 46.3 10 318.623 319 4 27.6 455 609 UDL F R 187.3 23.0
478 27 C 59 59 609 46.3 10 318.623 319 4.2 29.0 455 609 UDL F R 186.6 24.2
479 28 C 59 59 609 46.3 10 318.623 319 4.2 29.0 455 609 UDL F R 182.3 20.7
480 29 C 59 59 609 46.3 10 318.623 319 4.2 29.0 455 609 UDL F R 165.0 18.9
481 30 C 74 74 609 61.3 10 380.783 381 3.6 24.8 416 609 UDL F R 324.0 20.7
482 31 C 59 59 609 46.3 10 222.754 223 3.6 24.8 455 609 UDL F R 133.4 25.4
483 32 C 59 59 609 49.3 10 156.123 156 4.4 30.3 345 609 UDL P P 199.5 9.4
484 33 C 59 59 609 49.3 10 156.123 156 4.3 29.6 345 609 UDL P P 134.6 13.4
485 34 C 59 59 609 49.3 10 222.175 222 4.4 30.3 403 609 UDL P P 184.7 23.9
486 35 C 59 59 609 49.3 10 222.175 222 4.3 29.6 403 609 UDL P P 183.0 30.3
487 36 C 59 59 609 49.3 10 222.175 222 4.2 29.0 403 609 UDL P P 203.3 21.0
488 37 C 59 59 609 49.3 10 222.175 222 4.2 29.0 403 609 UDL P P 196.1 21.0
489 38 C 59 59 609 49.3 10 318.251 318 4.4 30.3 403 609 UDL P P 252.3 18.8
490 39 C 59 59 609 49.3 10 318.251 318 4.3 29.6 403 609 UDL P P 232.9 27.6
491 40 C 41 41 609 31.3 10 110.558 111 5 34.5 464 609 UDL P P 81.4 11.9
492 41 C 41 41 609 31.3 10 110.558 111 5 34.5 464 609 UDL P P 59.0 13.5
493 42 C 41 41 609 31.3 10 217.303 217 5 34.5 403 609 UDL P P 101.9 11.1
494 43 C 41 41 609 31.3 10 217.303 217 5 34.5 403 609 UDL P P 104.9 10.7
495 44 C 41 41 609 31.3 10 217.303 217 5 34.5 403 609 UDL P P 0.0 10.7
496 45 C 41 41 609 31.3 10 217.303 217 5 34.5 403 609 UDL P P 0.0 10.7
497 46 C 41 41 609 31.3 10 280.207 280 5 34.5 403 609 UDL P P 117.9 12.3
498 47 C 41 41 609 31.3 10 280.207 280 5 34.5 403 609 UDL P P 56.3 1.8
Perdikaris et al 
1989
499 PI C 72 72 1000 12.7 184 28.0 469 711 Wheel N P 566.7 11.7
500 PI C 72 72 1000 12.7 184 28.0 469 711 Wheel N P 563.3 13.3
501 PI C 72 72 1000 12.7 184 28.0 469 711 Wheel N P 566.7 21.7
502 PI C 72 72 1000 12.7 184 28.0 469 711 Wheel N P 516.7 18.0
503 PO C 72 72 1000 12.7 428 28.0 469 711 Wheel N P 466.7 9.3
504 PO C 72 72 1000 12.7 428 28.0 469 711 Wheel N P 333.3 10.3
505 PO C 72 72 1000 12.7 428 28.0 469 711 Wheel N P 316.7 9.3
Savides 1989
506 SW 1A C 43 43 1000 39 47.0 569 Wheel 53.1
507 SE 1B C 43 43 1000 39 47.0 569 Wheel 53.0
508 CW 2B C 43 43 1000 39 47.0 569 Wheel 54.8
509 CE 2B C 43 43 1000 39 47.0 569 Wheel 57.2
510 NW 2A C 43 43 1000 39 47.0 569 Wheel 63.9
511 NW 2B C 43 43 1000 39 47.0 569 Wheel 48.7
512 CE 1B C 43 43 1000 39 47.0 569 Wheel 74.3
513 CW 1A C 43 43 1000 39 47.0 569 Wheel 65.8
514 SE 2B C 43 43 1000 39 47.0 569 Wheel 66.3
515 SW 2A C 43 43 1000 39 47.0 569 Wheel 73.0
516 NE 1B C 43 43 1000 39 47.0 569 Wheel 80.5
517 NW 1A C 43 43 1000 39 47.0 569 Wheel 77.5
518 CE 1A C 43 43 1000 39 47.0 569 Wheel 94.1 4.4
519 NE 2A C 43 43 1000 39 47.0 569 Wheel 92.3 4.4
520 NW 3B C 43 43 1000 39 47.0 569 Wheel 80.1 4.4
521 CW 4B C 43 43 1000 39 47.0 569 Wheel 82.7 4.4
522 SE 5B C 43 43 1000 39 47.0 569 Wheel 87.3 4.4
523 WS 6A C 43 43 1000 39 47.0 569 Wheel 92.2 4.4
Fang Tsui Burns 
Klinger 1990
P P
524 CIP 1 C 190 190 1000 145 10 29.0 2134 Wheel 900 203 500 P P 645.0 14.0
525 CIP 2 C 190 190 1000 145 10 29.0 2134 Tandem 900 203 500 P P 445.0 25.0
526 Panel 1 C 190 190 1000 145 10 41.0 2134 Wheel 900 203 500 P P 756.0 10.0
527 Panel 2 C 190 190 1000 145 10 41.0 2134 Tandem 900 203 500 P P 565.0 20.0
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span
load 
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type
mm mm mm mm mm mm2 mm2 MPa MPa MPa Gpa MPa mm mm mm mm mm kN mm kN Mpa
Jackson 1990
528 1 single A C 80 80 1000 60 10 225 71 56.8 3.9 38 480 900 Wheel 400 150 150 P P 204.0 Punch
529 1 single B B 80 80 1000 60 10 225 71 56.8 3.9 38 480 900 Wheel 400 150 150 P P 226.0 10.0 Punch
530 1 HB 9 B 80 80 1000 60 10 225 71 56.8 3.9 38 480 900 HB 300 150 150 P P 145.0 0.9 F/P
531 2 single A C 80 80 1000 60 10 225 72 57.6 3.9 40 480 900 Wheel 400 150 150 P P 184.0 8.5 Punch
532 2 single C C 80 80 1000 60 10 225 72 57.6 3.9 40 480 900 Wheel 400 150 150 P P 177.0 9.3 Punch
533 2 single B C 80 80 1000 60 10 225 72 57.6 3.9 40 480 900 Wheel 400 150 150 P P 176.0 8.0 Punch
534 2 axle D C 80 80 1000 60 10 225 72 57.6 3.9 40 480 900 Tandem 200 150 150 P P 146.0 10.0 Punch
535 2 HB 14 C 80 80 1000 60 10 225 72 57.6 3.9 40 480 900 HB 300 150 150 P P 145.0 1.4 F/P
Vecchio and Tang 
1990
536 TV1 C 100 100 1500 84 10 1000 500 34 27.2 460 3000 Line 1500 Y 0
537 TV2 A 100 100 1500 84 10 1000 500 34 27.2 460 3000 Line 1500 Y 3000 88.0 40.0 380 Flexure
Rankin et al 1991
538 S1R C 50 50 950 42.3 510 950 950 UDL Y Y 414.1 22.0 Crushing
539 S2R C 50 50 950 38 37.0 510 950 950 UDL Y Y 369.8 14.0 Crushing
540 S3R C 50 50 950 25 40.7 510 950 950 UDL Y Y 443.7 19.0 Crushing
541 S4R C 50 50 950 38 30.4 510 950 950 UDL Y Y 404.3 21.0 Crushing
542 S5R C 50 50 950 25 35.6 510 950 950 UDL Y Y 399.3 21.0 Crushing
543 S6R C 50 50 950 38 38.8 510 950 950 UDL Y Y 399.3 23.5 Crushing
544 S75R C 50 50 950 25 34.5 510 950 950 UDL Y Y 384.5 22.0 Crushing
545 S1U C 50 50 950 40.0 510 950 950 UDL Y N 70.0 Crushing
546 S3U C 50 50 950 25 48.0 510 950 950 UDL Y N 146.2 31.5 Crushing
547 S4U C 50 50 950 38 43.0 510 950 950 UDL Y N 233.7 29.0 Crushing
548 S5U C 50 50 950 25 51.0 510 950 950 UDL Y N 229.2 30.0 Crushing
Chen, Andreasen 
and Nielson 1991
2 point loads
Note 
circular
total 
force per 
1.8m
549 MAT-1 C 60 60 1000 46 16 84 22.8 685 1800 1800 Tandem 525 150 150 N Y 32.4 141.75 P/F
550 MAT-2 C 60 60 1000 46 16 84 26.8 685 1800 1800 Tandem 525 150 150 N Y 32.4 31.0 123 P/F
551 MAT-3 C 60 60 1000 46 16 84 21.9 685 1800 1800 Tandem 525 150 150 N Y 24.7 28.0 94.88 P/F
552 MAT-4 C 60 60 1000 44 16 94 25.6 540 1800 1800 Tandem 525 150 150 N Y 29.7 61.0 177.45 Flexure
553 MAT-5 C 60 60 1000 44 16 94 23.4 540 1800 1800 Tandem 525 150 150 N Y 30.4 41.0 145.65 P/F
554 MAT-6 C 60 60 1000 44 16 94 26.4 540 1800 1800 Tandem 525 150 150 N Y 33.4 50.0 174.85 Flexure
555 MAT-7 C 60 60 1000 44 16 94 32.4 540 1800 1800 Tandem 525 150 150 N Y 35.3 52.0 193.55 Flexure
556 MAT-8 C 60 60 1000 44 16 94 28.0 540 1800 1800 Tandem 525 150 150 N Y 32.4 57.0 180 Flexure
557 MAT-9 C 60 60 1000 44 16 94 36.8 540 1800 1800 Tandem 525 150 150 N Y 34.8 48.0 179.65 Flexure
558 MAT-10 C 60 60 1000 44 16 94 34.0 540 1800 1800 Tandem 525 150 150 N Y 34.3 48.0 175.5 P/F
559 MAT-11 C 60 60 1000 44 16 94 36.7 540 1800 1800 Tandem 525 150 150 N Y 35.3 44.0 171.7 Flexure
560 MAT-12 C 60 60 1000 44 16 94 8.4 540 1800 1800 Tandem 525 150 150 N Y 20.6 56.0 115.825 Flexure
561 MAT-13 C 60 60 1000 44 16 94 8.9 540 1800 1800 Tandem 525 150 150 N Y 21.1 61.0 118.3 P/F
562 MAT-14 C 60 60 1000 44 16 94 11.0 540 1800 1800 Tandem 525 150 150 N Y 21.2 66.0 106.125 Flexure
563 MAT-15 C 60 60 1000 44 16 94 43.5 540 1800 1800 Tandem 525 150 150 N Y 32.4 60.5 181.375 Flexure
564 MAT-16 C 60 60 1000 44 16 94 49.2 540 1800 1800 Tandem 525 150 150 N Y 38.8 52.0 204.7 P/F
565 MAT-17 C 60 60 1000 44 16 94 48.4 540 1800 1800 Tandem 525 150 150 N Y 35.9 49.0 185.575 Flexure
566 MAT-18 C 60 60 1000 44 16 141 9.0 540 1800 1800 2.1 525 150 150 N Y 24.5 70.0 111.35 Flexure
567 MAT-19 C 60 60 1000 44 16 141 21.8 540 1800 1800 2.1 525 150 150 N Y 31.0 53.0 134.8 P/F
568 MAT-20 C 60 60 1000 44 16 141 31.7 540 1800 1800 2.1 525 150 150 N Y 36.8 45.0 155.38 P/F
569 MAT-21 C 60 60 1000 44 16 141 38.2 540 1800 1800 2.1 525 150 150 N Y 39.3 48.0 152.55 P/F
570 MAT-22 C 60 60 1000 44 16 141 32.6 540 1800 1800 2.1 525 150 150 N Y 36.9 56.0 154.2 P/F
Chana, Desai 1992
571 FPS1 B 250 250 1000 210 20 1794 26.8 21.4 2.31 460 2400 2400 Patch 1000 400 400 N Y 1225.0 2.2 Punch
572 FPS2 B 250 250 1000 210 20 1794 34.3 27.4 2.64 460 2400 2400 Patch 1000 400 400 N Y 1510.0 3.2 Punch
573 FPS3 B 250 250 1000 210 20 1794 34 27.2 2.74 460 2400 2400 Patch 1000 400 400 N Y 1773.0 4.2 Punch
574 FPS4 B 250 250 1000 210 20 1794 38.4 30.7 2.66 460 2400 2400 Patch 1000 400 400 N Y 2028.0 4.5 Punch
575 FPS1 B 250 250 1000 210 20 1794 32 25.6 2.81 460 2400 2400 Patch 1000 400 400 N Y 1940.0 4.4 Punch
He 1992
576 SW1 C 43 43 1000 39 46.6 569 Wheel 53.1
577 SE1 C 43 43 1000 39 46.6 569 Wheel 53.0
578 CW2 C 43 43 1000 39 43.2 569 Wheel 54.8 7.1 2.1
579 CE2 C 43 43 1000 39 43.2 569 Wheel 57.3 7.1 2.1
580 NW2 C 43 43 1000 39 43.2 569 Wheel 63.9 9.3 2.5
581 NE2 C 43 43 1000 39 43.2 569 Wheel 48.7 7.7 2.5
582 CE1 C 43 43 1000 39 46.6 569 Wheel 74.3
583 CW1 C 43 43 1000 39 46.6 569 Wheel 65.8
584 SE2 C 43 43 1000 39 43.2 569 Wheel 66.3 6.8 3.3
585 SW2 C 43 43 1000 39 43.2 569 Wheel 73.0 8.1 3.3
586 NE1 C 43 43 1000 39 46.6 569 Wheel 80.4
587 NW1 C 43 43 1000 39 46.6 569 Wheel 77.5
Lahlouh and 
Waldren 1992
588 100 A 150 150 300 121 10 196 72 57.6 460 2500 3 line P P 85.0 70.0 20 F/C
589 200 A 150 150 300 121 10 196 79 63.2 460 2500 3 line P P 110.0 41.0 37 Flexure
590 300 A 150 150 300 121 10 196 64.5 51.6 460 2500 3 line P P 145.0 25.0 63 Flexure
Imamura et al 
1992 Point
591 A C 120 120 1000 0 24.1 2 21 367 1000 1000 Patch 425 150 150 N N 174.0 11.0
592 B C 120 120 1000 0 24.1 2 21 367 1000 1000 Patch 425 150 150 N N 118.0 22.0
593 C C 70 70 1000 0 24.1 2 21 367 1000 1000 Patch 425 150 150 N N 61.7 28.0
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Designation
Category
hs hm b d d agg As sup As mid fcu fc fct Ec fy Span 1 Span 2 Load 
Type
Shear 
span
load 
wdth
load 
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Bending 
Restraint
Axial 
Restraint
Load  Deflection
CMA 
force
PT stress
Failure 
type
mm mm mm mm mm mm2 mm2 MPa MPa MPa Gpa MPa mm mm mm mm mm kN mm kN Mpa
Kuang Morely 
1992
386 
or 
414 
594 S1 C03 C 60 60 1200 49 10 176.4 176 48.7 39.0 400 1200 1200 Wheel 540 120 120 P P 101.0 14.0 Punch
595 S1 C10 C 60 60 1200 49 10 588 588 33.8 27.0 400 1200 1200 Wheel 540 120 120 P P 118.0 9.0 Punch
596 S1 C16 C 60 60 1200 49 10 940.8 941 41.2 33.0 400 1200 1200 Wheel 540 120 120 P P 149.0 9.0 Punch
597 S2 C03 C 40 40 1200 31 10 111.6 112 48.1 38.5 400 1200 1200 Wheel 540 120 120 P P 49.0 22.0 Punch
598 S2 C10 C 40 40 1200 31 10 372 372 45.8 36.6 400 1200 1200 Wheel 540 120 120 P P 70.0 15.0 Punch
599 S2 C16 C 40 40 1200 31 10 595.2 595 42.6 34.1 400 1200 1200 Wheel 540 120 120 P P 68.0 9.0 Punch
600 S1 B10 C 60 60 1200 49 10 588 588 45.9 36.7 400 1200 1200 Wheel 540 120 120 P P 116.0 12.0 Punch
601 S2 B03 C 40 40 1200 31 10 111.6 112 50.8 40.6 400 1200 1200 Wheel 540 120 120 P P 42.0 25.0 Punch
602 S2 B10 C 40 40 1200 31 10 372 372 59.5 47.6 400 1200 1200 Wheel 540 120 120 P P 69.0 22.0 Punch
603 S1 A10 C 60 60 1200 49 10 588 588 46.5 37.2 400 1200 1200 Wheel 540 120 120 P P 99.0 16.0 Punch
604 S2 A03 C 40 40 1200 31 10 111.6 112 47.8 38.2 400 1200 1200 Wheel 540 120 120 P P 43.0 27.0 Punch
605 S2 A10 C 40 40 1200 31 10 372 372 60.3 48.2 400 1200 1200 Wheel 540 120 120 P P 63.0 22.0 Punch
 Mufti,  Jaeger,  
Bakht,  and 
Wegne 1993
606 1 C 100 100 1000 45.0 1067 Wheel 173.0
607 2 C 100 100 1000 43.0 1067 Wheel 222.0
608 3 C 100 100 1000 1400 45.0 1067 Wheel 450 630 418.0 5.9
609 4 C 100 100 1000 1170 46.1 1067 Wheel 450 630 418.0 7.1
610 5 C 95 95 1000 1170 41.8 1067 Wheel 450 630 370.0 6.6
611 6 C 95 95 1000 1049 43.0 1067 Wheel 450 472 313.0 6.2
Azad et al 1993
not given not given
612 A2/S C 90 90 1000 72.5 185 780 25.5 1000 Wheel P P 123.0 Punch
613 A2/20 C 90 90 1000 72.5 780 27.4 1000 Wheel P P 71.0 Punch
614 A2/30 C 90 90 1000 72.5 780 30.6 1000 Wheel P P 74.0 Punch
615 A2/45 C 90 90 1000 72.5 780 32.8 1000 Wheel P P 106.0 Punch
616 A2/60 C 90 90 1000 72.5 780 30.6 1000 Wheel P P 128.0 Punch
617 A2/90 C 90 90 1000 72.5 780 27.9 1000 Wheel P P 124.0 Punch
618 A2/60H C 90 90 1000 72.5 780 29.2 1000 Wheel P P 65.0 Punch
619 A2/90H C 90 90 1000 72.5 780 28.8 1000 Wheel P P 133.0 Punch
620 A2C/90HL C 90 90 1000 72.5 780 25.0 1000 Wheel P P 120.0 Punch
621 A2C/90H C 90 90 1000 72.5 780 24.4 1000 Wheel P P 50.0 Punch
Woodson 1993
622 1 C 76 76 610 61 28.0 420 610 UDL P F 145.0 13.3
623 2 C 76 76 610 61 28.0 420 610 UDL P F 221.0 20.0
624 3 C 76 76 610 61 28.0 420 610 UDL P F 270.0 12.0
625 4 C 76 76 610 61 28.0 420 610 UDL P F 180.0 20.0
626 5 C 76 76 610 61 28.0 420 610 UDL P F 345.0 23.0
627 6 C 76 76 610 61 28.0 420 610 UDL P F 234.0 20.0
628 7 C 76 76 610 61 28.0 420 610 UDL P F 211.0 22.0
629 8 C 76 76 610 61 28.0 420 610 UDL P F 163.0 25.0
630 9 C 76 76 610 61 28.0 420 610 UDL P F 348.0 23.0
631 10 C 76 76 610 61 28.0 420 610 UDL P F 160.0 17.0
632 11 C 76 76 610 61 28.0 420 610 UDL P F 160.0 23.0
633 12 C 76 76 610 61 28.0 420 610 UDL P F 216.0 28.0
634 13 C 76 76 610 61 28.0 420 610 UDL P F 226.0 19.0
635 14 C 76 76 610 61 28.0 420 610 UDL P F 163.0 22.0
636 15 C 76 76 610 61 28.0 420 610 UDL P F 330.0 21.0
Burns et al 1994
637 1 B 190 190 1000 127 9.5 2384 2384 41.0 413 1520 1830 Patch 550 405 605 none none 890.0 10.7 Punching
Whitt et al 1994
638 1 C 191 191 1000 127 1858 41.3 420 1525 1830 Patch 500 400 600 779.0 12.5 Punching
Azad et al 1994 unknown
639 A1 150 C 68 68 1000 52 499 499 25.2 710 Wheel 318 75 150 P P 97.0 3.0 Punching
640 A1 200 C 68 68 1000 52 499 499 25.2 710 Wheel 305 100 200 P P 113.0 3.8 Punching
641 A1 400 C 68 68 1000 52 499 499 25.2 710 Wheel 255 200 400 P P 169.0 4.0 Punching
642 A1 500 C 68 68 1000 52 499 499 25.2 710 Wheel 255 200 500 P P 189.0 4.0 Punching
643 A2 150 C 68 68 1000 52 280 280 24.1 710 Wheel 318 75 150 P P 92.0
644 A2 200 C 68 68 1000 52 280 280 24.1 710 Wheel 305 100 200 P P 102.0
645 A2 400 C 68 68 1000 52 280 280 24.1 710 Wheel 255 200 400 P P 163.0
646 A2 500 C 68 68 1000 52 280 280 24.1 710 Wheel 255 200 500 P P 179.0
647 A3 150 C 68 68 1000 52 124 124 30.6 710 Wheel 318 75 150 P P 98.0
648 A3 200 C 68 68 1000 52 124 124 30.6 710 Wheel 305 100 200 P P 113.0
649 A3 400 C 68 68 1000 52 124 124 30.6 710 Wheel 255 200 400 P P 161.0
650 A3 500 C 68 68 1000 52 124 124 30.6 710 Wheel 255 200 500 P P 168.0
Fang Lee Chen 
1994 38 point
651 S1 C 115 115 1000 85 38 285 41.4 469 1000 Wheel 450 100 250 P P 340.0 F/P
652 S2 C 115 115 1000 85 38 285 28.8 469 1000 Wheel 450 100 250 P P 253.0 F/P
653 S3 C 115 115 1000 85 38 583 37.9 469 1000 Wheel 450 100 250 P P 290.0 F/P
654 S4 B 115 115 1000 85 38 583 30.3 469 1000 Wheel 450 100 250 P P 329.0 11.0 F/P
655 S5 C 115 115 1000 85 38 425 31.4 469 1000 Wheel 450 100 250 P P 283.0 F/P
656 S6 C 115 115 1000 85 38 425 31.1 469 1000 Wheel 450 100 250 P P 283.0 F/P
657 S7 B 115 115 1000 85 38 285 31.1 469 1000 Wheel 450 100 250 P P 257.0 20.0 F/P
658 S8 B 115 115 1000 85 38 425 31.1 469 1000 Wheel 450 100 250 P P 274.0 14.0 F/P
659 S9 C 115 115 1000 85 38 285 30.1 310 1000 Wheel 450 100 250 P P 250.0 F/P
660 S10 B 115 115 1000 85 38 425 30.1 310 1000 Wheel 450 100 250 P P 269.0 12.5 F/P
661 S11 C 115 115 1000 85 38 285 28.8 310 1000 Wheel 450 100 250 P P 240.0 F/P
662 S12 C 115 115 1000 85 38 425 28.8 310 1000 Wheel 450 100 250 P P 255.0 F/P
663 S13 C 115 115 1000 85 38 425 48.3 310 1000 Wheel 450 100 250 P P 321.0 F/P
664 S14 B 115 115 1000 85 38 425 49.0 310 1000 Wheel 450 100 250 P P 353.0 22.0 F/P
665 S15 C 75 75 1000 60 38 425 32.1 310 1000 Wheel 450 100 250 P P 157.0 F/P
666 S16 C 75 75 1000 60 38 425 34.6 310 1000 Wheel 450 100 250 P P 172.0 22.0 F/P
667 S17 C 75 75 1000 60 38 285 37.0 310 1000 Wheel 450 100 250 P P 125.0 33.0 F/P
668 S18 C 75 75 1000 60 38 285 37.2 310 1000 Wheel 450 100 250 P P 130.0 F/P
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Ghoneim  and 
MacGregor  1994
669 C1 C 67.5 67.5 1000 25.2 21 1829 247.8 7.5
670 C2 C 67.5 67.5 1000 25.3 21 1829 177.5 2.5
671 C6 C 67.5 67.5 1000 25.4 22 1829 231.1 2.2
672 C9 C 67.5 67.5 1000 24.9 19 1829 177.5 4.0
Thorburn and 
Mufti 1994
672 8 C 175 175 1000 175 19 2500 27.0 307 2000 Wheel 900 N 705 1127.0 9.5 Punch
673 9 C 175 175 1000 175 19 1250 27.0 307 2000 Wheel 900 N 460 923.0 9.5 Punch
674 10 C 175 175 1000 175 19 950 27.0 307 2000 Wheel 900 N 370 911.0 11.2 Punch
675 11 C 175 175 1000 175 19 650 27.0 307 2000 Wheel 900 N 300 844.0 8.7 Punch
676 12 C 175 175 1000 175 19 650 27.0 307 2000 Wheel 900 N 300 576.0 13.5 Punch
677 13 C 175 175 1000 175 19 650 27.0 307 2000 Wheel 900 N 300 715.0 12.0 Punch
678 14 C 300 300 1000 300 19 1040 39.0 307 2700 Wheel 900 N 297 1275.0
679 15 C 300 300 1000 300 19 650 39.0 307 2700 Wheel 900 N 86 951.0
Bakht  Agarwal  
1995
680 7 C 80 80 1000 1520 55.0 800 Wheel 921 323.0 5.5
Abendroth 1995
681 1 U1 C 201 201 1000 140 32 44.0 1982 Wheel P P 645.0 11.7 Shear
682 2 U1 C 190 190 1000 125 32 49.0 1982 Wheel P P 667.0 18.0 Shear
683 2 U2 C 190 190 1000 125 32 49.0 1982 Wheel P P 689.0 25.4 Shear
684 3 U1 C 214 214 1000 150 32 44.0 1982 Wheel P P 778.0 13.6 Shear
685 3 U2 C 214 214 1000 150 32 44.0 1982 Wheel P P 778.0 9.3 Shear
686 4 U1 C 214 214 1000 150 32 50.0 1982 Wheel P P 756.0 13.0
687 4 U2 C 214 214 1000 150 32 50.0 1982 Wheel P P 734.0 17.3
688 5 U1 C 205 205 1000 141 32 44.0 1982 Wheel P P 712.0 9.8 Shear
689 5U2 C 205 205 1000 141 32 44.0 1982 Wheel P P 681.0 12.1
Newhook Mufti 
Wegner 1995
690 1 C 100 100 1000 30.0 1067 Wheel 400 254 127
691 2 C 100 100 1000 30.0 1067 Wheel 400 254 127
692 3 C 100 100 1000 46.0 1067 Wheel 400 254 127 N P 418.0 5.9 Punch
693 4 C 100 100 1000 42.0 1067 Wheel 400 254 127 N P 418.0 7.1 Punch
694 5a C 100 100 1000 43.0 1067 Wheel 400 254 127 N P 370.0 5.5 Punch
695 5a2 C 100 100 1000 43.0 1067 Wheel 400 254 127 N P 388.0 6.5 Punch
696 5b C 100 100 1000 51.0 1067 Wheel 400 254 127 N P 313.0 6.5 Punch
Ebeido and 
Kennedy 1996
697 1 C 50 50 1000 40 10 120 120 41.0 228 1067 Wheel 511 52 36 P P 74.8 2.8 Punch
698 2 C 50 50 1000 40 10 120 120 41.0 228 1067 Wheel 511 52 36 P P 81.9 1.5 Punch
699 3 C 50 50 1000 40 10 120 120 41.0 228 1067 Wheel 511 52 36 N 93.9 1.7 Punch
700 4 C 50 50 1000 40 10 120 120 41.0 228 1067 Wheel 511 52 36 P P 92.1 2.0 Punch
701 5 C 50 50 1000 40 10 120 120 41.0 228 1067 Wheel 511 52 36 P P 61.9 1.2 Punch
702 6A C 50 50 1000 40 10 240 240 41.0 228 1067 Wheel 511 52 36 88.1
703 6B C 50 50 1000 40 10 60 60 41.0 228 1067 Wheel 511 52 36 65.4
704 7 C 38 38 1000 40 10 120 120 41.0 228 1067 Wheel 511 52 36 47.6
Khanna 1999
705 A C 175 175 1000 30.6 2000 Wheel 650 710 305 808.0 15.0 Punch
706 B C 175 175 1000 30.6 2000 Wheel 650 710 305 793.0 11.5 Punch
707 C C 175 175 1000 35.0 2000 Wheel 650 710 305 882.0 8.0 Punch
708 D C 175 175 1000 35.0 2000 Wheel 650 710 305 756.0 11.5 Punch
Marshe and Green 
1999
709 CW C 43 43 1000 48.6 4.8 569 Wheel 215 130 90 P P 79.0 9.3 2.15
710 CE C 43 43 1000 48.6 4.8 569 Wheel 215 130 90 P P 82.0 8.9 2.15
711 NW C 43 43 1000 48.6 4.8 569 Wheel 215 130 90 P P 78.0 9.4 2.5
712 NE C 43 43 1000 48.6 4.8 569 Wheel 215 130 90 P P 72.0 10.1 2.5
713 SW C 43 43 1000 48.6 4.8 569 Wheel 215 130 90 P P 92.0 7.3 3.3
714 SE C 43 43 1000 48.6 4.8 569 Wheel 215 130 90 P P 95.0 8.4 3.3
Peel Cross etal 
2001 lightweight
point 
loads line loads
715 Interior B 140 140 1000 112.5 1148 43.9 35.1 385 3000 9000 2x Line 750 P F 200.0 45.0 Flexure
716 Edge B 145 145 1000 117.5 1148 43.8 35.0 385 3000 9000 2x Line 750 P P 174.0 Flexure
717 Corner B 152 152 1000 124.5 1148 44.1 35.3 385 3000 9000 2x Line 750 N P 177.0 Flexure
718 Strip Simple 130 130 300 102 6 344 37 29.6 385 3000 2x Line 750 N N 30.9 50.0 Flexure
719 Strip Partial 130 130 300 102 6 344 37 29.6 385 3000 2x Line 750 N P 39.8 51.0 Flexure
720 Strip High 130 130 300 102 6 344 37 29.6 385 3000 2x Line 750 N F 59.4 50.0 Flexure
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Taylor, Rankin, 
Cleland 2001
not given point
721 S1 A 150 150 475 104 12 450 450 31.2 25.0 3 500 1425 Line 712 25 Fix 197 135.0 21.0 68 crushing
722 S2 A 150 150 475 104 12 450 450 40.8 32.6 3.3 500 1425 Line 712 25 Fix 197 145.0 24.0 115 crushing
723 S3 A 150 150 475 104 12 450 450 64.5 51.6 4.3 500 1425 Line 712 25 Fix 197 175.0 37.0 124 crushing
724 S4 A 150 150 475 104 12 450 450 82.2 65.8 6.7 500 1425 Line 712 25 Fix 197 187.0 26.0 160 crushing
725 S5 A 150 150 475 104 12 450 450 101.1 80.9 4.9 500 1425 Line 712 25 Fix 197 192.0 25.0 135 crushing
726 S6 C 150 150 475 104 12 450 34.8 27.8 2.3 500 1425 Line 712 25 N 46.0 19.0 crushing
727 S7 C 150 150 475 104 12 450 91 72.8 6.1 500 1425 Line 712 25 N N 50.0 30.0 crushing
728 S8 A 150 150 475 104 12 450 100.1 80.1 6.6 500 1425 Line 712 25 N 197 183.0 30.0 130 crushing
729 S9 A 150 150 475 104 12 450 450 89.3 71.4 5.6 500 1425 Line 712 25 Fix 410 252.0 18.0 185 crushing
730 S10 A 150 150 475 90.5 72.4 5.3 1425 Line 712 25 Fix 410 200.0 17.0 485 crushing
731 S11 A 150 150 475 75 12 450 450 96.8 77.4 6.1 500 1425 Line 712 25 Fix 410 223.0 18.0 455 crushing
732 S12 A 150 150 475 104 12 450 450 101 80.8 6.4 500 1425 Tandem 356 25 Fix 410 500.0 19.0 330 crushing
733 S13 B 150 150 475 104.9 83.9 6.8 1425 Line 712 25 Fix 410 225.0 20.0 crushing
734 S14 A 150 150 475 104 12 450 450 39.5 31.6 3 500 1425 Line 712 25 Fix 410 195.0 22.0 128 crushing
735 S15 A 150 150 475 104 12 450 450 60.9 48.7 3.7 500 1425 Line 712 25 Fix 410 211.0 22.0 165 crushing
Hassan et al 2002
736 DS1 C 300 170 1000 32 37.8 2.75 2200 Wheel 1000 358 555.0 8.0 0 punch
737 DS2 C 300 170 1000 32 37.4 2.9 2200 Wheel 1000 358 746.0 8.0 0.38 punch
738 DS3 C 300 170 1000 32 38.4 3.8 2200 Wheel 1000 358 730.0 7.0 0.49 punch
739 DS3 C 300 170 1000 32 36.1 3 2200 Wheel 1000 650 696.0 4.0 0.48 punch
740 DS4 C 300 170 1000 0 90.7 4.95 2200 Wheel 1000 358 862.0 13.0 0 punch
741 DS5 C 300 170 1000 0 94.0 5.3 2200 Wheel 1000 358 853.0 10.0 0.59 punch
742 DS6 C 300 170 1000 0 88.4 5.6 2200 Wheel 1000 358 980.0 9.0 0.85 punch
Ruddle Rankin and 
Long 2003
743 WR 60 C 150 150 60 99 48.8 39.0 500 1910 Line 940 Fix 410 48.8
744 WR60 B C 150 150 60 99 47.8 38.2 500 1910 Line 940 Fix 237 33.1
745 WR90 C 150 150 90 99 46.2 37.0 500 1910 Line 940 Fix 4410 81.0
746 WR90 B C 150 150 90 99 49.5 39.6 500 1910 Line 940 Fix 2370 44.8
747 WR120 C 150 150 120 99 48.8 39.0 500 1910 Line 940 Fix 4410 92.0
748 WR120B C 150 150 120 99 60.2 50.2 500 1910 Line 940 Fix 2370 54.5
749 TR 120r C 150 150 240 60.2 50.2 1910 Line 137.5 7.0
750 TR 120 C 150 150 240 47.8 37.8 1910 Line 111.2 9.0
751 TU 120 C 150 150 240 54 44.0 1910 Line 25.2 17.0
Taylor Rankin 
Cleland 2003 point 25 500 beam width
752 D1 C 50 50 1000 32 285 285 110 88.0 7.3 530 350 Wheel 150 25 500 150 185.0 punch
753 D2 C 50 50 1000 32 285 285 100 80.0 7 530 350 Wheel 150 25 500 150 200.0 6.5 punch
754 D3 C 50 50 1000 105 84.0 6.7 350 Wheel 150 25 500 150 65.0
755 D4 C 50 50 1000 96 76.8 5.7 350 Wheel 150 25 500 150 65.0 0.4
756 D5 C 50 50 1000 25 285 94 75.2 6.2 530 350 Wheel 150 25 500 150 150.0 7.2 punch
757 D6 C 50 50 1000 25 285 98 78.4 6.8 530 350 Wheel 150 25 500 200 182.0 punch
758 D7 C 50 50 1000 25 285 100 80.0 6.5 530 350 Wheel 150 25 500 100 135.0 punch
759 D8 C 50 50 1000 25 285 97 77.6 5.9 530 350 Wheel 150 25 500 150 157.0 6.0 punch
Salim, Sebastian 
2003
760 S1 C 150 150 1000 113 1198 63 53.0 500 1000 Patch 150 150 N P 369.4 10.0 punch
761 S2 C 150 150 1000 113 1198 52 42.0 500 1000 Patch 150 150 N P 290.6 10.0 punch
762 S3 C 150 150 1000 113 1198 56 46.0 500 1000 Patch 150 150 N P 402.2 8.0 punch
763 S4 C 150 150 1000 113 1198 53 43.0 500 1000 Patch 150 150 N P 394.1 8.0 punch
Yang Yi and 
Morita 2004
764 FFF C 250 250 180 220 15 527 71.0 705 2400 Patch 1075 250 N N 132.4 13.2
765 FFR B 250 250 180 220 15 527 71.0 705 2400 Patch 1075 250 N P 189.3 17.0 360
766 FRR B 250 250 180 220 15 527 71.0 705 2400 Patch 1075 250 N P 188.4 17.1 400
767 SFF C 250 250 180 220 15 527 71.0 705 1200 Patch 1075 250 N N 283.5 4.5 Shear
768 SFR B 250 250 180 220 15 527 71.0 705 1200 Patch 1075 250 N P 234.0 1.6 250 Shear
769 SRR B 250 250 180 220 15 527 71.0 705 1200 Patch 1075 250 N P 337.5 2.5 330 Shear
El-Gamel et al. 
2005 unknown
steel 
beam
s
steel 
beams
770 steel C 200 200 1000 175 500 500 49.1 453 2000 Patch 700 600 250 691.0 28.8 punching
Hon, Taplin, Al 
Mahaidi 2005 point
AS = 
adjac
ent 
771 S2 B 75 75 1000 60 6 374 34.9 660 600 Patch 250 100 200 P 845 142.9 13.0 Punching
772 S2b B 75 75 1000 60 6 374 34.9 660 600 Patch 250 100 200 P 845 130.0 7.5 Punching
773 S3 B 75 75 1000 60 6 374 22.2 660 600 Patch 250 100 200 P 913 143.0 10.5 Punching
774 S3b B 75 75 1000 60 6 374 22.2 660 600 Patch 250 100 200 P 913 122.8 7.1 Punching
775 S4 B 75 75 1000 60 6 374 38.0 660 600 Patch 250 100 200 P 2348 160.1 13.0 Punching o
776 S4b B 75 75 1000 60 6 374 38.0 660 600 Patch 250 100 200 P 2348 153.3 8.0 Punching
777 S5 B 75 75 1000 60 6 374 22.6 660 600 Patch 250 100 200 P 2219 123.7 7.5 Punching
778 S5b B 75 75 1000 60 6 374 22.6 660 600 Patch 250 100 200 P 2390 127.3 5.8 Punching
779 S1Fa C 75 75 300 60 6 112 29.4 660 600 Line 275 50 P 1615 100.8 Flexure
780 S1Fb C 75 75 300 60 6 112 29.4 660 600 Line 275 50 P 868 79.9 Flexure
781 S1Fc C 75 75 300 60 6 112 29.4 660 600 Line 275 50 P 865 80.0 Flexure
782 S1Fd C 75 75 300 60 6 112 29.4 660 600 Line 275 50 P 865 81.0 Flexure
783 S1Fe C 75 75 300 60 6 112 29.4 660 600 Line 275 50 P 865 74.3 Flexure
784 S1Ff C 75 75 300 60 6 112 29.4 660 600 Line 275 50 P 866 75.2 Flexure
785 S1Fg C 75 75 300 60 6 112 29.4 660 600 Line 275 50 P 1615 91.8 Flexure
786 S2Fa B 75 75 300 60 6 112 34.9 660 600 Line 275 50 P 3020 74.0 7.0 Flexure
787 S2Fb C 75 75 300 60 6 112 34.9 660 600 Line 275 50 P 1201 57.4 Flexure
788 S3Fa C 75 75 300 60 6 112 22.2 660 600 Line 275 50 P 4409 64.2 Flexure
789 S3Fb C 75 75 300 60 6 112 22.2 660 600 Line 275 50 P 1405 64.4 Flexure
790 S4Fa C 75 75 300 60 6 112 38.0 660 600 Line 275 50 P 14780 108.3 Flexure
791 S4Fb C 75 75 300 60 6 112 38.0 660 600 Line 275 50 P 4000 87.6 Flexure
792 S5Fa C 75 75 300 60 6 112 22.6 660 600 Line 275 50 P 16300 72.0 Flexure
793 S5Fb C 75 75 300 60 6 112 22.6 660 600 Line 275 50 P 4027 70.2 Flexure
Test Section properties Materials Geometry Test results
B21
Appendix B Test Database
No Author / 
Designation
Category
hs hm b d d agg As sup As mid fcu fc fct Ec fy Span 1 Span 2 Load 
Type
Shear 
span
load 
wdth
load 
depth
Bending 
Restraint
Axial 
Restraint
Load  Deflection
CMA 
force
PT stress
Failure 
type
mm mm mm mm mm mm2 mm2 MPa MPa MPa Gpa MPa mm mm mm mm mm kN mm kN Mpa
Sherwood et al 
2006
794 AT 2 250A C 469 469 250 437 16 1000 1000 37.7 465 2600 1148 152 152 N N 229.0 4.5
795 AT 2 250B C 471 471 252 439 16 1000 1000 38.5 465 2600 1148 152 152 N N 224.0 4.4
796 AT 2 1000A C 471 471 1002 439 16 3998 3998 39.0 465 2600 1148 152 152 N N 942.0 5.1
797 AT 2 1000B C 470 470 1002 438 16 3998 3998 37.9 465 2600 1148 152 152 N N 880.0 4.3
798 AT 2 3000 C 472 472 3005 440 16 11994 11994 40.6 465 2600 1148 152 152 N N 2564.0 4.4
799 AT 3A C 339 339 697 307 16 2000 2000 37.5 465 2080 852 152 700 N N 475.0 5.2
800 AT 3B C 338 338 700 306 16 2000 2000 37.8 465 2080 852 152 700 N N 506.0 5.4
801 AT 3C C 338 338 706 306 16 2000 2000 37.1 465 2080 852 152 700 N N 517.0 5.2
802 AT 3D C 339 339 706 307 16 2000 2000 37.1 465 2080 852 152 700 N N 497.0 5.3
El-Gamal, El-
Salakawy, 
Benmokrane 2006
803 G S3 C 200 200 1000 175 995 1888 49.1 49.1 637 2000 Wheel 700 600 250 N P 732 19.5 Punch
804 G S4 C 200 200 1000 175 995 1888 44.1 44.1 637 2000 Wheel 700 600 250 N P 707 20.1
805 G S5 C 200 200 1000 175 995 1888 44.1 44.1 637 2000 Wheel 700 600 250 N P 735 22.1
806 S0 C 200 200 1000 175 37 37 2000 Wheel 700 600 250 N P 168 32.1 Flexure
Taylor Mullin 2006
807 S 40 SS B 150 150 475 75 20 672 672 39.7 31.8 2.9 530 1425 Line 700 50 N N 37.4 22.0 Flexure
808 S 40 LR B 150 150 475 75 20 672 672 41 32.8 3.1 530 1425 Line 700 50 F 410 129.8 22.0 F/C
809 S 70 LR B 150 150 475 75 20 672 672 85 68.0 2.9 530 1425 Line 700 50 F 410 210.0 30.0 F/C
810 G 40 SS B 150 150 475 75 20 672 672 39.9 31.9 3.7 504 1425 Line 700 50 N N 33.0 28.0 Crush
811 G 40 LR B 150 150 475 75 20 672 672 38.6 30.9 3.3 504 1425 Line 700 50 F 410 145.0 20.0 F/C
812 G 70 LR B 150 150 475 75 20 672 672 67.9 54.3 3.3 504 1425 Line 700 50 F 410 200.0 21.0 F/C
Yi Xiao Kunnath 
2008
813 Frame C 200 200 100 16 25 20.0 416 5334 Patch 2500 P 8.5 27.0 50.0 Flexure
Sasani Kropelnicki 
2008
814 1 C 190 190 150 160 180 41.4 517 3812 Patch 1800 P P 70.0 47.0 Flexure
Muttoni et al. 
2008
815 PT31 A 250 250 3000 212 16 9480 9480 66.3 550 2760 2760 Patch 260 260 N N 1433.0 12.0 Punch
816 PT32 C 250 250 3000 215 16 9480 4838 40.0 550 2760 2760 Patch 260 260 N N 1157.0 14.0
817 PT33 C 250 250 3000 212 16 4838 2035 40.2 550 2760 2760 Patch 260 260 N N 602.0 29.0
818 PT34 A 250 250 3000 216 16 4838 4838 47.0 550 2760 2760 Patch 260 260 N N 879.0 29.0 Flex
Alam et al 2009 not given not given
single 
point
Not given 
at failure
819 SLAB 1 C 80 80 1200 10 420 420 38.5 421 1200 1200 Patch 540 120 120 P P 225.2 Punch
820 SLAB 2 C 80 80 1200 10 840 840 37.4 421 1200 1200 Patch 540 120 120 P P 242.1 Punch
821 SLAB 3 C 80 80 1200 10 1248 1248 28.2 421 1200 1200 Patch 540 120 120 P P 143.0 Punch
822 SLAB 4 C 60 60 1200 10 308 308 38.2 421 1200 1200 Patch 540 120 120 P P 138.1 Punch
823 SLAB 5 C 60 60 1200 10 616 616 36.6 421 1200 1200 Patch 540 120 120 P P 147.6 Punch
824 SLAB 6 C 60 60 1200 10 924 924 42.0 421 1200 1200 Patch 540 120 120 P P 130.5 Punch
825 SLAB 7 C 80 80 1200 10 840 840 32.5 421 1200 1200 Patch 540 120 120 P P 181.6 Punch
826 SLAB 8 C 60 60 1200 10 308 308 41.3 421 1200 1200 Patch 540 120 120 P P 133.3 Punch
827 SLAB 9 C 60 60 1200 10 616 616 33.1 421 1200 1200 Patch 540 120 120 P P 115.5 Punch
828 SLAB 10 C 80 80 1200 10 840 840 37.5 421 1200 1200 Patch 540 120 120 P P 188.9 Punch
829 SLAB 11 C 60 60 1200 10 308 308 40.4 421 1200 1200 Patch 540 120 120 P P 112.9 Punch
830 SLAB 12 C 60 60 1200 10 616 616 37.0 421 1200 1200 Patch 540 120 120 P P 115.7 Punch
831 SLAB 13 C 80 80 1200 10 840 840 37.7 421 1200 1200 Patch 540 120 120 N N 172.0 Punch
832 SLAB 14 C 60 60 1200 10 308 308 34.7 421 1200 1200 Patch 540 120 120 N N 84.7 Punch
833 SLAB 15 C 60 60 1200 10 616 616 33.0 421 1200 1200 Patch 540 120 120 N N 91.8 Punch
Zheng, Taylor, 
Robinson, Cleland 
2009
834 M36SB05 C 50 50 1000 25 35.8 28.6 600 Patch 290 25 500 P P 58.0 13.0 C/F
835 M77SB05 C 50 50 1000 25 77 61.6 600 Patch 290 25 500 P P 78.0 13.0 200 C/P
836 M38BB05 C 50 50 1000 25 37.8 30.2 600 Patch 290 25 500 P P 79.0 6.0 C/P
837 M69BB05 C 50 50 1000 25 68.8 55.0 600 Patch 290 25 500 P P 99.0 11.0 C/P
838 M33SB10 C 50 50 1000 25 32.2 25.8 600 Patch 290 25 500 P P 64.0 6.0
839 M34BB10 C 50 50 1000 25 33.8 27.0 600 Patch 290 25 500 P P 95.0 6.0
Mander 2009
840 1.7 C 200 200 1000 60.0 6 414 1520 Tandem 635 250 500 P P 525.0 1.5
841 1.8 C 200 200 1000 60.0 6 414 1520 Tandem 635 250 500 P P 859.0 6.0
842 2.4 C 200 200 1000 60.0 6 414 1520 Tandem 635 250 500 P P 480.0 4.0
Hwang, Yoon, Joh  
and Kim 2010
843 FS 1 C 155 115 1000 102 47.8 2700 5000 Wheel 1250 192 77 N P 257.0 13.6 4.07 Punch
844 FS 2 C 155 115 1000 102 53.2 2700 5000 Wheel 1250 192 77 N P 325.0 20.0 4.07
845 PS 1 C 155 115 1000 102 54.2 2700 5000 Wheel 1250 192 77 N P 316.0 13.8 2.7
846 PS 2 C 155 115 1000 102 52.0 2700 5000 Wheel 1250 192 77 N P 320.0 21.1 1.3
847 MS C 155 115 1000 102 49.8 2700 5000 Wheel 1250 192 77 N P 216.0 15.3 0.67
848 NS C 155 115 1000 102 714 57.6 2700 5000 Wheel 1250 192 77 N P 308.0 31.0 0 Flexure
Bae, Olva, Bank 
2010
849 Experiment C 191 191 1000 46.6 1219 2134 Wheel 535 150 150 P P 474.0 21.0 625 Punching
Mostafaei, 
Vecchio, 
Gauvreau, 
Semelawy 2011
850 P1 B 130 130 1000 102 10 65.4 1350 1350 Patch 600 150 150 N 800 488.0 7.0 1395 7.15 Punch
851 P2a B 127 127 1000 102 10 68.5 4.8 1350 1350 Patch 600 150 150 N 800 390.0 11.0 1112 5.85 Punch
852 P3 B 127 127 1000 102 10 68.5 5.62 1350 1350 Patch 600 150 150 N 800 239.0 17.5 917 4.8 F/P
853 F1 B 127 127 1000 102 10 59.9 7.35 1350 1350 Patch 600 150 150 N 800 503.0 16.0 1400 7.35 Punch
854 F2 B 127 127 1000 102 10 54.8 8.05 1350 1350 Patch 600 150 150 N 800 457.0 15.0 1230.5 6.5 Punch
855 F3 B 127 127 1000 102 10 56.2 1350 1350 Patch 600 150 150 N 800 419.0 13.5 905 4.75 Punch
856 F4 B 127 127 1000 102 10 48.6 1350 1350 Patch 600 150 150 N 800 527.0 14.0 1124 Punch
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No Author / 
Designation
Category
hs hm b d d agg As sup As mid fcu fc fct Ec fy Span 1 Span 2 Load 
Type
Shear 
span
load 
wdth
load 
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Bending 
Restraint
Axial 
Restraint
Load  Deflection
CMA 
force
PT stress
Failure 
type
mm mm mm mm mm mm2 mm2 MPa MPa MPa Gpa MPa mm mm mm mm mm kN mm kN Mpa
Cashell et al 2011
857 RF60-M6-A C 60 60 1000 44.4 3.1 550 1500 2250 UDL N N 71.7 69.0
858 RF60-P6-A C 60 60 1000 44.4 3.1 249 1500 2250 UDL N N 61.5 126.0 Punch
859 SF60-M6-A C 60 60 1000 44.4 3.1 550 1500 1500 UDL N N 82.2 64.0
860 RF40-D6-B C 40 40 1000 27.4 2.4 550 1500 2250 UDL N N 56.6 90.0
861 RF60-D6-C C 60 60 1000 27.4 2.4 550 1500 2250 UDL N N 104.5 84.0
862 RF60-D6-A C 60 60 1000 32.0 2.1 550 1500 2250 UDL N N 72.5 76.0
863 SF60-D6-A C 60 60 1000 33.0 2 550 1500 1500 UDL N N 87.6 68.0
864 SF60-D6-D C 60 60 1000 33.0 2 550 1500 1500 UDL N N 167.5 63.0
865 SF60-D8-D C 60 60 1000 33.0 2 550 1500 1500 UDL N N 179.5 64.0
866 SF60-P6-A C 60 60 1000 33.0 2 249 1500 1500 UDL N N 64.0 98.0 Punch
867 RF60-M6-A C 60 60 1000 33.2 1.9 550 1500 2250 UDL N N 78.3 74.0
868 RF40-M6-D C 40 40 1000 33.2 1.9 550 1500 2250 UDL N N 57.6 83.0
869 RF60-D8-A C 60 60 1000 33.2 1.9 550 1500 2250 UDL N N 91.9 83.0 Comp'n
870 RF60-D8-C C 60 60 1000 33.2 1.9 550 1500 2250 UDL N N 123.1 88.0 Comp'n
871 RP120-M6-A C 120 120 1000 41.1 2.5 550 1500 2250 UDL N N 73.5 51.0
872 SP120-M6-A C 120 120 1000 41.1 2.5 550 1500 1500 UDL N N 89.0 50.0
873 RP120-D8-D C 120 120 1000 41.1 2.5 550 1500 2250 UDL N N 141.8 75.0 Comp'n
874 SP120-D8-D C 120 120 1000 41.1 2.5 550 1500 1500 UDL N N 178.5 58.0
Ramos, Lúcio, 
Regan 2011
875 AR2 C 100 100 1000 80 48.9 39.1 1500 1500 Patch 650 200 200 N P 258.0 19.0 Punch
876 AR3 C 100 100 1000 80 46.8 37.4 1500 1500 Patch 650 200 200 N P 270.0 18.0 Punch
877 AR4 C 100 100 1000 80 53.9 43.1 1500 1500 Patch 650 200 200 N P 252.0 15.5 Punch
878 AR5 C 100 100 1000 80 44.6 35.7 1500 1500 Patch 650 200 200 N P 251.0 17.0 300 Punch
879 AR6 C 100 100 1000 80 46.2 37.0 1500 1500 Patch 650 200 200 N P 250.0 15.0 300 Punch
880 AR7 C 100 100 1000 80 54.8 43.8 1500 1500 Patch 650 200 200 N P 288.0 16.5 405 Punch
881 BD1 C 125 125 1000 52.8 42.2 1300 1300 Patch 600 100 100 N N 293.0 Punch
882 BD2 C 125 125 1000 49 39.2 1300 1300 Patch 600 100 100 N N 268.0 Punch
883 BD4 C 125 125 1000 46 36.8 1300 1300 Patch 600 100 100 N N 293.0 Punch
884 BD5 C 125 125 1000 41.4 33.1 1300 1300 Patch 600 100 100 N N 208.0 Punch
885 BD6 C 125 125 1000 43.3 34.6 1300 1300 Patch 600 100 100 N N 225.0 Punch
886 BD7 C 125 125 1000 44.2 35.4 1300 1300 Patch 600 100 100 N N 221.0 Punch
887 BD8 C 125 125 1000 44.1 35.3 1300 1300 Patch 600 100 100 N N 251.0 Punch
Wang, Wang, Li 
2011
888 H1 C 80 80 300 150 150 41.2 33.0 305 2400 4 line P 651.73 20.3 40.0 137 Flexure
889 H2 C 100 100 300 150 150 32.6 26.1 305 2400 4 line P 724.66 24.4 37.0 137 Flexure
890 H3 C 100 100 300 150 150 41.2 33.0 305 2400 4 line P 814.66 27.4 103
891 H4 C 100 100 300 150 150 32.6 26.1 305 2400 4 line P 724.66 31.3 172
892 H5 C 120 120 300 150 150 32.6 26.1 305 2400 4 line P 869.6 36.9 50.0 137 Flexure
893 H6 C 100 100 300 150 150 32.6 26.1 305 2400 4 line P 724.66 24.6 39.0 206 Flexure
894 H7 C 100 100 300 150 150 32.6 26.1 305 2400 4 line P 724.66 24.0 47.0 67 Flexure
895 H8 C 100 100 300 150 150 41.2 33.0 305 2400 4 line P 814.66 28.4 172
896 H9 C 100 100 300 99 99 41.2 33.0 341 2400 4 line P 814.66 24.0 172
897 H10 C 100 100 300 199 199 41.2 33.0 305 2400 4 line P 814.66 32.6 172
898 H11 C 100 100 300 0 150 32.6 26.1 305 2400 4 line P 724.66 20.4 137
899 H12 C 100 100 300 150 150 41.2 33.0 305 2400 4 line P 814.66 27.4 65.0 137
Choi Oh 2013 two line 
loads
int 
from bw=
900 HCase1 B 250 250 1000 205 25 2292 1589 40.0 398 4600 Tandem 1300 P P 567.0 24.3 40 Flexure
901 HCase2 B 350 250 1000 205 25 2292 1589 40.0 398 4550 Tandem 1275 P P 835.0 30.2 45 Flexure
902 HCase3 B 450 250 1000 205 25 2292 1589 40.0 398 4500 Tandem 1250 P P 1193.0 45.3 48 Flexure
903 LPCase1 C 360 200 2500 165 25 7163 4965 40.0 398 3600 Tandem 1000 P P 1567.0 26.7
904 LPCase2 C 360 200 2500 25 1033 659 40.0 398 3600 Tandem 1000 P P 1396.0 36.8
905 LPCase3 C 360 200 2500 25 1033 659 40.0 398 3600 Tandem 1000 P P 1447.0 36.9
906 LPCase4 C 360 200 2500 25 659 371 40.0 398 3600 Tandem 1000 P P 1356.0 30.4
Yu and Tan 2013
907 S1 B 250 250 150 225 16 158 31.2 28 511 5750 Patch 2750 250 P 106 42.0 95.0 180 Flexure
908 S2 B 250 250 150 225 16 158 31.2 28 511 5750 Patch 2750 250 P 106 38.0 90.0 155 Flexure
Reissen and 
Hegger 2013
909 S5B-1 C 280 280 500 240 16 1170 39.2 3.5 26 900 4000 500 Wheel 800 400 400 N N 183.0 Shear
910 S5B-2 B 280 280 500 240 16 1170 40.5 2.8 28 900 3000 500 Wheel 800 400 400 N N 215.0 12.0 Shear
911 S5B-3 C 280 280 500 240 16 1170 33.7 3 26 900 4000 500 Wheel 800 400 400 N N 204.0 Shear
912 S15B-1 C 280 280 1500 240 16 3510 37.7 3.1 27 900 4000 1500 Wheel 800 400 400 N N 543.0 Shear
913 S15B-2 B 280 280 1500 240 16 3510 38.2 3.6 28 900 3000 1500 Wheel 800 400 400 N N 683.0 12.0 Shear
914 S25B-1 C 280 280 2500 240 16 5850 27.9 2.3 22 900 4000 2500 Wheel 800 400 400 N N 664.0 S/F
915 S25B-2 B 280 280 2500 240 16 5850 29.5 2.3 21 900 3000 2500 Wheel 800 400 400 N N 780.0 11.0 S/F
916 S35B-1 C 280 280 3500 240 16 8190 35.9 3.1 28 900 4000 3500 Wheel 800 400 400 N N 985.0 S/F
917 S35B-2 B 280 280 3500 240 16 8190 38.2 3.1 900 3000 3500 Wheel 800 400 400 N N 1024.0 13.0 S/F
918 S35C-1 C 280 280 3500 240 16 8190 39.6 3.1 27 900 4000 3500 Wheel 1100 400 400 N N 1166.0 S/F
919 S35A-1 C 280 280 3500 240 16 8190 41.3 3.2 30 900 4000 3500 Wheel 1100 400 400 N N 1143.0 S/F
920 S35C-2 C 280 280 3500 240 16 8190 29.5 2.5 23 900 3000 3500 Wheel 500 400 400 N N 924.0 S/F
921 S35A-2 C 280 280 3500 240 16 8190 29.0 2.4 23 900 3000 3500 Wheel 500 400 400 N N 892.0 S/F
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Farhang-Vesali  
Valipour  Samali  
Foster 2013
922 1 C 180 180 180 160 195 30.5 500 4800 Point 2400 F P 41.0 50.0 Flexure
923 2 C 180 180 180 160 195 27.0 500 4800 Point 2400 F P 42.0 50.0 Flexure
924 3 C 180 180 180 160 195 30.0 500 4800 Point 2400 F P 38.0 45.0 Flexure
925 4 C 180 180 180 160 195 26.0 500 4800 Point 2400 F P 41.0 52.0 Flexure
926 5 C 180 180 180 160 195 29.5 500 4800 Point 2400 F P 41.0 51.0 Flexure
927 6 C 180 180 180 160 195 30.0 500 4800 Point 2400 F P 42.0 50.0 Flexure
Henquinet 2013
928 1R C 139.7 139.7 1000 114.3 36.4 413 1600 1600 Patch 660 279 279 N P 322.0 20.0 45 Punch
929 0.5R C 139.7 139.7 1000 114.3 44.2 413 1600 1600 Patch 660 279 279 N P 237.0 25.0 42.5 Punch
930 1U C 139.7 139.7 1000 114.3 33.3 413 1600 1600 Patch 660 279 279 N P 302.0 21.5 Punch
931 0.5U C 139.7 139.7 1000 114.3 32.4 413 1600 1600 Patch 660 279 279 N P 226.0 27.0 Punch
Marcanik 2013
932 1R C 139.7 139.7 1000 114.3 30.3 413 1600 1600 Patch 660 279 279 N P 305.0 12.0 25
Amir 2014
933 BB1 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 349.0 5.8 Punch
934 BB2 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 321.0 4.9 Punch
935 BB3 C 240 100 1000 20 64.7 5.4 37 1650 Patch 300 200 200 P P 442.0 6.4 Punch
936 BB4 C 240 100 1000 20 64.7 5.4 37 1650 Patch 300 200 200 P P 472.0 7.1 Punch
937 BB5 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 490.0 7.7 Punch
938 BB6 C 240 100 1000 20 64.7 5.4 37 1650 Patch 300 200 200 P P 577.0 6.0 Punch
939 BB7 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 345.0 5.8 Punch
940 BB8 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 285.0 5.3 Punch
941 BB9 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 258.0 6.0 Punch
942 BB10 C 240 100 1000 20 64.7 5.4 37 1650 Patch 300 200 200 P P 340.0 4.0 Punch
943 BB11 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 378.0 7.1 Punch
944 BB12 C 240 100 1000 20 64.7 5.4 37 1650 Patch 300 200 200 P P 374.0 3.5 Punch
945 BB13 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 323.0 13.9 Punch
946 BB14 C 240 100 1000 20 64.7 5.4 37 1650 Patch 300 200 200 P P 296.0 4.8 Punch
947 BB15 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 360.0 14.0 Punch
948 BB16 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 554.0 10.0 Punch
949 BB19 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 318.0 4.2 Punch
950 BB21 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 244.0 9.5 Punch
951 BB22 C 240 100 1000 20 64.7 5.4 37 1650 Patch 700 200 200 P P 257.0 9.1 Punch
Cho Kim Yi 2013 not given straps
952 ST0 B 300 220 1000 722 50.0 240 2200 3000 Wheel 850 500 200 N P 981.0 10.8 1500 C/P
953 ST125 B 300 220 1000 722 50.0 240 2200 3000 Wheel 850 500 200 N P 1109.0 13.3 1900 C/P
954 ST250 B 300 220 1000 722 50.0 240 2200 3000 Wheel 850 500 200 N P 997.0 13.1 1800 C/P
955 RC100 C 300 220 1000 1986 1986 50.0 400 2200 3000 Wheel 850 500 200 N P 1230.0 14.6 C/P
956 RC200 C 300 220 1000 993 993 50.0 400 2200 3000 Wheel 850 500 200 N P 1220.0 19.0 C/P
Punton 2014
957 C1 B 160 160 320 128 10 201 62.9 52.9 500 4050 Line 2025 P 25 35.0 80.0 24 Flexure
958 C2 B 140 140 320 108 10 152 70.1 60.1 500 4320 Line 2160 P 105 23.5 98.0 44.8 Flexure
959 C3 B 118 118 320 91 10 102 69.2 59.2 500 4550 Line 2275 P 105 10.5 120.0 1.9 Flexure
960 C4 B 110 110 320 83 10 101 47.2 37.8 500 5000 Line 2500 P 105 7.8 123.2 0
961 M2 B 145 145 320 118 10 79 57.5 47.5 500 4720 Line 2360 P 105 16.9 75.4 94.2
962 M3 B 105 105 320 78 10 50 51.6 41.6 500 3900 Line 1950 P 105 8.2 54.6 53.6
963 A B 90 90 275 75 10 50 54.6 44.6 500 5000 Line 2500 P 105 2.8 72.0 5.3
964 E1 B 175 175 225 143 10 100 66.2 56.2 500 5000 Line 2500 P 105 26.3 77.0 57.6 Flexure
965 E2 B 175 175 225 143 10 151 41.2 31.2 500 5000 Line 2500 P 105 33.6 91.0 30.3
966 E3 B 175 175 225 143 10 164 54.2 44.2 500 5000 Line 2500 P 105 50.7 113.8 72.2
967 S2 B 90 90 275 75 10 101 70.5 60.5 500 5000 Line 2500 P 105 6.2 63.0 0
968 S3 B 90 90 275 75 10 151 49.3 39.4 500 5000 Line 2500 P 105 8.5 54.0 3
Belletti et al 2015
969 1 B 140 140 1000 110 20 110 30.1 2.5 31 480 1750 1750 Patch 750 250 250 N N 65.5 8.0 Flexure
970 2 B 140 140 1000 110 20 110 40.9 3.3 34 480 1750 1750 Patch 750 250 250 N N 109.7 10.0 Flexure
971 3 B 140 140 1000 110 20 110 38.9 3.05 34 480 1750 1750 Patch 750 250 250 N N 157.1 13.0 Flexure
972 4 C 140 140 1000 110 20 1100 34.3 2.6 32 480 1750 1750 Patch 750 250 250 N N 405.5 Punch
973 5 C 140 140 1000 110 20 1100 39.0 2.8 34 480 1750 1750 Patch 750 250 250 N N 461.8 Punch
974 6 C 140 140 1000 110 20 1100 40.3 3.1 34 480 1750 1750 Patch 750 250 250 N N 453.3 F/P
975 7 B 140 140 1000 110 20 2024 39.4 2.6 34 480 1750 1750 Patch 750 250 250 N N 467.2 9.0 Punch
976 8 B 140 140 1000 110 20 2024 37.5 2.95 33 480 1750 1750 Patch 750 250 250 N N 502.8 9.0 Punch
977 9 B 140 140 1000 110 20 2024 37.5 2.93 33 480 1750 1750 Patch 750 250 250 N N 540.4 10.0 Punch
978 11 B 140 140 1000 110 20 110 32.5 2.2 32 480 1750 1750 Patch 750 250 250 N 145 291.0 20.0 F/P
979 12 B 140 140 1000 110 20 110 40.9 3.1 34 480 1750 1750 Patch 750 250 250 N 145 300.0 27.0 F/P
980 13 B 140 140 1000 110 20 110 40.3 3.3 34 480 1750 1750 Patch 750 250 250 N 145 335.0 26.0 F/P
981 14 C 140 140 1000 110 20 1100 34.3 2.6 32 480 1750 1750 Patch 750 250 250 N 145 460.0 Punch
982 15 C 140 140 1000 110 20 1100 39.0 2.8 34 480 1750 1750 Patch 750 250 250 N 145 470.0 Punch
983 16 C 140 140 1000 110 20 1100 41.2 3.1 35 480 1750 1750 Patch 750 250 250 N 145 550.0 Punch
984 17 C 140 140 1000 110 20 2024 37.4 2.8 33 480 1750 1750 Patch 750 250 250 N 145 505.0 8.0 Punch
985 18 C 140 140 1000 110 20 2024 37.7 3.25 33 480 1750 1750 Patch 750 250 250 N 145 531.0 9.0 Punch
986 19 C 140 140 1000 110 20 2024 40.0 3.1 34 480 1750 1750 Patch 750 250 250 N 145 612.0 12.0 Punch
Tharmarajah, 
Taylor, Cleland 
and Robinson 
2015
987 GFRP 6 12 A 150 150 475 119 20 896 68.1 54.5 682 1425 Line 700 50 Y 850 344.0 20.0 1500 Crush
988 GFRP 6 16 A 150 150 475 117 20 670 65.7 52.6 682 1425 Line 700 50 Y 850 365.0 15.0 1900 Crush
989 BFRP 6 12 A 150 150 475 119 20 896 69.3 55.4 920 1425 Line 700 50 Y 850 300.0 15.0 1800 Crush
990 BFRP 6 16 B 150 150 475 117 20 670 66.1 52.9 920 1425 Line 700 50 Y 850 295.0 16.0 Crush
Ziad 2016
991 S1 C 75 75 1000 55 10 27 21.6 1300 Tandem P P 155 23
992 S2 C 125 75 1000 55 10 27 21.6 1300 Tandem P P 375 18
993 S3 C 175 75 1000 55 10 27 21.6 1300 Tandem P P 430 12
Test Section properties Materials Geometry Test results
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B3 Thrust-Deflection Diagrams 
Figure 3.55 of Chapter 3 defines a three-dimensional (3-D) interaction limit of thrust- deflection 
and span to thickness ratio. Sections through the diagram at span to thickness ratios of L/h=5, 
10, 20, 30 and 40 were plotted to confirm this interaction. (see Figures B3.1 to B3.5). 
 
 
 
Figure B3.1. Normalised thrust-deflection plots, with data separated by load type and for 
Span to thickness ratio of 5 to 7. 
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Figure B3.2. Normalised thrust-deflection plots, with data separated by load type and for 
Span to thickness ratio of 8 to 15. 
 
 
Figure B3.3. Normalised thrust-deflection plots, with data separated by load type and for 
Span to thickness ratio of 16 to 25. 
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Figure B3.4. Normalised thrust-deflection plots, with data separated by load type and for 
Span to thickness ratio of 26 to 35. 
 
 
Figure B3.5. Normalised thrust-deflection plots, with data separated by load type and for 
Span to thickness ratio of 36 to 45. 
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C Test Database: Load-Deflection Data 
Appendix B outlines the basic test data and the failure load, deflection and CMA force for the 
tests, this Appendix gives a full load-deflection, CMA force-deflection (where available) and 
Load-extension (where available) for selected tests that are used in the verification and 
validation of the various methods in Chapters 4 and 5. The data is taken from Taylor (2000); 
Vecchio and Tang (1990); Hon, Taplin and Al-Mahaidi (2005); Choi and Oh (2013), Jackson 
(1989) and Muttoni, Fernandez-Ruiz and Tassinari (2008). The data from the tests is digitised 
from the original. The aim was to capture the shape of the load deflection (and other) curves. 
The following points on the load deflection curve were taken; the initial cracking, the yield 
point(s), maximum load, failure. 
C1 Taylor (2000) Tests S7, S8, S9 and S10 
Table C1.1 Deflection, load, thrust and extensions for tests S7, S8  
Test 
Deflection 
mm 
Load   
kN 
Thrust 
kN 
Extension 
mm 
  
  
  
S7 
  
  
  
  
  
  
  
  
0 0   
5 27.05   
10 47.45   
15 51.34   
20 52.69   
25 54.98   
30 55.00   
35 56.75   
40 56.18   
45 53.40   
47 50.77   
49 54.77   
 
  
  
  
S8 
  
  
  
  
0.0 0.0   
5.0 42.3   
10.0 74.1   
15.0 105.3   
20.0 140.6   
25.0 170.6 151.0 0.4 
30.0 186.5 151.0 0.4 
32.2 74.9   
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Table C1.2 Deflection, load, thrust and extensions for tests S9, S10  
Test 
Deflection 
mm 
Load   
kN 
Thrust 
kN 
Extension 
mm 
          
  
  
  
  
S9 
  
  
  
  
0.0 0.0   
0.9 50.0   
5.0 110.0 41.0 0.1 
10.0 172.0 103.0 0.3 
15.0 220.0 123.0 0.3 
18.9 250.0 164.0 0.4 
19.0 250.0 160.0 0.4 
20.0 205.0 148.0 0.4 
21.0 199.0   
 
  
  
  
S10 
  
  
  
  
  
  
  
0.0 0.0   
1.3 50.0 41.0 0.1 
5.0 88.0 82.0 0.2 
10.0 150.0 143.5 0.4 
15.0 191.0 287.0 0.7 
17.3 200.0 307.5 0.8 
20.0 200.0 401.8 1.0 
23.3 197.0 430.5 1.1 
25.0 185.0 471.5 1.2 
25.1 173.0 512.5 1.3 
26.3 118.0   
 
 
Figure C1.1 Load deflection data for tests S7, S8, S9, S10. 
0
50
100
150
200
250
300
0 10 20 30 40 50 60
Lo
ad
 [k
N
]
Deflection [mm]
Appendix C  Test Database 
 C3  
 
 
Figure C1.2 Thrust deflection data for tests S7, S8, S9, S10. 
 
Figure C1.3 Load extension data for tests S7, S8, S9, S10. 
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C2 Vecchio and Tang (1990) Tests TV1 and TV2 
Table C2.1 Deflection, load, thrust and extensions for tests TV1, TV2  
Test 
Deflection 
mm 
Load   
kN 
Thrust 
kN 
Extension 
mm 
  
  
  
TV1 
  
  
  
   
0 0 
 
0 
2.5 19 
 
0.03 
2.6 19.1 
 
0.2 
5 30 
 
0.25 
10 40 
 
0.375 
20 65 
 
0.5 
    
TV2 
 
 
 
 
 
 
 
 
   
0 0 0  
2.5 19   
2.6 19.1 15  
5 30 20  
10 40 45  
15.0 65.0 230.0  
20.0 75.0 350.0  
22.0 80.0 380.0  
30.0 85.0 400.0  
45.0 85.0 380.0  
60.0 82.0 350.0  
180.0 80.0   
    
    
 
 
Figure C2.1 Load deflection data for tests TV1, TV2. 
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Figure C2.2 Thrust deflection data for tests TV1, TV2. 
 
Figure C2.3 Load extension data for tests TV1, TV2. 
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C3 Choi and Oh (2013) Tests HCase1, HCase2 and HCase3 
Table C3.1 Deflection, load for tests HCase1, HCase2 and HCase3. 
HCase1 HCase2 HCase3 
Deflection 
mm 
Load   
kN 
Deflection 
mm 
Load   
kN 
Deflection 
mm 
Load   
kN 
0 0 0 0 0.0 0.0 
2.5 250 2.5 200.0 2.5 150 
10 590 10.0 450.0 10.0 310.0 
15 745 15.0 540.0 15.0 420.0 
20 896 20.0 650.0 20.0 510.0 
25 900 25.0 750.0 25.0 567.0 
30 1000 30.0 835.0   
35 1070     
40 1125     
43 1193     
45 1150     
      
 
 
Figure C3.1 Load deflection data for tests HCase1, HCase2 and HCase3. 
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C4 Jackson (1989) Single Wheel (9) and HB Tests 
Table C3.1 Deflection, load for tests Single Wheel (9) and HB Test. 
HB Wheel 
Deflection 
mm 
Load   
kN 
Deflection 
mm 
Load   
kN 
0.0 0.0 0 0 
0.3 95.0 1.0 42.0 
0.5 160.0 1.5 60.0 
  
2.0 80.0 
0.2 0.0 3.0 110.0 
0.5 75.0 4.0 130.0 
0.8 125.0 5.0 147.0 
1.0 165.0 6.0 160.0 
2.0 255.0 8.0 185.0 
3.0 290.0 10.0 210.0 
4.0 335.0   
5.0 375.0   
6.0 390.0   
 
 
Figure C4.1 Load deflection data for tests Wheel and HB. 
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C5 Hon, Taplin and Al-Mahaidi (2005) Tests S2 and S2Fa 
Table C5.1 Deflection, load and extensions for tests S2 and S2Fa 
S2 S2Fa 
Deflection 
mm 
Load   kN Extension 
mm 
Deflection 
mm 
Load   kN Extension 
mm 
0 0.0  0 0  
0.5 18.0  0.5 14.0  
1 30.0  1.0 30.0  
2 45.0  2.0 45.0  
3 60.0  3.0 52.8  
4 72.0  4.0 60.7  
6 93.0  6.0 73.3  
8 112.0  8.0 74.0 1.7 
10 120.0  10.0 73.3  
11 127.1  10.5 72.5  
12 135.4  10.7 68.0  
13.3 143.0 3.7    
13.6 137.0     
 
 
Figure C5.1 Load deflection data for tests S2 and S2Fa. 
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Figure C5.2 Load extension data for tests S2 and S2Fa. 
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D  Rankin & Long Strut Model  
 
D.1  Input to the Model  
 
The Rankin and Long strut method (1997) (see figure 2.11) was used to calculate the phase 
3 load deflection results for a number of the tests used for validation of the 3-phase methods 
of Chapter 5 (test S8 and S9 of Section 5.3.2 and the increased span simulations [x1 to x6] 
of Section 5.3.4). This Appendix uses the geometric and material data (h, b, d, Le, fc, fy, As), 
the support stiffness (K) and load type (P-central point, 2P-twin point or Q-uniform load) to 
input to the analysis (Table D1.1).  
 
Table D1.1 Geometric and material input data, support stiffness and load type. 
 
 
The Youngs modulus used is as the database (see Section 3.3). The assumed area (A=bc) 
is derived from the compression depth (c). The effective length of half the strut (Lr) is 
estimated by Equation 2.13. For the flexural analysis the depth in compression (x) is 
estimated using Equation 5.17 and the height of the effective slab (heff) as Equation D1. The 
strain parameter (R) is estimated using Equation 2.3 with the strain for the concrete (εc) 
taken as 0.00227, using Equation 2.15. These calculated input data are tabulated in Table 
D1.2. 
 
heff = h -2x              Equation D1 
 
From Table D1.2 it is noted that the x3 and above simulations have a strain parameter (R) 
above 0.26 the limit recommended by Rankin and Long. 
Test/ 
Simulation 
h 
mm 
b 
mm 
d 
mm 
Le 
mm 
fc 
MPa 
fy 
MPa 
As 
mm2 
K 
kN/mm 
Load 
Type 
S8 150 475 104 712 80 500 336 410 P 
S9 150 475 104 712 80 500 336 410 P 
          
x1 150 475 104 712 80 500 336 410 P 
2P 
Q 
x2 150 475 104 1424 
 
80 500 336 410 P 
2P 
Q 
x3 150 475 104 2136 80 500 336 410 P 
2P 
Q 
x4 150 475 104 2848 
 
80 500 336 410 P 
2P 
Q 
x5 150 475 104 3560 
 
80 500 336 410 P 
2P 
Q 
x6 150 475 104 8544 80 500 336 410 P 
2P 
Q 
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Table D1.2 Calculated input data and flexural capacity. 
 
 
 
 
 
 
 
 
 
 
 
D2 Capacity Calculations - Flexure 
 
For the flexural component the moment capacity of the slab strip (My) is estimated using 
Equation D2. The load carried by the flexural capacity (Py) is estimated using Equation D3 
where β is the moment factor as Table 3.3. The calculated flexure capacity is tabulated in 
Table D2. The flexural capacity (Py) noted in Table D2 is higher than that of Table 5.2 as in 
the Rankin and long method the full plastic yield capacity is used, for Table 5.2 the first yield 
capacity indicated by the linear elastic (phase 2) analysis is tabulated. 
 
My = As fy (d- x/2)             Equation D2 
Py = β 8 My / (2Le)             Equation D3 
 
Table D2 Calculated input data and flexural capacity. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Test/ 
Simulation 
Ec 
GPa 
A 
mm2 
c 
mm 
Lr 
mm 
x 
mm 
heff 
mm 
R 
S8 42.3 17810 37 1089 5.5 144.5 0.06 
S9 42.3 17810 37 1089 5.5 139.0 0.06 
        
x1 42.3 17810 37 1089 5.5 139.0 0.06 
x2 42.3 17810 37 1872 5.5 139.0 0.24 
x3 42.3 17810 37 2621 5.5 139.0 0.53 
x4 42.3 17810 37 3356 5.5 139.0 0.95 
x5 42.3 17810 37 4083 5.5 139.0 1.48 
x6 42.3 17810 37 9109 5.5 139.0 2.13 
Test/ 
Simulation 
My 
kNm 
Load 
Type 
β Py 
kN 
S8 17.7 P 0.5 49.7 
S9 17.7 P 1 99.4 
     
x1 
 
17.7 P 
2P 
Q 
1 99.4 
1.7 169.2 
2 198.8 
x2 
 
17.7 P 
2P 
Q 
1 49.7 
1.7 84.6 
2 99.4 
x3 
 
17.7 P 
2P 
Q 
1 33.1 
1.7 56.3 
2 66.2 
x4 
 
17.7 P 
2P 
Q 
1 24.9 
1.7 42.2 
2 49.7 
x5 
 
17.7 P 
2P 
Q 
1 19.9 
1.7 33.8 
2 39.8 
x6 
 
17.7 P 
2P 
Q 
1 16.6 
1.7 28.2 
2 33.2 
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D3 Capacity Calculations using the Rankin and Long Strut Model 
 
The height of the effective arch (ha) is as Equation D4 where δi is the deflection. For the 
arching component the maximum in-plane force on the slab strip (Nmax) is estimated using 
Equation D5.  
 
ha = heff – c – δi             Equation D4 
Nmax = 0.85 A fc             Equation D5 
 
For the single point load, the strut deflection at maximum load (δmax) is estimated from 
Equation D6 using the strain (εc). The load (Ni) at the deflection δi is estimated using 
Equation D7. The load carried by the arching capacity (Pi) is estimated using Equation D8. 
 
δmax = Lr εc (Lr / ha)               Equation D6 
Ni = Nmax δi / δmax             Equation D7 
Pi = 2 Ni ha / Lr              Equation D8 
 
For the double point load with loads at quarter points, the strut deflection at maximum load is 
0.85 δmax. The load (Ni) at the deflection δi is estimated using Equation D7. The load carried 
by the arching capacity (2Pi) is estimated using Equation D9. 
 
2Pi = 4 Ni ha / Lr             Equation D9 
 
For the UDL the strut deflection at maximum load is 0.75 δmax. The load (Ni) at the deflection 
δi is estimated using Equation D7. The load carried by the arching capacity (Qi) is estimated 
using Equation D10. 
 
Qi = 4 Ni ha / Lr             Equation D10 
 
The arching force, and load for various deflections are tabulated in Table D3. The total 
flexure plus arching load (Pmax) is also given. 
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Table D3 Calculated input data and arching capacity. 
 
Normalised load deflection and thrust deflection diagrams using this data are outlined in 
Chapter 5 Figures 5.14 and 5.15. 
 
 
 
 
 
 
 
 
 
Test/ 
Simulation 
Nmax 
kN 
δi 
mm 
Ni 
kN 
Pi, 2Pi 
or Qi 
kN 
Pmax 
kN 
δy 
mm 
Ni 
kN 
Py, 2Pi 
or Qi 
kN 
Pmax 
kN 
S8 1210 10 218 79 128.0 30 519.5 148 195 
S9 1210 10 205.5 70 169.1 30 482.5 128 227 
          
x1 
 
1210 10 205.5 78 169.1 30 482.5 128 227 
242 164.0 338.0 568 150.7 324.7 
274 185.9 384.8 597.5 170.8 369.7 
x2 
 
17.7 10 69 13.6 63.3 30 162.5 25.0 74.7 
81.5 32.0 119.0 191 29.4 116.4 
92 36.2 135.7 216.5 33.3 132.7 
x3 
 
17.7 10 63 7.9 41.0 30 83 9.1 42.2 
74 18.5 76.5 97.5 10.7 68.7 
84 21.0 87.3 110.5 12.1 78.4 
x4 
 
17.7 20 38.5 3.7 28.6 40 50.5 4.3 29.1 
45 8.8 52.3 68 5.0 48.5 
51 10.0 59.7 77.5 5.7 55.4 
x5 
 
17.7 30 34 2.4 22.3 40 39 2.4 22.3 
40 5.7 40.5 46 2.8 37.6 
45.5 6.4 46.2 52 3.2 42.9 
x6 
 
17.7 40 28.5 1.5 18.0 50 29.5 1.3 17.9 
33 3.4 32.4 35 1.5 30.5 
37.5 3.9 37.0 39.5 1.7 34.9 
Appendix E  Revised Strut Model 
 
E1   
 
E  Shallow Strut and Tie Model 
 
E.1  Development of the Model  
 
The Rankin and Long strut method (see figure 2.11) was used to calculate the phase 3 load 
deflection results for a number of the tests used for validation of the 3-phase methods (see 
Appendix D). The published method (Rankin and Long 1997) is based on the superseded 
code BS400 (BSI, 1990). The NL-FEA of Chapter 4, 3-phase arch geometry and strain 
methods together with the equations of Chapter 5 can be brought together to develop the 
Rankin and Long strut method into a strut and tie model for a relatively flat geometry 
compatible with Eurocode 2 (BSI, 2004a) methods, the shallow strut and tie method.  
 
The material properties are updated from fcu and εc of Equation 2.15 to the fc’ and εc of the 
NL-FEA taking into account the various brittleness, plasticity and strain coefficients (Section 
4.2.4). The strut geometry is updated to use the estimated arch geometry of the AGM and 
the elongations of the struts using the ESM.  
 
E.2 General Method 
 
The method is based on an assumed shallow strut within the slab with a single load as 
Figure E.1. The method starts by assuming an initial depth in compression which based on 
equations 5.10 and 5.11 and which is approximated to: 
 
௖
௛
 =0.05+2000 ఘ
௙௖
             Equation E.1 
 
Figure E.1 Strut initial geometry and deformed geometry. 
 
With c/h not greater than 0.5. With the initial depth in compression determined the likely 
strains are considered. At Serviceability it is likely that the average concrete strains are less 
than 0.002 (see Figure 4.16) such that concrete is not at plasticity. At ultimate limit state the 
limiting strain will be more than 0.002 but less than the ultimate concrete strain. The 
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compressive strength will be determined from Equation 4.3 as used for NL-FEA. With the 
depth in compression and compressive stress the horizontal force Hi can be calculated. 
From the geometry of the strut with zero deflection the initial load P can be determined.  
 
Hi = b c fc’              Equation E.2a 
z = h-c               Equation E.2b 
Pi = 4 H ௭௅              Equation E.2c 
The support to the strut system will have a defined stiffness (K) and a horizontal movement 
due to the horizontal force. 
 
ΔK = ுᇱ௄                Equation E.3a 
H’ = H – T(1- ఘ
ఘ௠௔௫
)             Equation E.3b 
T = ρ b d fs              Equation E.3c 
 
The strut will also shorten under the axial force in proportion to the strain. NL-FEA shows 
that the stresses and strains at the slab quarter points are much less defined with less 
deformation and a greater area, leading to a modification coefficient kA. 
 
ΔA = ε 0.5L kA              Equation E.4 
 
With the movement of the support and shortening of the strut estimated then from the 
geometry (Figure E.1) the revised vertical height of the strut (zj) and deflection can be 
estimated with a revised arching load Pj: 
 
zj = [(l – ΔA)2 – (0.5L + ΔK)2]0.5             Equation E.5a 
δ = z -  zj              Equation E.5b 
Pj = 4 H’ ௭௝
௅ାଶ௱௞
              Equation E.5c 
 
Assuming c=0.8x then the maximum strain can be calculated. If this exceeds the limiting 
strain εu then compression failure occurs.  
 
εmax = 1.667 ε  < εu              Equation E.6 
 
The rotation (ϕ) of the strut system can be calculated, this should be less than the limiting 
rotation as Equations 5.3a and 5.3b which is simplified to Equation E.7 for the limiting 
rotational flexure failure: 
 
ϕ = 2ఋ
௅
  < 0.05-0.1௫
௛
             Equation E.7 
 
The strain at mid height (εo) can also be estimated and the dilation (Δdi) estimated from 
equations developed from the effective strain method. 
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εo=ε (1.67-0.668௛௖)             Equation E.8a 
Δdi = 0.25 L εo              Equation E.8b 
For compatibility of methods;  
Δdi =ΔK+ΔA              Equation E.8c 
 
Where compatibility does not occur a revised depth in compression is used. For unreinforced 
slab strips the load, deflection and arching force can be determined directly from the above 
equations. A flowchart is given in Figure E.2.  
Figure E.2 Flow chart for unreinforced flat strut method 
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For reinforced concrete slab strips the flexural component of strength (Pm) should be 
calculated. The flexural capacity of the slab will be determined based on the tensile force in 
the reinforcement and the distance from the reinforcement to the centroid of the 
compression block. The tensile stress can be determined from the strain at the level of the 
reinforcement (εs) and the tri linear stress -strain curve used for the NL-FEA as Figure 4.2. 
 
εs = 1.67ε (ௗି௫௫ )             Equation E.9a 
fs = 200,000 εs if εs < 0.002 and 500MPa if εs > 0.005        Equation E.9b 
T = ρ b d fs              Equation E.9c 
M =T (d-0.5c)              Equation E.9d 
 
For a fixed end beam with a single load similar to those considered in the verification of other 
methods:  
M = Pm ௅଼              Equation E.10a 
Pm = T (d-0.5c) ଼௅              Equation E.10b 
 
The capacity of the reinforced concrete slab strip is the sum of the arching and flexural 
components. 
 
P = Pm + Pj              Equation E.11 
 
The shear capacity of the slab using CSCT (Pv) as Equation 2.16 can be calculated using εo. 
A flow chart for the above method is outlined in Figure E.3. 
 
Figure E.3  Flow chart for flexural component of flat strut method 
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E.3 Verification of the Shallow Strut and Tie Model 
The flat strut and tie method was used to estimate the load deflection curve and failure 
mechanism of the unreinforced test S10 (Taylor, 2000) used in the NL-FEA validation of 
chapter 4. Identical sections, restraints and material properties are used as in the FEA. the 
results of a series of analyses with strains increasing from 0.001 to 0.004 are outlined in 
Table E.1 and plotted in Figure 5.79 with the S10 test and NL-FEA results. The FST method 
closely follows the NL-FEA results for the CMA. 
Table E.1 S10 Load deflection and thrust results for Shallow S&T method. 
 
 
 
 
 
The flat strut and tie method was also used to estimate the load deflection curve and failure 
mechanism of the reinforced test S9 (Taylor, 2000) used in the NL-FEA validation. Identical 
sections, restraints and material properties are used as in the FEA. The results of the 
analysis are outlined in Table E.2 and plotted in Figure 5.80 with the S9 test and NL-FEA 
results. The flat strut and tie method gives a load greater than the NL-FEA for the combined 
CMA-flexure simulation. 
Table E.2 S9 Load deflection and thrust results for Shallow S&T method. 
 
 
 
 
 
 
 
Deflection mm Load kN Thrust kN 
4.0 51.6 158.4 
8.5 100.0 319.3 
13.0 145.1 482.8 
17.5 180.6 627.3 
21.5 190.3 687.8 
Deflection mm Load kN Thrust kN 
6.5 138.0 134.1 
10.5 182.5 298.8 
14.5 215.3 433.5 
19.0 226.3 498.0 
